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Preface

This book combines results from Analytical Mechanics and System Dynam-
ics to develop an approach to modeling constrained multidiscipline dynamic
systems. This combination yields a modeling technique based on the energy
method of Lagrange, which in turn, results in a set of differential-algebraic
equations that are suitable for numerical integration. Using the modeling ap-
proach presented in this book are able to model, and simulate, systems as
diverse as a six link closed-loop mechanism or a transistor power amplifier.

The material in this text is used to teach dynamic systems modeling and
simulation to seniors and first-year graduate students in engineering. In a
ten week course (4 hours per week) we cover most of the material in this
book. The basic prerequisites for the class are undergraduate level classes in;
(i) physics (specifically, Newtonian mechanics and basic circuit analysis); (ii)
ordinary differential equations; and (iii) linear algebra.

A brief summary of the chapters that make up the book are as follows.
Chapter 1 This chapter introduces Paynter’s unified system variables; effort,
flow, displacement and momentum. Here, we show how these fundamental
system variables are used to relate power and energy, within, and between, the
various engineering disciplines, i.e., mechanical, electrical, fluid and thermal
systems.

Chapter 2 The modeling technique developed in this book requires that we
determine analytical expressions for the kinetic coenergy, potential energy
and the dissipation function. In the case of mechanical systems this requires
that we determine expressions the position and velocity of various points on
the system. In the case of electrical, fluid and thermal networks this requires
that we determine the relationship between the flow variables of the system.
This chapter develops an approach to the kinematic analysis of both planar
and spatial mechanical systems. In addition, we consider the structural prop-
erties of network systems that give rise to constraint relationships between
the flow variables.

Chapter 3 Lagrange’s equation of motion is derived in this chapter by using
a differential /variational form of the first law of thermodynamics. Here, via

vii
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numerous examples, we also present a systematic approach to deriving the
equations of motion for multidiscipline dynamic systems.

Chapter 4 In this chapter Lagrange’s equation motion is extended to ac-
commodate systems with displacement, flow, effort and dynamic constraints.
This modeling approach leads to the Lagrangian differential-algebraic equa-
tions (LDAESs) of motion.

Chapter 5 This chapter presents numerical techniques for the solution of
differential equations, and differential-algebraic equations. Here, we give par-
ticular emphasis to the explicit and implicit Runge-Kutta methods. Also, we
consider some of the subtleties involved is solving differential-algebraic equa-
tions. For example, we address the problem of computing consistent initial
conditions, as well as the problem reducing the differentiation index of the
system in order to obtain accurate solutions.

Chapter 6 The concepts of equilibrium, and stability, in the sense of Lya-
punov, are introduced in this chapter. These ideas are used to analyze the
behavior of some simple dynamic systems. This chapter also presents sim-
ulation results for various the models developed in the book. Here, we use
two programs to demonstrate the efficacy of the modeling technique devel-
oped here. The first program, ldaetrans, translates an input file describing
the model into the LDAESs. This is accomplished via symbolic differentiation
of the system energy terms and constraints. The program ldaetrans also
generates MATLAB/Octave files that can be used to integrate the equations
of motion. A second program presented in this chapter is ride. This is a
MATLAB/Octave implementation of an implicit Runge-Kutta method that
is used to integrate the Lagrangian differential-algebraic equations. In ad-
dition, some of the example problems in this chapter are used to introduce
concepts from linear and nonlinear feedback control.

Acknowledgment A number of my graduate students have contributed to
the development of the material presented in this book. They include; Richard
A. Layton, Jonathan Alberts and Jae Suk. In addition, the research that has
culminated in this book was supported by the National Science Foundation
under Grant MSS-9350467. This support is gratefully acknowledged.

Brian C. Fabien
Seattle, Washington
August, 2008
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Chapter 1
A Unified System Representation

In this text we will develop an analytical approach to modeling multidiscipline
dynamic systems. This modeling technique relies on examining the change
in energy of the dynamic system. Here, the dynamic systems considered may
contain components from various engineering disciplines. In particular, we
may have mechanical, electrical, fluid and/or thermal components present in
our dynamic system model. In classical approaches to modeling multidisci-
pline dynamic systems each of these engineering disciplines use a different
set of variables to define the energy in the system. Here however, it will be
shown that, in fact, the variables used to describe energy state in each of
these disciplines all share common relationships.

Section 1.1 presents particular set of variables that can be used in each
discipline to define the system energy. In Section 1.2 the components of the
system are classified based on how they manipulate the system energy. In
particular the system is divided into (1) energy storage components (ideal in-
ductors and capacitors), (2) energy dissipative components (ideal resistors),
(3) energy transforming components (constraint elements) and (4) energy
sources. It will be shown that the energy storage components can be de-
scribed in terms of the kinetic energy and potential energy. The dissipative
components will be described in terms of a dissipation function. The trans-
forming components give rise to constraints between the system variables.
Finally, the energy sources will specify the energy input to the system.

1.1 Fundamental System Variables

In each engineering discipline (i.e., mechanical, electrical, fluid and thermal)
the state of the system is defined using a pair of kinematic variables and a
pair of kinetic variables. The kinematic variables are called displacement, ¢(t),
and flow, f(t). The kinetic variables are called momentum, p(t), and effort,
e(t). In these definitions ¢ denotes the time. Also, ¢(t), f(¢), p(t) and e(t) are

B. Fabien, Analytical System Dynamics: Modeling and Simulation, 1
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2 1 A Unified System Representation

each vectors of dimension n, with n being the number of coordinates used to
describe the system. Thus, associated with the i-th displacement g;(t), there
is a corresponding flow, f;(t), momentum, p;(t), and effort, e;(¢), variable for
1=1,...n.

The quadruple {q(t), f(t),p(t),e(t)} are called the fundamental system
variables because they appear in all the engineering disciplines considered
here. The familiar engineering terms for these fundamental variables are listed
in Table 1.1. The table shows the names used for displacement, flow, effort
and momentum in various engineering disciplines. We note that (i) mechan-
ical systems are divided into components that are in translation and com-
ponents that are in rotation, (ii) the fluid subsystem includes compressible
and incompressible flow, and (iii) there is no momentum variable defined for
thermal systems. The systems modeling approach, developed in this text, will
account for the coupling that may exists between all of the disciplines defined
in Table 1.1.

1.1.1 Kinematic variables

The kinematic variables (displacement ¢(t) and flow f(t)) are related to the
geometric or spatial properties of the system. These kinematic variables,
listed in Table 1.1, share a differential (integral) relationship. Specifically,
we have that

f) =" () and q(t) = / fyde o). (11)

In each of the engineering disciplines these relationships can be illustrated as
follows.

e Mechanical Translation:

For an object undergoing pure translation the displacement variable, ¢(t),
corresponds to linear displacement, and the flow variable, f(t), corresponds
to the linear velocity. Consider an object moving in a straight line with
position given by x(t), then the velocity of the object is v(t) = dx(t)/dt.
Conversely, if the velocity, v(t), is a known function of time we can com-
pute the displacement using z(t) = [ v(t) dt.

e Mechanical Rotation:

For an object undergoing pure rotation the displacement variable, ¢(t), cor-
responds to angular displacement, and the flow variable, f(t), corresponds
to the angular velocity. If we consider an object with angular position
given by 6(t), then the angular velocity of the object is w(t) = df(t)/dt.



Table 1.1 Fundamental Multidiscipline System Variables

Effort e Flow f Displacement ¢ Momentum p
Mechanical Translation force, F' velocity, v position, x linear momentum, p
Mechanical Rotation  torque, T angular velocity, w angle 6 angular momentum, H
Electrical voltage, v current, & charge, ¢ flux linkage, A
Fluid pressure, P volumetric flow rate, Q volume, V' pressure momentum, I”
Thermal temperature, T’ entropy flow rate, S entropy, S (none)

So[qeLIRA WoYsAS [ejuowepun 1°T



4 1 A Unified System Representation

If the angular velocity, w(t), is a known function of time we can compute
the angular displacement using 0(t) = [ w(t) dt.

e FElectrical:

For electrical systems the displacement variable, ¢(t), corresponds to the
charge, and the flow variable, f(t), corresponds to the current. Thus, if
q(t) is the charge in a conductor, then the current (the rate of charge flow)
is given by i(t) = dq(t)/dt. If the current, i(t), is known we can compute
the charge accumulated using ¢(t) = [4(t) dt.

e Fluid:

In fluid systems the displacement variable, ¢(t), corresponds to the vol-
ume, and the flow variable, f(t), corresponds to the volume flow rate.
Thus, if V(t) is the volume of fluid in the system, then the volume flow
rate is given by Q(t) = dV (¢)/dt. If the volume flow rate, Q(t), is known
we can compute the volume accumulated using V' (¢) = [ Q(¢) dt.

e Thermal:

For thermal systems the displacement variable, ¢(t), corresponds to the
entropy, and the flow variable, f(t), corresponds to the entropy flow rate.
Thus, if S(t) is the entropy in the system, then the entropy flow rate is
given by S(t) = dS(t)/dt. If the entropy flow rate, S(t), is known we can
compute the entropy using S(t) = [ S(t) dt.

1.1.2 Kinetic variables

The kinetic variables (momentum p(¢) and effort e(t)) are related to the
inertial properties of the system. The kinetic variables also share a differential
(integral) relationship. In particular,

e(t):W (a) and p(t)z/e(t)dt (). (1.2)
These relationships can be verified for each of the engineering disciplines as
follows.
e Mechanical Translation:
For an object in pure translation the effort variable, e(t), corresponds

to the force, and the momentum variable, p(t), corresponds to the linear
momentum. Thus, if F'(¢) is the net force acting on an object and p(t) is
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its linear momentum then equation (1.2a) implies that

0= 20

which is recognized as Newton’s second law of motion.
e Mechanical Rotation:

For an object undergoing pure rotation the effort variable, e(t) corresponds
to the torque, and the momentum variable, p(t) corresponds to the angular
momentum. Thus, if 7(¢) is the net torque acting on an object and H(t)
is its angular momentum then equation (1.2a) implies that

() = 1O,

which is called Euler’s equation of motion.
e Electrical:

In electrical systems the effort variable, e(t), corresponds to the voltage,
and the momentum variable, p(t), corresponds to the flux linkage. Let v(t)
denote the voltage drop across the terminals of a circuit, and A(t) the flux
linkage, then using equation (1.2a) we obtain

oty = 20,

which is called Faraday’s law.

o Fluid:

In fluid systems the effort variable, e(t), corresponds to the pressure, and
the momentum variable, p(t), corresponds to the pressure momentum.
Thus, if P(¢) is the net pressure drop across the fluid system, and I'(t) is
the pressure momentum then, equation (1.2a) implies that

Note that this expression can be developed by applying Newton’s second
law to a element of fluid flowing in a pipe. (See Example 1.3 below.)
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1.1.3 Work, power and energy

Suppose an effort e(t) is applied to an element of the system, then the incre-
ment in work done by the effort in displacing the element an amount dg(t) is
defined as

dW(t) = e(t)dq(t), (1.3)

where d is used to emphasize the fact that dWV is not an exact differential of
work, but instead an infinitesimal quantity (Meirovitch (1970), p. 14). Also,
it is understood that e(t) is the effort in the direction of the displacement

q(t).

Using equations (1.1) and (1.2) the increment in work can be written as

dW(t) = e(t)dq(t)
= dZ—?dQ(t)

= d%g)dp(t)

= f()dp(?). (1.4)

Thus, dV(t) can also be described as the increment in work done by the flow
f(¢) in changing the momentum an amount dp(t).
Power is the rate at which work is performed and is given by

dg(t) _ . dp(t) _
18 = )Y = e 1), (L5)

Pty = 20 _ )

Expressions for the work and power in each of the engineering disciplines are
listed in Table (1.2).

Discipline Work  Power
edq fdp ef

Mechanical Translation F'der vdp Fuv

Mechanical Rotation 7dl wdH 7Tw

Electrical vdgq id\ i
Fluid PdV QdI' PQ
Thermal TdS — TS

Table 1.2 Work and Power

Energy is the capacity to do work, and is defined as is the time integral of
the power (Nelkon, (1973)). Thus, using equations (1.1), (1.2) and (1.5) we
obtain

et = [etwswar= [ ewdat) = [ soae. 09
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Here, the last two integrals are along the displacement path C, and the
momentum path Cp,, respectively.

In the Problems section the reader is asked to specify units for g, f, e and
p, such that work, power and energy are consistently defined across all the
engineering disciplines.

1.2 System Components

The modeling technique developed in this text divides the dynamic system
into discrete components. These components are categorized according to
how they manipulate the energy in the system. In particular, the system
components are classified as one of the following:

e Energy storage components which are represented by ideal inductors, and
the ideal capacitors.

e FEnergy dissipation components which are represented by ideal resistors.

e Energy transforming components which are represented by constraint ele-
ments.

e Energy sources which provide energy to the system.

These system components will be consider next, with examples and basic
results for each of the engineering disciplines.

1.2.1 Ideal inductors

Ideal inductors are energy storage components whose behavior is determined
by expressions that relate the momentum and flow variables. Here, these
relationships are written as constitutive equations of the form p = &;(f),
where p denotes the momentum and @;(f) is a continuous function of the
flow, f. The constitutive equation need not be linear but, it is assumed that
these relations are such that @;(0) = 0, and that @;(f) is invertible. Thus,
it is possible to find an expression for the flow in terms of the momentum,
specifically, f = Qfl(p).

Examples of ideal inductors and their corresponding constitutive relation-
ship are as follows.

e Mechanical Translation:
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For mechanical systems in pure translation, the point mass
represents the ideal inductor, and for velocities much less
than the speed of light the constitutive equation is given
by

p=muv,

where p is the linear momentum, m is the mass and v is the
velocity. Note that the point mass or particle only occupies
a point in space, i.e., it does not have any extent.

Mechanical Rotation:

For mechanical systems in pure rotation, the mass moment
of inertia represents the ideal inductor. In this case the
constitutive equation is given by

H=Iw,

where H is the angular momentum, I, is the mass moment
of inertia of the rotor, and w is the angular velocity.

Ezample 1.1.

v
—

m

Point mass

Rotor

As an example consider a uniform thin disk of mass m, and radius r.
Then, the moment of inertia and the angular momentum about the center

of mass of the disk are given by

mr wmr

2 an 5

respectively.

Electrical:

In electrical systems the inductor represents the ideal in-
ductor, and the constitutive equation is given by

\ = Li,

where ) is the flux linkage, L is the inductance and ¢ is the
current.

Inductor
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Ezxample 1.2.

An example of an electrical inductor is a coil formed by warping a con-
ductor N times around a material with permeability p. In which case the
inductance is given by
Tud>N?

VI
where d is the diameter of the coil and [ is the length of the coil. Hence,
the constitutive equation is A\ = mud?>N?i/4l (Smith, (1976)).

L =

o Fluid:

In fluid systems the fluid inertia represents the ideal in-
ductor, and the constitutive equation is given by L S

FZIfQ, +

where I' is the pressure momentum, Iy is the fluid inertia
and @ is the volume flow rate.

Fluid inertia

Ezxample 1.5.
Consider fluid flowing in a pipe of length L, and uniform cross-sectional

area A. Let P denote the difference in pressure at the ends of the pipe, @
the volume flow rate of the fluid, and p the density of the fluid in the pipe.

,/ \ Q
D
L
Then applying Newton’s second law to the fluid in the pipe gives
Force = a(mass x velocity)
d
PA= S (pAL X (Q/4)

L d

p - PLAQ

Since P = dI'(t)/dt it can be deduced that the fluid inertia is given by
Iy = pL/A, and the constitutive equation is I" = pLQ/A.
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Kinetic energy and kinetic coenergy

The energy stored by ideal inductors is called the kinetic energy. Using the
constitutive equation f = &;'(p) and equation (1.6) the kinetic energy is
defined as v
e[ tan= [ o )y =100 (1.7)
Cyp 0
By graphing the constitutive equation for the ideal inductor we can obtain
an area representation of the kinetic energy. Figure 1.1 plots the constitutive
equation for a typical nonlinear inductor and shows the area that determines
the kinetic energy. This figure also shows the complement of the kinetic en-
ergy, i.e., the kinetic coenergy which is defined as

)
TW=A¢MM£ (18)

From the definitions of T'(p) and T*(f) it can be seen that at any operat-
ing point (p, f) along the constitutive relation @;(f) the following condition
holds,

pf =T(p) +T°(f) (1.9)

That is the product of the momentum and flow is equal to the sum of the

Ap

(0
(o) 1(f)

T'(f)

Fig. 1.1 Kinetic energy and kinetic coenergy

kinetic energy and the kinetic coenergy. It should be noted that the kinetic
energy, T'(p), is independent of the flow f, and the kinetic coenergy, T*(f), is
independent of the momentum p. Moreover, both T'(p) and T™*(f) are scalar
functions.

If the constitutive relation @;(f) is linear then the kinetic energy and the
kinetic coenergy are equal. In particular, consider the case where p = &;(f) =
If, where I is a constant inductance. Then

T@A%f®@A%HWJﬁML
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f f
T*(f) = /0 (1) df = /O Ifdf =Tf2/2 = p?/2I.

The kinetic energy and the kinetic coenergy for the linear inductors described
above are presented in Table 1.3.

Translation Rotation Electrical Fluid
Energy, T'(p) p2/2m HZ/2I  N2/2L I?/2I;
Coenergy, T*(f) mwv?/2 Iw?/2  Li?/2 1;Q%/2

Table 1.3 Kinetic energy and coenergy stored by linear inductors

Finally, note that in its most general form the constitutive equation for
ideal inductors has the representation p = ®@;(q, f,t) which leads a kinetic
energy of the form T' = T'(g,p,t), and a kinetic coenergy of the form T* =
T*(q, f,t). Examples of such relationships will be explored in the following
chapters (see also Problem 5).

Work and energy

Let q(ty) be the displacement of the system at time ¢y, and ¢(t;) be the
displacement of the system at time ¢;, with ¢t; > tg. Then from equation
(1.4) it can be seen that the total work done by an effort in carrying the
system from displacement ¢(tp) to displacement ¢(t1) is

p(t1)
O dat) = [ 10t = Tp(t) ~ T(p(to),
p(to
(1.10)
Here, p(tp) is the momentum at time ¢y, and p(¢;) is the momentum at time

t1. Thus, the work done by an effort in displacing the system from ¢(tg) to
q(t1) is equal to the change in kinetic energy.

q(t1)

Wato)—a(t:) = /

q(to)

1.2.2 Ideal capacitors

Ideal capacitors are system components that store energy. The behavior of
the capacitor element is described by constitutive equations that relate the
displacement and the effort. That is ec = Pc(q), where ec is the effort
applied to the capacitor, ¢ is the displacement, and @¢(q) is a continuous,
invertible function that satisfies @ (0) = 0. The effort the capacitor applies to
the other elements in the system is e = —e¢. Since the constitutive equation
is invertible it can be used to obtain the displacement as a function of the
effort, i.e., ¢ = @51(60).
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Some examples of ideal capacitors in the various engineering disciplines
are as follows.

e Mechanical Translation:
Springs represent the capacitor elements in translating me- k
chanical systems. For a linear spring, the relationship be- AN A
=

tween the applied force and the deflection of the spring is
given by Hooke’s law, i.e., }—,:1

f _ k(scg _ 1‘1) = kr Mechanical spring
- - )

where f is the force applied to the spring, k is the spring
stiffness, and x = x5 —x is the net deflection of the spring.

Ezample 1.4.

Consider the axial deflection of a rod with uniform cross-sectional area
A, length L and modulus of elasticity E.

—

L

Then the spring stiffness is given by

IS RN S IRNENN

and the constitutive equation is F' = EAz/L.

e Mechanical Rotation:

Torsional springs are capacitor elements for mechanical
. . . . . k
systems in pure rotation. The linear torsional spring be- 0

haves according to the relationship (_@_é

0 0
7 = ko(fy — 01) = ko0, 2 '
Torsional spring
where 7 is the torque applied to the spring, 6 = 05 — 6
is the net angular deflection of the spring, and kg is the
torsional spring stiffness.
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Ezxample 1.5.

Consider a rod with uniform cross-sectional area A, length L and shear

modulus of elasticity G.
:61
L L

Then, the torsional spring stiffness of the rod is given by

11447

and the constitutive equation is 7 = GAf/L.

e FElectrical:

A linear electrical capacitor behaves according to the equa-

tion C
v=4/C —
oo

where v is the voltage applied across the terminals of the

capacitor, ¢ is the accumulated charge, and C is the ca- —
pacitance. Electrical capacitor
Ezxample 1.6.

Consider an electrical capacitor constructed from two plates of area A
and separated by a distance d.

Then, the capacitance is
€A

C=—,
d
where ¢ is the dielectric constant for the material in the air gap that
separated the two plates. In this case the constitutive equation is v =

qd/(cA).



14 1 A Unified System Representation

o Fluid:

Tanks are the capacitor elements in fluid systems. Linear
fluid capacitors satisfy the equation

C;
P=V/Cy, +_| I__
0

where P is the pressure, V is the volume of the fluid and ———»
C is the fluid capacitance. Fluid capacitance

Ezxample 1.7.

Consider a circular cylindrical tank with cross sectional area A, fluid den-
sity p and fluid height h.

Then the pressure at the bottom of the tank is given by P = pgh where g
is the acceleration due to gravity. The height of the fluid in the tank can
be written in terms of the volume, i.e., h = V/A. Thus, the pressure at
the bottom of the tank is

_ v

==

This implies that the fluid capacitance is given by Cy = A/pg.

P

Potential energy and potential coenergy

The energy stored by ideal capacitors is called the potential energy, and is
defined as

s:/cqecdqz—/Oqedqz/qabc(q)dq:vm), (1.11)

0

where we have used the constitutive relationship e = —ec = —®¢(q).
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An area representation of the potential energy is shown in Figure 1.2,
where the complement potential coenergy, V*(ec), is also illustrated. The
potential coenergy is defined as

V*(ec) = /06 ;' (ec) de. (1.12)

Thus, at any point (ec,q) along the curve defined by $¢(q) the following
condition holds,
ecq=V(q)+V*(ec). (1.13)

That is, the product of the effort and displacement is equal to the sum of the
potential energy and the potential coenergy.

ec

Vec) Dc(q)

Vig)

Y

Fig. 1.2 Potential energy and potential coenergy

The potential energy, V' (g), and potential coenergy, V*(ec) are both scalar
functions, with V(¢) being independent of the effort, ec, and V*(e¢) being
independent of the displacement, q.

If the constitutive relation @¢(q) is linear then the potential energy is
equal to the potential coenergy. In particular, consider the case where ec =
—e = Pc(q) = q/C, where C is a constant capacitance, then

Vig) = / " Bo(q) dg = / " /Cdg = )20,

ec ec
V*(ec) = /0 o5t (ec)dec = /0 Cecdec = Cec?/2 = ¢*/2C.

The potential energy and the potential coenergy for the linear capacitor ele-
ments discussed above are listed in Table 1.4.

Translation Rotation Electrical Fluid
Energy, V(q) kx? /2 ke0%/2  ¢*>/2C V?/2C;
Coenergy, V*(ec) F2/2k  712/2kg Cw2/2 C;P2%/2

Table 1.4 Energy stored by linear capacitors
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Work and energy

Suppose the only effort applied to the system is due to an ideal capacitor.
Then from (1.11) the effort can be expressed in terms of the scalar potential
V(q), i.e., e = —=dV/dgq. Such efforts are called conservative efforts. Let q(to)
be the displacement of the system at time ¢, and ¢(t1) be the displacement
of the system at time ¢, with ¢; > #y. Then from equation (1.4) it can
be seen that the total work done by an effort in carrying the system from
displacement ¢(tp) to displacement g(t;) is

q(t1)

Witte)—atts) = / €000 =Vigo) = Via(t), (1.14)

Thus, the work done by an effort in displacing the system from ¢(to) to g(¢1) is
equal to the change in potential energy. However, (1.10) shows that the work
done by any effort is also equal to the change in kinetic energy. Combining
(1.10) and (1.14) we get

Wato)—a(tr) = T(p(t1)) — T(p(to))
= V(q(to)) — V(q(t1)).

Thus,
T(p(t1)) + V(a(t1)) = T(p(to)) + V(a(to)), (1.15)
which is the Principle of Conservation of Energy. That is, if all the efforts

acting on the system are conservative, then the total energy (kinetic energy
plus the potential energy) is a constant.

Gravity
The force due to gravity can be written as a potential energy function. For
example, consider the system shown on the right. Here the acceleration due

to gravity acts in the —y direction. The force due to gravity that acts on the
mass, m, is Fyravity = —mg, as shown.

m] oy

Datum
==

The vertical displacement, measured from the reference or datum is given
by y. Therefore, the work done by the force due to gravity in displacing the
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mass from a height y to the datum 0, is

where V(y) is the potential energy at y and V(0) is the potential energy
at the datum. If we assume that V(0) = 0, i.e., the potential energy at the
datum is zero, then the work done by the force due to gravity is V(y) = mgy.
In addition, it can be seen that

Fgravity = = —mg.

Hence, the force due to gravity can be determined from the scalar potential
energy function. We also note that the increment in work done by the gravity
force in displacing the object a distance dy is

JW = Fgravity dy = —mg dy

1.2.3 Ideal resistors

Ideal resistors are system components that dissipate energy. The behavior of
the resistor element is described by a constitutive equations that relate the
applied effort and the flow. Specifically, the constitutive equation is given by
er = Pr(f), where eg is the effort applied to the resistor, f is the flow, and
Pr(f) is a continuous, invertible function of f that satisfies @(0) = 0. The
effort applied to the other elements of the system by the resistor is given by
€ = —€ER.

Some examples of resistors in the various engineering disciplines are as
follows.

e Mechanical Translation:
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For mechanical systems in pure translation dampers rep-

resent ideal resistors. Linear dampers behave according to b
the law —I—
f=0blvag —v1) = bu, }—’

V2 V1
where f is the force applied to the damper, b is the damping Damper
coefficient, and v = vy — v is the relative velocity of the
terminals of the damper.

e Mechanical Rotation:
For mechanical systems in pure translation, torsional
dampers represent ideal resistors. Linear torsional dampers bo
satisfy the equation (—I:I—{
o o

T = by(w2 —w1) = byw, Torsional damper

where 7 is the torque applied to the damper, b, is the tor-
sional damping coefficient, and w = ws — wy is the relative
angular velocity of the terminals of the damper.

e FElectrical:

Electrical resistors represent ideal resistors. Linear electri-

cal resistors have a constitutive relationship R
v = R’i, + —
i
where v is the voltage across the terminals of the resistor, R
is the resistance, and ¢ is the current through the resistor. Resistor
e Fluid:

The fluid resistors represent ideal resistors in fluid systems.
Linear fluid resistors satisfy the constitutive relationship

P = R;Q, + -

. . . EEE—
where P is the pressure across the terminals of the resistor,

Ry is the fluid resistance, and @ is the volume flow rate Fluid resistor
through the fluid resistor.

Content and cocontent

The effort applied by the resistor is related to a scalar function called the
content which is defined as
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f f f
D(f) = / endf = / edf = / Sn(f) df, (1.16)

where we have used the constitutive relationship e = —egr = —®@g(f). Hence,
e = —dD(f)/df. Note that the content D(f) is also called the Rayleigh dis-
sipation function.

The cocontent is defined as

D*(eg) = /OeR 5" (er) de, (1.17)

where @3, (eg) = f is the inverse of the function ®z(f) = er. An area
representation of the content and cocontent for a nonlinear resistor is shown
in Fig. 1.3. Thus, at any point (eg, f) along the curve @r(f) the following
condition must hold,

enf = D(f) + D*(en). (1.18)

The content and the cocontent are both scalar functions, with D(f) indepen-
dent of the effort, eg, and D*(eg) independent of the flow, f.

A
€R

D*(ey) Dr(f)

D(f)

Fig. 1.3 Content and cocontent

If the constitutive relationship @ (f) is linear the content and cocontent
will be equal. In particular, consider the case where ep = —e = @r(f) = Rf,
where R is a constant resistance, then

f f
D(f) = /0 Sn(f)df = /0 Rfdf = Rf*/2,

D*(eR):/ORgzsI;l(eR)deR:/O R(eR/R)deR:eR2/2R:Rf2/2.

The content and cocontent for the linear resistors described above are listed
in Table 1.5.
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Translation Rotation Electrical Fluid
Content, D(f) bv2/2 bow?/2  RiZ/2 R;Q%/2
Cocontent, D*(eg) F?/2b  72/2by v2/2R P?/2R;

Table 1.5 Energy dissipated by linear resistors

1.2.4 Constraint elements

Constraint elements define kinematic constraint relationships among the sys-
tem variables. These constraint elements can be described as transformers or
transducers.

e Transformers
A transformer transfers energy between the subsystems in the dynamic
system model. These idealized elements do not store, dissipate or generate
energy, and they behave in such a way that the net power into the device
is zero. In the case of transformers the energy transfer takes place within
the same engineering discipline. These elements give rise to displacement
constraints or flow constraints that do no work on the system.

e Transducers
A transducer are similar to a transformer however, the energy transfer
takes place between different engineering disciplines. These elements give
rise to displacement or flow constraints that do no work on the system.

Specific examples of transformers and transducers are given below.

Transformers

e Mechanical Translation:

The lever shown below represents a transformer for mechanical systems
in translation. Here, F is the force input to left hand side of the lever,
and x is the corresponding displacement. Similarly, F5 is the force input
to right hand side of the lever, and x5 is the corresponding displacement.
The lever makes angle # with the horizontal axis, as shown.

For small displacements the following kinematic relationship holds,

r1 =00 —0=ux1/ly,
T = —129 — T2 = —lzl‘l.
lh
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In terms of the velocities these relations become

l
—21}1 + vy =0,
I

where v1 = dz1/dt and vo = dxo/dt. This equation represents a flow
constraint the lever must satisfy.
Now, summing moments about the pivot (counterclockwise positive) gives,

—Il + Fyly =0,

which is a constraint on the effort variables of the device. As a result, the
power balance yields

Power input + Power output = Fyv; + Fhve

l
= (F1 — fFQ)’Ul =0.

Hence, no energy is stored or dissipated in the device.
e Mechanical Rotation:

The simple gear train shown below represents a transformer for mechani-
cal systems in rotation. The torque input to the left hand gear is 71, and
w1 is the corresponding angular velocity. Similarly, the torque input to the
right hand gear is 75, and ws is the corresponding angular velocity.

Since there is no slipping or backlash the velocity at the point of contact
is ryw1; = —rows. Thus, from the kinematics we have

r
—wi +ws =0,
T2
which is a flow constraint the simple gear train must satisfy. By summing
the moments about the center of each gear, it can be seen that the force
at the point of contact satisfies
1 T2

)

1 T2

which is an effort constraint for the simple gear train. As a result, the
power balance satisfies
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Power input + Power output = mw; + mows

= (7’1 — T—ng)wl =0.
2

o FElectrical:

A schematic of an ideal electrical transformer is shown below. This di-
agram shows two coils that are magnetically coupled via an iron core. The
coil on the left (the primary coil) has Ny turns, applied voltage v; and cur-
rent i1. The current in the primary coil creates a magnetic flux ¢ = Nyiy
that induces a voltage v2 in the coil on the right (the secondary coil).
Here, the secondary coil has N, turns and current i5. Dots are placed near
one of the terminals in each coil of the transformer to indicate whether
the magnetic flux produced by the coils add or subtract. By convention, if
current enters both dotted terminals the coils will produce magnetic fluxes
that add (Hambley, (1997), p. 686).

It is assumed that there is no flux leakage and the inductance of the coils
can be neglected. Then, a magnetomotive force balance gives,

Niiy 4+ Naig =0,

which is the flow constraint for the device. Also, from Faraday’s law we
have

_d\ d(Nig) d¢

v = 1

PR a
LA d(Nyg) do
= T T Ve
No
= —
(%] N1 1,

which is the effort constraint that the device must satisfy. The power
balance gives

Power input + Power output = vyi7 + vaio
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= (’Ul — 7’[)2)7;1 =0.

e Fluid:

The diagram below shows a fluid transformer. On the left hand side of
the device the pressure is P;, the volume flow rate is J; and the area of
the piston is A;. On the right hand side of the device the pressure is P,
the volume flow rate is Q2 and the area of the piston is As.

H h PZ
a: ﬁ QZ

Using these definitions the velocity of the piston is @Q1/41 = —Q2/A,, or

A
A—jQ1+Q2=0,

which is the flow constraint that the device must satisfy. Moreover, if the
piston is assumed to be massless, the net force acting on the piston is

PiA — PAy =0,

which is a constraint on the effort variables for the device. Finally, the
power balance gives

Power input + Power output = P1Q1 + P>Q)2
Ay

= (P — A—2P2)Q1 =0.

Transducers

Some examples of transducer elements are described next. Recall that trans-
ducers are system components that transfer energy from one engineering
discipline to another.

e Mechanical Transducer:

A rack and pinion system shown below is an example of a mechanical
transducer. This device couples a gear (in rotation) with a rack (in transla-
tion). The torque associated with the gear is 7, and w is the corresponding
angular velocity. The rack has a force F' and velocity v.
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TUTITITIIIIIDT

If there is no slipping or backlash the system satisfies the flow constraint
v+rw=0.

Moreover, if the system is inertialess, summing the moments about the
center of the gear gives
Fr—71=0,

which is the effort constraint that must be satisfied. The power balance
for the system gives

Power input + Power output = Fv + tw

1
= - - =0.
(F 7ﬂ7')v

Fluid-mechanical Transducer:

The hydraulic press shown below is an example of a fluid-mechanical trans-
ducer. In this device an incompressible fluid with volume flow rate @) and
pressure P acts on a massless piston with area A. The piston has an applied
force F' and velocity v in the direction shown.

P

0

It is assumed that the piston does not deform hence, we have
v+ Q/A=0,

which is the flow constraint that the device must satisfy. Since the piston
is massless, the net force acting on the piston is

_F 4+ PA=0,

which is the effort constraint that the device must satisfy. The power
balance for the system gives
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Power input + Power output = Fv + PQ
= (F—-AP)v=0.

1.2.5 Source elements

Power is input to the system via components called sources. These sources
oceur in two forms effort sources, es(t), and flow sources, fs(t). Moreover,
the sources can be ideal sources or regulated sources as described below.

Ideal sources

An ideal effort source will provide the specified effort to the system irrespec-
tive of the associated flow required by the system. An ideal flow source will
provide the specified flow to the system irrespective of the associated effort
required by the system. Note that the power available to these ideal sources
is infinite. An example of an ideal effort source is the voltage supplied by a
battery. An example of an ideal flow source is the volume flow rate provided
by a pump. These ideal sources are convenient to use in modeling dynamic
systems. However, it should be noted that they do not exists in reality, since
actual energy sources can not provide infinite power.

The symbolic representations of the ideal sources used in this text are

shown below.
+ F(t) 1(t)
e(t) f(l o— °

Effort Flow  Force Torque
Source Source
(a) (b) (¢) (d)

Here, the + sign on the effort source, (a), indicates the positive polarity of
the source. We will use (a) to represent ideal voltage and pressure sources.
The ideal flow source is shown in (b), where the arrow indicates the direction
of positive flow. An applied force is shown in (¢), and an applied torque is
shown in (d). In both cases the arrows indicate the direction of positive effort.

Regulated sources
At times it will prove expedient to model certain system elements as con-

trolled or regulated sources. Typically, these devices provide one of the fol-
lowing;



26

1 A Unified System Representation

. An effort source that is a function of a flow variable, i.e, a flow regulated

effort source.

A flow source that is a function of an effort variable, i.e., an effort regulated
flow source.

An effort source that is a function of an effort variable, i.e., an effort
regulated effort source.

A flow source that is a function of a flow variable, i.e., a flow regulated
flow source.

Examples of these regulated sources are given below.

Coulomb friction

The Coulomb friction force model is often used to describe the force of
interaction between objects. Consider an object moving on a rough sur-
face with velocity v, and let N be the normal reaction force of the surface

acting on the object.
v
P

N

Then the friction force acting on the object can be modeled as follows;

£
f

Thus, when the system is in static equilibrium, i.e., v = 0, the upper bound
on the friction force is |usN| where, u, is the coefficient of static friction.
The magnitude and direction of the static friction force is determined by
the equations of equilibrium.

‘/U'SN|7 v =0,
—ugNv/|v], v # 0. (2)

A

If there is sliding between the objects, i.e., v # 0, then the sliding friction
force has a constant magnitude, ur N, and acts opposite to the direction
of motion. The constant puy, is called the coefficient of kinetic friction, and
i < ps. Hence, the Coulomb friction force can be considered to be a flow
regulated effort source. In this text we call the equations described in (a)
effort constraints. These effort constraint equations provide a relationship
between the effort variables and the flow (or displacement) variables in the
system.

Diode
A diode can be modeled as an effort regulated flow source. In particu-

lar, let vy represent the voltage (effort) across the terminals of the diode,
and i be the current (flow) through the diode.
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Vd
+ —
R
IH
A diode essentially acts as a switch where ¢ > 0 if vy > 0, and 7 = 0 if
vg < 0. An approximate model for the behavior of the diode is given by
the effort constraint equation

i— I(e® —1) =0,

where Iy > 0 and o > 0 are constants that are determined by the material
properties of the diode. The variable I, is called the reverse saturation
current and has a typical value of 1 x 107'? amp. The variable « is the
inverse of the thermal voltage, and at room temperature it has a typical
value of 40 1/volt. Hence, the diode can be modeled as an effort regulated
flow source.

We also note that a fluid flow check valve can be modeled as a diode type
device. In this case the fluid flows through the check valve (i.e., diode)
if the pressure drop across the valve is positive. As a result, the fluid
flow through the check valve can be approximated by the effort constraint
equation

Q - Qs(eapd - 1) = 07

where Qs > 0 and o« > 0 are constants, and P, is the pressure across the
valve.

e Bipolar Junction Transistor

A bipolar junction transistor can also be modeled as an effort regulated
flow source. The figure below shows the schematic of a NPN transistor
and a PNP transistor. These devices have three terminals, a base (B), a
collector (C') and an emitter (E).

C C
B B
E E
NPN Transistor PNP Transistor
(a) (b)

The input-output behavior for these devices can be described using the
Ebers-Moll transistor model (see Jensen and McNamee, 1976, pp. 781). In
the case of the NPN transistor the Ebers-Moll model yields the equiva-
lent circuit shown below. (The Ebbers-Moll model for a PNP transistor is
obtained reversing the current flow directions in the NPN model.)
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Ebers—Moll NPN Transistor Model

In this model the base current, 7 g, the emitter current, iz, and the collector
current, i¢, are defined in terms of the diode currents i and ig as follows.

ip =1ig —ic

ip =ip — ARIR

ic = —ir + Apip
iF = IEs(eavBE — ].)
iR = Ics(ea”BC — 1)

where Agr, Ar, Igs, Ics and « are positive constants that depend on the
material properties of the transistor, vgg is the base-emitter voltage, and
vpc is the base-collector voltage.

It can be shown that Arlecs = Aplgs = Is (see Moschwitzer, 1991).
Hence, the behavior of the transistor can be described by the effort con-
straint equations

Z.E IES 7]‘5 ea'UBE _ 1 0
ic | — Is —Ics [eavBc B 1} =10]. (1.19)
iB Igs —1Is Ics —Is 0

Using these equations we can assert that the transistor currents are a
function of the voltages vgr and vgc. Moreover, these equations imply
that the NPN transistor can be modeled using the equivalent circuit model
shown below.
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Equivalent circuit model

In this model the currents ig, ic and ig are functions of the voltages vpg
and vgc, which are considered to be effort sources.

The operating modes of the NPN transistor are characterized by the volt-
ages vpp and vpc. In particular,

— if vgg > 0 and vpe < 0 the transistor is said to be in active normal
mode.

— ifvgg > 0 and vge > 0 the transistor is said to be in saturation mode.

— if vgg < 0 and vge > 0 the transistor is said to be in active inverse
mode.

— if vgg < 0 and vgc < 0 the transistor is said to be in reverse mode.

The circuits considered in this text are constructed so the transistor op-
erates in active normal mode. In which case if vge < 0 then, the term
e*BC in the Ebers-Moll equation is negligible. We can therefore rewrite
the transistor effort constraint equations as

ig = Igs(e®’2% — 1)
o = AFIEs(eavBE — 1)
ip=(1—Ap)lps(e®”” —1). (1.20)
If we define
Arp
T1-An

B

it can be seen that

ic = Apig = (Bip.
Typically, Ar ranges from 0.999 to 0.980, and saturation current Ips =
1x107'2 amp. As a result 3 ranges from 1000 to 50, approximately. Hence,
the last equation indicates that, in normal active mode, the collector and

emitter currents are almost equal. Also, the collector current is a significant
amplification of the base current.

e Operational Amplifier

The figure (a) below shows the schematic of an operational amplifier. This
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integrated circuit has input terminals 1 and 2, and output terminal 3.
The operational amplifier can be considered to be a effort regulated effort
source. The input-output behavior can be described using the diagram (b).

(a) (b)
Specifically, the output voltage of the operational amplifier, vz, is given by
V3 = kg(v2 — Ul),

where vy is the voltage input to terminal 1, vy is the voltage input to
terminal 2, and kg is the gain for the amplifier. The gain for typical oper-
ational amplifiers is in the interval 10° < k, < 107. In addition, the device
has very high input resistance (~ 10'° ohm), and the current input to the
device is negligible, i.e., 11 =~ 0, and i5 ~ 0.

DC motor/generator
The schematic of a direct current (DC) motor/generator is shown below.

i
- T

+
Vb :é

- (O]

The essential electromechanical coupling in a DC motor/generator is given
by

T = Kti,

v = Kyw,

where 7 is the torque due to the current ¢, and K; is the torque constant.
The voltage v, (back electromotive force (emf)) is the result of the angular
velocity w, and K, is the back emf constant. Thus, both the motor torque
7 and the generator voltage v, can be viewed are flow regulated effort
sources. Note that this model neglects the inductance and resistance of
the motor coils, as well as the inertia, damping and flexibility of the rotor.
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1.2.6 Paynter’s diagram and system models

The relationships between the fundamental system variables can be summa-
rized using Paynter’s diagram shown in Fig. 1.4. The diagram is a graph

d ¢ "
dr Vig), V(e)

p< D(f)|D%e) > 4

T(p), TTf) d

’ dt

Fig. 1.4 Paynter’s Diagram

with the effort e, flow f, displacement ¢ and momentum p at its vertexes.
The relationships between the fundamental variables are illustrated on the
line segments joining the variables. The line segment joining the kinematic
variables ¢ and f shows the differential relationship between these variables.
Similarly, the line segment joining the kinetic variables p and e shows the
differential relationship between these variables. The energy stored by ideal
inductors is shown on the line segment joining the momentum (p) and flow (f)
variables. The energy stored by ideal capacitors is shown on the line segment
joining the effort (e) and displacement (q) variables. The energy dissipated
by ideal resistors is shown on the line segment joining the effort (e) and flow
(f) variables. This diagram is useful in making concrete the analogy that
exists between the different engineering disciplines. We also note that, given
any pair of the fundamental system variables, we can use the relationships in
Paynter’s diagram to determine the unknown pair of fundamental variables.
For example, given the momentum p and displacement ¢, we can determine
the effort and flow as e = % and f = %, respectively.

In the development of a unified approach to modeling multidiscipline sys-
tems we have a choice as to which pair of the fundamental variables will be
treated as independent. Our approach, which is based on Lagrangian me-
chanics, uses the displacement and flow variables (g, f) as the variables that
are used to described the equations of motion. In the bond graph approach to
system modeling the effort and flow (e, f) are used as the independent pair of
fundamental variables (see Karnopp, Margolis, and Rosenberg (1990)). The
linear graph approach to system modeling also uses the effort and flow (e, f)
as the independent pair of fundamental variables (see Rowell and Wormley
(1991)). A Hamiltonian approach to multidiscipline system modeling uses the
displacement and momentum (g, p) as the independent fundamental variables
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(see Layton and Fabien (1997)). The other variable pair combinations, i.e.,
(f,p), (e,p) and (e, q) are not often used to model multidiscipline systems.
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Problems

1. Determine a consistent set of English and ST units for the variables listed
in Table 1.1. Hence, show that the units of work, power and energy (Table
1.2) are equal in each discipline.

2. Verify the results given in Table 1.3, i.e., show that kinetic energy and the
kinetic coenergy are equal for a point mass, a rotor, a linear inductor and
a linear fluid inertia. Also, assign consistent SI units to all the variable
in these expressions.

3. Verify the results given in Table 1.4, i.e., show that potential energy and
the potential coenergy are equal for a linear spring, a linear torsional
spring, a linear capacitor and a linear fluid capacitor. Also, assign con-
sistent SI units to all the variable in these expressions.

4. Verify the results given in Table 1.5, i.e., show that content (Rayleigh
dissipation function) and the cocontent are equal for a linear damper, a
linear torsional damper, a linear resistor and a linear fluid resistor. Also,
assign consistent SI units to all the variable in these expressions.

5. Consider a particle of mass m moving in a plane as shown below. Let
the velocity of the particle be o = @i + 7, and the linear momentum be
D = mao.

a. Show that the kinetic coenergy is T*(v) = 3mv - v = im(i? + 7).

b. Perform the coordinate transformation x = rcosf, y = rsinf, and
show that T*(v) = sm(r? + r262). (Note that T* is a function of the
displacement and flow in this formulation.)

c. Suppose further that § = %Ozt2 + wt + 0y, where a,w and 6y are con-
stants, and ¢ is the time. Show that in general T* can be a function of

displacement, flow and time.

6. The flux linkage for an electrical inductor is experimentally determined
to be A = kz%, where k is a constant, and ¢ is the current. Determine
expressions for the kinetic energy and kinetic coenergy for this device.

7. According to the special theory of relativity the mass of particle is given

as m
m(t) = 0

VI= (b))

where, the constant mg is rest mass, v(t) is the velocity of the particle, ¢
is the time, and the constant c is the speed of light.
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a. Show the the kinetic energy is T = (m(t) — mq)c?.
b. Show that if v < ¢, T ~ mov(t)?/2.

8. A block of mass m is constrained to move on an incline. The incline is
rough and has a slope with angle . A constant force, F', is applied to
the block at an angle 6.

ST

The coefficient of friction is u, and the acceleration due to gravity acts
downward as shown. If the block starts from rest, find an expression for
its velocity after it has moved a distance, s, up the incline. (Use the work
energy principle (1.10).)

9. The fluid in the conical tank shown here has density p. The pressure at
the bottom of the tank is P, and the height of the fluid in the tank is h.

a. Find the constitutive equation that relates the pressure P to the volume
V of fluid in the tank.

b. Find an expression for the potential energy due to the volume of fluid
stored in the tank.

10. The constitutive equation for a nonlinear spring is f = kx> where, f is
the applied force, k is a constant, and x is the net deflection of the spring.
Determine the potential energy and the potential coenergy.

11. A block of mass m fall a distance, h, onto an unstretched spring. The
spring has stiffness, k, and the acceleration due to gravity, g, acts down-
ward as shown.
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=

If the block is released from rest: (a) what is the velocity the block just
before it hits the spring, and (b) what is the maximum deflection of the
spring?

12. Explain how you would modify the model of an ideal electrical trans-
former to include the effect of the inductance and resistance of the coils.

13. Explain why ideal effort and flow sources do not exist. lllustrate the be-
havior you would expect from an actual effort source as the systems flow
demand increases. Use a typical electrochemical battery as an example.
(Plot the effort versus flow for an ideal efforts source and an actual effort
source.)

14. The circuit shown here satisfies the equations

Rg=v—uyq,
§ =™~ 1),

where R = 10 ohm is the resistance, v is the voltage source, vy is the
diode voltage, I is the diode saturation current, and o = 40 volts™! is
the diode junction constant. Obtain numerical solutions to these equa-
tions for 0 < v < 10, and plot ¢ versus vy for the following saturation
currents; I, = 102,107, 10716,

15. Sketch Paynter’s diagram for each of the energy disciplines. Label the
vertexes with the appropriate variable names.

16. For the systems shown below, write expressions for; (i) the kinetic en-
ergy and the kinetic coenergy, (ii) the potential energy and the potential
coenergy, and (iii) the content and the cocontent. For the systems with
applied efforts write expressions for the work done on the system by these
efforts. (See Section 3.1.1.)
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Chapter 2
Kinematics

In analytical mechanics kinematics is called the study of the geometry of mo-
tion. For mechanical systems kinematic analysis involves the determination of
the position, velocity and acceleration of points in the system. Moreover, this
analysis takes place without regard for the forces that give rise to the motion.
In this text we will extend these concepts to multidiscipline systems using the
unified framework presented in Chapter 1. In particular, this chapter develops
techniques to help determine the displacement and flow associated with the
components of the system. Section 2.1 considers the kinematics of mechani-
cal systems where the inertia elements are treated as point masses and rigid
bodies. Section 2.2 considers the mobility and kinematics of mechanisms. Fi-
nally, Section 2.3 presents the kinematic analysis of networks used to model
electrical, and fluid systems. Using the results developed in this chapter we
will be able to write analytical expressions for the kinetic coenergy, the po-
tential energy and the dissipation function of multidiscipline systems, as well
as analytical expressions for the displacement and flow constraints that may
exist in the system.

2.1 Mechanical Systems

2.1.1 A point moving in a fized frame

We begin the kinematic analysis of mechanical systems by considering the
motion of a point that moves relative to a fixed reference frame. The point
in question could represent a point mass or a point on a rigid body. In either
case the objective of the kinematic analysis is to find the position and velocity
(i-e., displacement and flow) of the point with respect to some fixed reference.

B. Fabien, Analytical System Dynamics: Modeling and Simulation, 37
DOI 10.1007/978-0-387-85605-6_2,
(© Springer Science+Business Media LLC 2009
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Coordinate systems

For mechanical systems the coordinate systems most often utilized are rect-
angular, cylindrical and spherical coordinates.

Rectangular coordinates

Consider a point P that is free to move in space, as shown in Fig. 2.1. In Fig.
2.1a the fixed reference frame is established by the rectangular coordinate
system z-y-z. The origin of the system is at @), and the axes z, y, and z are
orthogonal, with unit vectors i, }', and I%, respectively. Here, we will designate
the coordinate system x-y-z as reference frame 0 (zero). In which case, the
displacement of the point P relative to point @ as seen from frame 0 is given
by
Orop =xity)+ 2k

This rather verbose notation will prove beneficial when we consider the kine-
matics of systems that involve multiple reference frames.
The velocity of P is given by

Ofgp =di+y]+ ik,

where, the superscript (¢) = %(0). Hence, z, 9, and 2z, are the velocities in

the z, y, and z directions, respectively.
Cylindrical coordinates

The displacement of P can also be established using a cylindrical coordinate
system as shown in Fig. 2.1b. The cylindrical coordinate system is defined
using the unit vectors é,., ég, and é,. The vector é, is directed from the point
Q to P’. Here, P’ is the projection of the point P onto the z-y plane. The
vector €, is parallel to the z-axis, and the vector éy is the cross product of
k and é, using the right-hand rule. The distance from @ to P’ is p, and the
angle from the z-axis to the line QP’ is 6. In this case the displacement of P
is given by
OFQP = pér + Céz

Note that in the cylindrical coordinate system the unit vectors é, and ég
change direction as P moves.

The displacements in rectangular coordinates are related to the displace-
ments in cylindrical coordinates via the transformation equations

x = pcosb,
y = psind,
z =,
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(a) Rectangular coordinates (b) Cylindrical coordinates

(c) Spherical coordinates

Fig. 2.1 Coordinate systems

where 0 < 0 < 27. Also, the unit vectors in the cylindrical coordinate system
are related to the unit vectors in the rectangular coordinate systems by

é, =cosfi+sinf ],
ég = —sinfi+ cosbj,
é, =k

The velocity of P in cylindrical coordinates is

d d

0z _ et

rQpr = dt(per)+dt(C€Z)
—pertpdetie
= peEr Pdt r z
=pér+plég+ (e,
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where p is the radial velocity, 0 is the angular velocity, and C is the velocity
in the é, direction.

Spherical coordinates

The position of P can also be established using the spherical coordinates
shown in Fig. 2.1c. The displacement variables associated with this system
are p, 0, and ¢. Here, p is the distance from @ to P. The variable § measures
the angle from the z-axis to the line QP’ where, P’ is the projection of
P onto the z-y plane. The variable ¢ measures the angle from the z-axis
to the line QP. Note that the angles # and ¢ are measured positive in the
counterclockwise direction.

The unit vector €, is directed along the line from () to P. The unit vector
é4 is tangent to the arc P”P at point P. The unit vector éy is cross product
of €, and é4 using the right-hand rule.

The rectangular coordinates and the spherical coordinates are related via
the equations

x = psin¢cos,
y = psin¢sinb,
Z = pcos o,

where 0 < 0 < 27, and 0 < ¢ < 2x. The relationships between the unit vec-
tors in the spherical coordinate system and the unit vectors in the rectangular
coordinate system are

ép = sin¢cosf1 + sin ¢sin 6 J —i—cosgzﬁl%,
ég = —sinfi+ cosb j,

ey = cos ¢ cosfi + cos gpsinb j — sind)l%.
The displacement of P is spherical coordinates is
Fop = pé,,
and the velocity of P is

F —i(é)—'é+ L
QP—dtpp—pp pdtp’

d A . .
=pé, +p£(sin¢cos9i+sin¢sin9j +cosp k),
= pé,+plsingéy + poéy,

where p is the radial velocity, 6 is the rate of change in the angle 6, and ¢ is
the rate of change in the angle ¢.
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Ezxample 2.1.
Consider a point P that moves in a circular path as shown
yt e here. The radius R is fixed, but the angle 6 is a function

_ - :\6\/4 e, of the time t. Using rectangular coordinates (x-y-z) the
P position of P is given by

OFQP = RcosQ%—&—RsinHj,

and the velocity is given by

d . A R
O@QP = %OFQP = RO(—sinfi + cosf j).
Using cylindrical coordinates the position and velocity of P are
OFQP = Reé,
OT)QP = R0 éo
In either the rectangular coordinate system or the cylindrical coordinate sys-
tem it can be seen that the velocity is tangent to the path of motion. More-

over, if we define the angular velocity vector as @ = 6 k. Then the velocity of
P can be written as the cross product

O@QP =w X Opr.

2.1.2 A point moving in a translating frame

This section considers the kinematics of a point that is moving in a reference
frame that can only translate relative to a fixed reference frame.

Displacement analysis

Let z-y-z be a fixed rectangular coordlnate system with origin @ (see Fig.
2.2). The mutually orthogonal unit vectors i, j, and k are in the x, y, and 2
directions, respectively. Henceforth, the xz-y-z system will be called the fixed
reference frame, and will be designated as frame 0. Let x1-y1- 21 be a reference
frame with origin Q7. The mutually orthogonal unit vectors i1, j1, and kq,
are in the x1, y1, and z; directions, respectively. The analysis presented in
this section assumes that the z1-y;-z; frame can only undergo translation
with respect to the z-y-z frame. That is, the unit vectors i1, j1, and ka
do not change direction relative to the fixed frame. However, the position
of the point ()7 can vary. The x1-y1-21 system will be called the moving
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frame, and designated as frame 1. Finally, the point P can undergo arbitrary
displacements with respect to the x1-y;-z; frame.

Fig. 2.2 A point moving in a moving frame

Let ORQQl = Xi+ Yj' + Zk be the displacement vector from @) to @4
with respect to frame 0. Let 1FQ1p =1 %1 + 1 51 + z1 k1 be the displacement
vector from )7 to P with respect to frame 1. Let OFQP =214y j+2k be the

displacement vector from @ to P with respect to frame 0. Then from vector
algebra we have

Orgr = "Roq, + 'Tq,p. (2.1)
That is,

$%+?J§+Z]%ZX’AL'+Y}+Z]A€+.’E1%1—‘ryljl+21]231.

Using the property of the dot product the components of the vector OFQ P
can be determined as follows;

Z:O’I:QP']%:Z“F-Tl%l']%+y131']%+211%1'1%~

With this result the displacement equation (2.1) can be written in a
compact form using matrix notation. Specifically, let °rop = [z y 2],
ORQQl = [X Y Z]Ta 1TQ1P = [1‘1, Y1, Zl]T’ and

i1 Ji-t ki-i a1l a2 a3
0 I T
Avr=|i1-J j1-J ki-J | = |a2 a2 asz
i1k g1k k1-k asy as2 ass

Then, equation (2.1) becomes
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x X a11 aiz a3 1
y| =Y |+ |a2 ax a3 Y1
z Z a31 as2 ass z1
That is,
OTQP = ORQQl + 0A117“Q1p. (22)

The elements of the matrix °A; are the direction cosines between %, j’, k and
i, J1, ky. Thus, given the coordinates of a point in frame 1, the matrix °A;
can be used to determine the coordinates of that point in frame 0.

Figure 2.3 can be used to clarify the meaning of the elements of the direc-
tion cosine matrix °A;. The figure shows the unit vector %1 in relation to the
unit vectors i, j’, and k. (Note that there is no loss in generality by translating
the unit vector i; to Q.) In Fig. 2.3, a is the angle between i and 11, B is the
angle between j and 1, and ~ is the angle between k and 4;. Therefore,

Fig. 2.3 Direction cosine

i :cosa’z—l—cosﬂ}—ﬁ—cos'yl;:.

Then the dot product of 7; with respect to 1, j’, and l%, gives

aip =1-1 = COsq,
a1 = J 11 = cos f3,
asy = kZl = COSs 7,

which are the elements of the first column of “A4;. The other elements of °A;
are defined in a similar manner.
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Ezxample 2.2.

This figure shows a fixed reference frame with origin @
and mutually orthogonal unit vectors 7, j, and k in the
z, y and z directions, respectively. The translating frame
has origin Q, and mutually orthogonal unit vectors 71,
71, and ky in the x1, y1 and z; directions, respectively.
The coordinate systems are aligned such that for all time,
k= kl, and the angle between i and iy is 6.

Thus, in thls case the elements of the direction cosine matrix are

. T .
ay1 =11 -1 = cosb, asy =11 - ]—cos(i—e,):sme,

a31=%1~fC=COS%=O, a12:j1'%=COS(g+9>:—Sin9,
a22:31 j = cos#, a32—]1 k—cosz—O ai3 :l% =

[\
@*
V]

a23:];‘1'}=COS%:0, a33:k‘1~2;:
Therefore, using (2.2), the position of P in the fixed frame z-y-z is

rop = "Rqq, +Ai'rq,p

T X cosf —sinf 0 T
y| =Y |+ |sinf cosf 0 Y1
z Z 0 0 1 21

The terms in these equations have the following meaning;

Oer =[x, y, 2]T : are the components of the vector from () to P in
the z-y-z coordinate system (frame 0).

"Rog, = [X, Y, Z]T : are the components of the vector from @ to Q; in
the z-y-z coordinate system.

04, : is the direction cosine matrix relating the x1-y1-21
coordinate system to the x-y-z coordinate system.

Yro,p = [z1, y1, 21]7 : are the components of the vector from Q; to P in
the z1-y1-21 coordinate system (frame 1).

Given a point in the x1-y1-2z1 system, equation (2.2) can be used to find
it’s coordinates in the z-y-z system. An inverse transformation is also pos-
sible, that is, given a point in the z-y-z system there is an equation that
will determine it’s coordinates in the z1-y1-z1 system. To derive this inverse
transformation rearrange equation (2.2) to get

"A1'rqg,p ="ror — "Roq,
-1
'ro.p=("A1) (“rop — "Roq,)-

Here (°A;)”" is the inverse of the direction cosine matrix ®A;.
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For the linear transformations described above, the matrix (0141)71 can
be easily determined if °A; is known. From the vector equation (2.1) it can
be seen that

1 0= 0p
TQ,p = Tor — Rqq,

itk =@ —X)i+y—-Y)j+(z—2)k.

Using the property of the dot product shows that the components of the
vector 7, p satisfy

=@ —-X)i-in+@y—Y)j i+ (z—2)k-i1,
=@-X)i-j+y-Y)j-h+=—2)k b,
1:(.’)3 X)’Z/Afl—l—(y—Y)j]%l-i-(Z—Z)/%]%l

<.

1-
T1= TP~

o

1-—
1= TP N1

by

1-—
Z1 = TQ.P"

In matrix notation these equations are

x1 %1% glj 51]% r—X a1 Q21 asi r—X
yi| = |t g ok y—Y | =|awe ax ax| |[y—Y
21 kit ki-g k1-k] L 2— 24 a13 a23 a33 2=7Z
That is,
g p = (°A1)" (Orer — "Raq,)- (a)

Hence, (YA;)~1 = (°A;)7. If the inverse of a matrix is equal to its transpose
then the matrix is said to be orthogonal. Therefore, the direction cosine ma-
trix, YA;, defined above is orthogonal. It is easy to verify that the direction
cosine matrix, °A;, in Example 2.2 is indeed orthogonal.

Finally, from equation (a), note that (°rop —°Rgq,) represents the com-
ponents of a vector that is in frame 0, while 7, p represents the components
of a vector that is in frame 1. Hence, (°A4;)7 is a transformation matrix from
frame 0 to frame 1, and is written as

(OAl)T _ (0A1)71 _ 1AO~
Moreover, equation (a) can be written as

'Fo,p ="40("ror — "Rgq,)-

Ezample 2.5.
The points @1, S1, T1 and U; have the following coordinates with respect
to the right-handed rectangular system z-y-z (frame 0):

1 1.6010
Q= 43|, %S, = 58755],
-1.7 —1.4844
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—1.0208 4.6062
7, = | 47185 |, °U, = |2.4969
0.8751 1.4231

The point @), is the origin of the origin of the right-handed rectangular system
x1-y1-21 (frame 1), the point S; is a point on the zj-axis, the point 77 is a
point on the y;-axis, and the point U is a point on the z;-axis.

(a) Show that the vectors °7g, s,, °7q, 7, and 7,1, are orthogonal, and form
a right-handed rectangular coordinate system.

(b) Find the direction cosine matrix relating the x1-y1-21 system to the z-y-z
system.

(c) The point P; has coordinate ' Py = [1, 1, 1]7 with respect to the x1-y;-
z1 system. Find the coordinates of P; with respect to the z-y-z system.

(d) The point P, has coordinate °Py = [1, 1, 1]T with respect to the z-y-z
system. Find the coordinates of P, with respect to the x1-y1-z1 system.

Solution:

(a) Let 7, 7 and k be the unit vectors along the z-axis, y-axis and z-axis,
respectively. Then the vectors %7, s,, °7o, 1, and °Fg,y, can be written
as

0% 0,5, = (1.601 — 1) 7 4 (5.8755 — 4.3) j + (—1.4844 + 1.7) k
= 0.6017 + 1.5755 ) + 0.2156 k,
0% 0,1 = (—1.0208 — 1) 4 (4.7185 — 4.3) j + (0.8751 + 1.7) k
= —2.02087 + 0.4185 ] + 2.5751 k,
(4.6062 — 1)@ + (2.4969 — 4.3) j + (1.4231 + 1.7) k
= 3.60627 — 1.8031 ] + 3.1231 k.

0=
Q.U

Let %%g, s, %P, 7, and °Fg,u, be the unit vectors (normalized vectors)
associated with °7¢, 5,, "o,y and °7g,, respectively. That is,

% 5,5 = %70.5 /%705, | = 0.353547 + 0.92678 7 + 0.12683 k,
%o, = %o,n /" Fo,m | = —0.612371 + 0.12682 ) + 0.78034 k,
%o, = Fo,0, /1°Fo,u, | = 0.707107 — 0.35355 7 + 0.61238 ,

where |°7g, Sl‘ denotes magnitude of the vector Y7, g, , etc.

If the Vectors PQ.5:5 P, and “Pg,p, are mutually orthogonal then
T‘lel T’QlTl = [TQ151 [7"Q1U1 = O’I’Q T (’I"QlUl = 0. Indeed this can

be easily verified using the results above.

Finally, if the unit vectors °7q, s,, °7o,1, and °7¢g,r, form a right-handed

rectangular system then (°7g,s, x °7g,1y) - °70, 7y = 1. Using the results

above it can be shown that this identity holds.
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(b) Since %7q,s,, TQlTl and TQ1U1 are unit vectors in the z;, y; and z;

directions we have i1 = %%, 5,, j1 = *7g,1,, and ky = %%, v, - The direc-
tion cosine matrix relating the x1-y1-2z; system to the z-y-z system can

be written as
a1 a2 as
041 = |as1 az as |,
a31 Q32 as3

where
i1 = a1 1+ as J +az /Af,
J1=ai2t+axj+ask,
ki =ai31+ a3 )+ asz k.

Using the results from (a) it can be seen that

0.35354 —0.61237  0.70710
04, = | 0.92678 0.12682 —0.35355
0.12683 0.78034  0.61238

(¢) The coordinate of the point P; with respect to the z-y-z system is given
by

0p, =00Q, +°4,1P,

1 [0.35354 —0.61237 0.707107 [1
= | 43|+ [0.92678 0.12682 —0.35355 | |1
| —1.7 | 0.12683  0.78034  0.61238 | |1
1.44827]
= 5.0
| —0.18046 |

(d) The coordinate of the point P, with respect to the xi-y;-2z; system is
given by
1P2 — 1A0(0P1 _ OQI)
— (AP - Q)

0.35354  0.92678 0.12683 1 1

= | —0.61237  0.12682 0.78034 1] - 4.3

| 0.70710 —0.35355 0.61238 1 -1.7
[—2.7160
= 1.6884
2.8201
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Velocity analysis

The velocity of the point P in the translating frame can be computed from
(2.1) as

d d = d

05 % o0 _ 9% 0 a

vop = - (rr) = - ("Rqq.) + o (Ta.p).

Here, the term
d

dt
is the velocity of P relative to @) as seen from frame 0, the term

(er)—xz+yj+zl<:

d o
7 CRog) = Xi+Yj+ 2k

is the velocity of @1 relative to @) as seen from 0, and the term

d . o . “ . 2
p (*fo,p) =311 + 911+ 241 ka

is the velocity of P relative to 1 as seen from frame 1. The term d(* rle)/dt
uses the fact that diy /dt = djy /dt = dky/dt = 0, i.e., the unit vectors iy, J1,
and I<:17 do not change direction.

Using matrix notation the velocity equation takes the form,

Yigp = "Roq, + A1, p, (2.3)
where % op = [, ¥, 2|7, "Rog, = [X, Y, Z]7, Yg,p = @1, 91, #41]T, and

YA, is the direction cosine matrix relating the translating frame, z1-y;-21, to
the fixed frame, z-y-z.

Ezample 2.4.

In Example 2.2 suppose the displacement of 1 relative to @ is given by

X a1t + X,
Y| = ast + }/0 5
A Z

where a1, as, Xo, Yy, Zo, are constants, and ¢ is the time. In addition, suppose
the displacement of P relative to @)y is defined by

1 pcos At
y1 | = | psin At |,
z1 t
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where p and A are constants.
Then, the velocity of the point P is

iop = "Raq, + Ai'iq,p

z X cosf® —sinf 0] [
y|l =Y |+ |sinf cosf O U1
2 | Z 0 0 1] [4a
[2a,t cos® —sinf 0] [ —pAsin At
=1 az | + [sinf cosf O pAcos At
0 0 0 1] 1
[ 2a1t — pA(cos 0sin At 4 sin 6 cos \t)
= | az — pA(sin@sin At — cos 6 cos At)
1

2.1.3 A point fized in a rotating frame

This section considers the kinematics of a point P, that is fixed in a rotating
frame (see Fig. 2.4). As in the previous section we will let the rectangular
coordinate system x-y-z, with origin @), be a fixed reference frame, while the
rectangular coordinate system xi-y1-z1, with origin @, will represent the
rotating frame. Throughout this section @ and @; will remain coincident
however, the x1-y1-21 coordinate system is allowed to rotate with respect to
the z-y-z coordinate system. In addition, the point P, is in a fixed position
relative to the z1-y;-2; system. At any instant we let °A; denote the direc-
tion cosine matrix that relates the x1-y1-z1 coordinate system to the x-y-z
coordinate system.

Fig. 2.4 A fixed point in a rotating frame
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Displacement analysis

Let the unit vectors 7, j, and k be aligned with the z, y and z directions,
respectively. Let the unit vectors 71, j1 and k1 be ahgned with the z1, y; and
z1 directions, respectively. Then, the position of the point P is given by the
vector

Opr = 1’FQ1P, (2.4)

Where er =zi+y]+ 2k is the vector from Q to P, and '7g,p =
T111 + y1J1 + 21 k1 is the vector from @) to P. Note that @ and ), are
always coincident thus, °7gp and 7, p are the same vector but with differ-
ent coordinate system representations.

Velocity analysis

The coordinates of the point P in the x1-y;-21 frame are rle (1, y1, zl]T
Then, P has coordinates °rgp = %A;'rg, p, in the fixed frame, where %rgp =
[z, v, z]T. In this case the velocity of P, as seen from the fixed frame, is

d d
Yvgp = dt( rQr) = dt( Ar'rg,p) ="Ai'rq, p. (a)

where ®vgp = [#, 9, Z]7. Here, we have used the fact that %(lrle) =0,
because P is fixed in the xi-y1-z1 frame. Thus, the velocity, Ova, is due
solely to the rotation of the x1-y1-z1 frame.

We next develop an expression for the matrix °A;. Since the direc-
tion cosine matrix, A, is orthogonal, we have (°A;)~! = (°4;)7, and
(YA1)T(°Ay) = I, where I denotes the 3 x 3 identity matrix. Therefore,

d d

%((OAl)T(OAl)) = (CANT(A) + (CA)T(°Ay) = @I =0. (b)

Let '@ = (°4;)T(°A,), then equation (b) implies that

1~ _(1

W= )z

w
That is, '@ is a skew-symmetric matrix, and it has the form
0 —W3 W2

w= w3 0 —Ww1 . (25)
—Wy W1 0

1

Using the orthogonality property of °A; it can be seen that

OAl(OAl)T(OAl) — OAlch _ OAL
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Hence, the velocity of P can be written as
Yvop =A@ ('rg, p). (2.6)

Equation (2. 6) can be written as a vector equation as follows. Let the vector
Pop =i i+7 ] +4k, represent the velomty of P as seen from the fixed frame.
Let the vector ! TQ,P =T1 i +1 jl +21 k:l, represent the position of P relative
to the rotating frame. Finally, define the vector '@ = w; %1 + wo 31 + w3 1%1, as
the angular velocity of the rotating frame. Then, from equation (2.6) it can

be seen that
Y9gp = '@ x '7g, p. (2.7)

The vector on the left-hand side of equation (2.7) is in terms of the unit
vectors i, j7 and k while the vector on the right-hand side of the equation is
in terms of the unit vectors 217 jl, and k1 Thus, an appropriate coordinate
transformation is required to equate the terms on either side of equation
(2.7).

Suppose that the position of the point P is given by OFQP =1 = ro.p
then, equation (2.7) implies that

d
dt

(0 Qp) Ci;tl =1 x %1. (2.8)

Similarly, if the position of P is given by °7gp = g1 = Y7o, p, or Urgp = k=
17, then

dj N
% =15 %, (2.9)
dk .
dTl =1w %k, (2.10)

respectively. Equations (2 8), (2.9) and (2.10) describe the velocities of the
unit vectors i1, j1, and kh due to the rotation of the x1-y1-2z1 frame.

Ezample 2.5.

Point C' denotes the center of the disk shown in Fig. (a), and point P is
on the edge of the disk. The disk rotates about the shaft QC' with angular
velocity we. The shaft QC' is perpendicular to CP, and it has a fixed angle
« relative to the horizontal plane. The shaft QC' also rotates about the line
@QZ with angular velocity wyz. The radius of the disk C'P is p, and the length
of the shaft QC is [. An analysis of the position and velocity of the point P
proceeds as follows.
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(b)

First, we establish a fixed reference frame defined by the rectangular co-
ordinates z, y, and z, with its origin at ). The z axis is along the line QZ,
and the y axis is along the line QY. A right handed rectangular coordinate
system is formed by selecting the x axis perpendicular to the y-z plane, as
shown in Fig. (b). The unit vectors along the z, y, and z axes are i, j, and
]Af, respectively.

Next, a moving (rotating) frame is defined by the rectangular coordinates
system x1-y1-2z1, with origin ); that is coincident with @. This frame is
attached to the disk and undergoes the same rotations as the disk. The unit
vectors along the x1, y1, and z; axes are 21, jl, and k:l, respectively.

A vector approach

Displacement analysis

At the instant shown, in the figures above, the relationship between the unit
vectors of the fixed frame and the unit vectors of the rotating frame is

i 1 0 0 i
j| =10 cosa —sina| |1 |- (a)
k 0 sina cosa ky

Let the vector °7 denote the position of P relative to @ in the z-y-z
coordinate system (i.e., frame 0). Let the vector 7 denote the position of P
relative to Q1 in the z1-y1-z1 frame. Then,

Oop = Lig, p
=1j1+phk A A
=l(cosaj+sinak)+ p(—sinaj+ cosak)
= (lcosa — psina)j+ (Isina+ pcosa)k,

where ’rgp = Ti+y)+ z k. Therefore, the coordinates of P in the T-y-z
coordinate system are
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z=0
y=Ilcosa — psina

z = lsina + pcosa.

Velocity analysis

Since the x1-y1-21 coordinate system is attached to the disk, the point P
can be treated as a fixed point in a rotating frame. Thus, the velocity of P
is given by
0~ _ _1- 1=
vQp = W X TQ,P;

where %5 = i + yj + ,él;:, is the velocity of P relative to the fixed frame, and
the vector '@ denotes the angular velocity of the rotating frame. From the
problem description it can be seen that '@ is given by

o= ijl + wZ];'.

The term wcjl is due to the rotation of the disk about the line QC, and the
term wzk is due to the rotation of the line QC' about the line QZ.
Using equation (a) then gives

19 =wen —l—wz(sinaj'l + cosal%l) = (we + wz sina)j'l + wy cos a k. (b)

Hence,

%9gp = ((wo + wz sina)j’l + wy cosozl%l) x (11 —|—pl%1)

= (plwe + wz sina) — lwy cos a) iy

= (p(we + wzsina) — lwz cos a) .
Therefore, the components of the velocity vector are

z = plwe + wzsina) — l(wz cos @)

z2=0
A matrix approach

The results given above can also be be obtained using a matrix algebra ap-
proach. Specifically, let the orientation between the z-y-z frame and the x;-
y1-z1 frame be given by the direction cosine matrix ®A;. The coordinates of
P in the fixed frame are

rop ="Ai'rq,p, (c)

where °rop = [z, y, 2T, 'ro,p = [0, I, p|T, and
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1 0 0
Y4, = |0 cosa —sina
0 sina cosa

Thus, equation (c) yields results identical to those obtained above.
The velocity of P is given by

Ovop =Ai'rg,p ="Ar'a(*rq, p), (d)

where Yvop = [&, ¥, 2|7 and '@ is defined by equation (2.5). The matrix '@
coqtains the coefficients of the angular velocity vector, '@ = w1y + wajp +
wsk1. From equation (b) it can be seen that

w1 ZO,
W = Wg + wzsina,

w3 = Wz COS Q..

Using these terms in (d) yields the same velocity computed via the vector
approach.

2.1.4 A point moving in a moving frame

This section considers the kinematics of a point that is moving in a frame
that can translate and rotate relative to a fixed frame.

Displacement analysis

Using Fig. 2.2, let the rectangular coordinate system z-y-z, with origin @,
represent the fixed reference frame. Let the rectangular coordinate system
1-y1-21, with origin @1, represent the moving frame that can translate and
rotate with respect to the z-y-z coordinate system. The position of @1 with
respect to @ is given by ORQQ1 X i+ Yj +Z k: where 7, j, and k are unit
vectors in the z, y, and z directions, respectively. The position of the point
P relative to Q1 is given by ! Fo,.p =219 +y1 51+ 21 kh where 21, jl, and
kl are unit vectors in the x1, y1, and z; directions, respectively. Then using
vector calculus it can be seen that the position of P with relative to @ is
given by

rop = "Rqq, + 'Ta.p (2.11)

where 1lep =211 + Y1 j’l + 21 1%1.
Equation (2.11) can be written in matrix form as
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OT'QP = ORQQI + OAllrle, (2.12)

where OTQP = [’JZ, Y, Z]Ta ORQQl = [Xv Y7 Z]Tv lrle = [xlv Y1, Zl}Ta and
OA; is the direction cosine matrix that relates the x;-y;-2; coordinate system
to the x-y-z coordinate system.

Velocity analysis

The velocity of P is given by
d
Yvop = dt( TQP)
d o d
== RQQ1)+£( TQ.P)
—X2+Y3+Zk+xlz1+y131+z1k1
le d]l dkl
T T g T
=Xi+Yj+Zk+aiii+in+ak
+:171(1@><§1)+y1(1£)le)+zl(1ka1)

= ORQQl + 17.‘_Q1p + 1o x 177Q1p. (2.13)

Here, the term ].?QQ1 X —|— Y+ Z k is the velocity of @) relative to Q.
The term ! rle = I %1 + 11 ]1 + z1 k1 is the velocity of P relative to Q.
The term 1@ x rQ p is the velocity of P due to the rotatlon of x1- yi-21. The
angular velocity of z1-y1-21 is given by the vector '@ = w; 11 + wa _]1 + w3 k1
A matrix representation of the velocity of P can be obtained by differen-
tiating (2.12) to get
O do Op
QP = dt QP
d, d
- = R el OA 1
dt QQ, + dt( 1 TQ1P)
="Raq, + Ai'rg,p + A1’ p
="Raoq, +°A'a('rg,p) +"Aitiq, p, (2.14)
Where vQpP = [I ya ]T ORQQl - [Xv Ya Z]Ta 17;Q1P = [jjla yla ’él]Ta OAl

is the direction cosine matrix relating xi-y1-2z1 to z-y-z, and '@ is defined in
equation (2.5).

Ezample 2.6.
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X7

X

(b)

Figure (a) shows a thin disk, with center C, that is attached to the rigid link
BC. The point P is on the edge of the disk, and the line C'P is perpendicular
to the line BC'. The disk rotates about the line BC' with angular velocity wc.
The point B moves in a circular path in the X-Y plane with angular velocity
wz. The length of @B is [y, the length of BC is [, and the radius of the disk
is p. The line BC is at a fixed angle « relative to the line QY. A kinematic
analysis of the point P, at the instant shown, proceeds as follows.

First, establish a fixed reference frame. The rectangular coordinate system
z-y-z, with origin at @, will be used as the fixed reference frame in this
analysis (see Fig. (b)). The z-axis is directed along the line QX, the y-axis
is directed along the line QY, and the z-axis is dlrected alone the line QZ.
The unit vectors along the z, y, and z axes are 7, j, and k respectively.

Next, a moving frame, x1-y1-21, is attached to point B such that the origin
of the moving frame, )1, is coincident with B, the y;-axis is directed along
the line BC', the x1-axis is parallel to the line QX, and the z;-axis is selected
to form a right-handed rectangular coordinate system. The unit vectors along
the z1, y1, and z; axes are i1, j1, and kh respectively.

Displacement analysis

Using the fixed and moving frames described above, the point P can be
treated as a point that us moving in a moving frame. Let ORQQ1 =[X,Y, Z2]T
be the coordinates of @ relative to Q, in the z-y-z frame. Let lrg, p =
[1, y1, z1]7 be the coordinates of P relative to Q1, in the z1-y;-21 frame.
Let °A; be the direction cosine matrix relating the x;-y;-2z; frame to the
x-y-z frame. Then the coordinate of the point P relative to @ in the z-y-z
frame is given by

% op ="Roqg, + A1'rg, p, (a)

where %rgp = [z, y, 2]T. For the configuration shown in Fig. (b), °Rgq, =
[Oa lla O]Ta 1TQ1P = [07 l27 p]Ta and
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1 0 0
Y4, = |0 cosa —sina
0 sina cosa

Using these terms in (a) gives

x 0 1 0 0 0
y|l =1l |+ |0 cosa —sina Iy
z | 0 0 sina cosa p
[ 0
= |l +lycosa — psina
losina + pcosa

Velocity analysis
The velocity of P relative to the fixed frame is
Yvop = "Roq, + " Aitigp + A a(tro, p), (0)

where ‘vop = [, 3, 27, ORQQ1 [X, Y, Z]7, is the velocity of Q; relative
to @ in the z-y-z frame, and *rq, p = [i1, yl, #1]7 is the velocity of P relative
to Q1 in the z1-y1-21 frame The matrlx w 1s glven by equation (2.5), and
it contains the coefficients of '@ = wlzl + ngl + wgkl, which represents the
angular velocity of the moving frame.

For the configuration shown in Fig. (b) we get

. —lhwyz pwe w1 0
ORQQ1 = 0 , 1¢Q1p = 0 ,and |ws | = | wzsina
w3 Wy COS

Here, ORQQl is obtained by noting that J; moves in a circular path with
angular velocity wz in the x-y plane. The term 17'“Q1 p is obtained by noting
that P moves in a circular path with angular velocity we in the z1-2z; plane.
Finally, the angular velocity of the moving frame is '@ = wy k = wy sina j; +
wy cosaky.

Applying these terms to equation (b) gives

T —lhwyz 1 0 0 J %
y| = 0 + | 0 cosa —sina 0
z 0 0 sina cosa 0
1 0 0 0 —Wwzcosa wyzsina 0
4+ | 0 cosa —sina Wz COS (v 0 0 lo

0 sina cos« —wgz sin o 0 0 p
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plwe +wzsina) — liwy — lwz cosa
= 0
0

2.1.5 Euler angles

It is perhaps apparent from the previous sections that the nine elements of
the direction cosine matrix, °A;, are not all independent. In fact since the
columns of °A4; are orthogonal we have the following three constraints;

T

ay a2 = ai1a12 + aziaze + azrazs = 0,
T

ay az = ai1ai13 + asias3 + agrazz = 0,

T
a5 a3 = a12a13 + a22a23 + azzazz = 0.

Here, a; is the i-th column of °A;.
Moreover, since the columns of °A4; represents unit vectors we have the
three additional constraints;

la| = \/ a%l +agl +a§1 =1,
lag| = \/ a%z —|—a§2 +a§2 =1,
las| = 4/ afs + a3 + a3z = 1.

These six constraints imply that only three variables are required to deter-
mine the orientation of one rectangular system with respect to another.

In this text we use three Fuler-angles as the independent variables that
determine the direction cosine matrix. The description of the Euler angles
utilizes rectangular coordinate systems called an intermediate frames. These
intermediate frames are used to show how the x-y-z system can be brought
into alignment with the x1-y1-z1 system. The Euler angles are three successive
angular displacements that causes an intermediate frame, that is initially
aligned with frame 0, to be aligned with frame 1. These rotations take place,
in a particular order, about the z-axis, y-axis, or z-axis of the intermediate
frame.

To denote the axis of rotation, the angle of rotation, and the sequence of
rotations we use the following notation.

e X, indicates that the x-axis of the intermediate frame rotates an amount
o Similarly, Y3 indicates that the y-axis of the intermediate frame rotates
an amount 3, and Z, indicates that the z-axis of the intermediate frame
rotates an amount .
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o Z,-Xp-Z, denotes the following sequence of rotations are performed on
the intermediate frame; (i) rotate the z-axis an amount «, then (ii) rotate
the z-axis an amount (, finally (iii) rotate the z-axis an amount ~.

There are twelve possible sequences of such rotations that can be used to
obtain the direction cosine matrix. For example, X,-Y3-Z,, Xo-Y3-X,,, Xo-
Z3-Y,, etc. Here, we will consider the two sequences that are used frequently.
Namely, the sequence X,-Y3-Z, and the sequence Z,-Xg-Z,.

Xo-Y3-Z, Euler angles

In Fig. 2.5a the origin of the fixed frame is labeled Q. Let the unit vectors
1, 7, and k: be directed along the z-axis, y-axis, and z-axis respectively. To
establish the Euler angles let x,-y,-z, be a rectangular coordinate system
with origin @, that coincides with @. Moreover, the x,, y,, and z, axes are
aligned with x, y, and z directions respectively (see Fig. 2.5a). The interme-
diate frame x,-y,-2, can only rotate about the point Q.

Fig. 2.5 Finite rotations

Now consider the consequence of three successive finite rotations of x,-
Ya-Zq. First, rotate the axis x, an angle « in the counterclockwise direction
to obtain the new orientation x,-y,-2z, of the moving frame (see Fig. 2.5b).
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Thus, after rotation by the angle «, the x, axis becomes the x; axis, the y,
axis becomes the y; axis, and the z, axis becomes the z; axis.
A point °r = [z, y, 2)T in the xp-yp-z, frame has coordinate Or =

[z, y, 2]T in the 2-y-z frame where
10 0
Op =047, %4y =10 ¢ —Sa |,
0 so Co

ca = cosa, and s, = sina. The matrix °A4, is the direction cosine matrix
that relates the xp-y,-2; frame to the z-y-z frame.

Next, rotate the axis y, an angle 8 in the counterclockwise direction to
obtain the new orientation z.-y.-z. of the moving frame (see Fig. 2.5¢). Thus,
after rotation by the angle 3, the x; axis becomes the z. axis, the y, axis
becomes the y, axis, and the z;, axis becomes the z. axis.

A point r = [zc, Ye, ZC}T in the z.-y.-z. frame has coordinate r, =
[75, yp, 25)T in the xp-yp-2; frame where

(6%} 0 S
bp=bA.r, tA4.=| 0 1 0 |,
—Sg 0 Cg

cg = cos3, and sg = sin 3. The matrix A, is the direction cosine matrix
that relates the x.-y.-z. frame to the x,-yp-2p frame.

Finally, rotate the axis z. an angle v in the counterclockwise direction
to obtain the new orientation z1-y;-z; of the moving frame (see Fig. 2.5d).
Thus, after rotation by the angle ~, the x. axis becomes the x; axis, the y,
axis becomes the y; axis, and the z. axis becomes the z; axis.

A point 'r = [z1, y1, z1]7 in the x1-y1-2; frame has coordinate “r =
[Te, Ye, 2¢|T in the x.-y.-2. frame where

¢y =5, 0
r=C<Atr, A = sy ¢y 0],
0 0 1

¢y = cosvy, and s, = siny. The matrix “A; is the direction cosine matrix
that relates the x1-y1-2z1 frame to the x.-y.-z. frame.

Thus, after three successive rotations, (o about z,, § about y, and, ~
about z.), it can be seen that the point 'r = [z1, y1, 21]7 in the z1-y1-2
frame has coordinate °r = [z, y, 2]7 in the z-y-z frame where

Op =04,0r =94,° 4,5 =042 ACA e = 0 A (2.15)

The coordinate transformation matrix °A; is
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[1 0 0 cg 0 sg| [ey —s4 0
041 = |0 ca —5a 010 Sy ¢y 0
10 sa  Ca —s3 0 cg 0 01
i C[gC,Y 76587 55
= | 85458Cy + CaSy —5a535y + CaCy —S5aC3 (2.16)
| —CaSBCy + SaSy CaSBSy + Saly caCp

The elements of Y A; are the direction cosines of the x;, y1, and 21, axes with
respect to the x, y, and z axes, in terms of the X,-Y3-Z, Euler angles.
Given a direction cosine matrix °A; the corresponding Euler angles can

be determined using

a=tan"! <

—a23

a33

where a;; are the ¢j-th elements of 04,.

Ezxample 2.7.

) , f=sin"tays, v=tan! (

—a12

).

a11

Compute the X,-Y3-Z, Euler angles associated with the direction cosine
matrix °A; computed in Example 2.3.

Solution:

The direction cosine matrix is

0A1:

Therefore,

a = tan~! (

0.35354 —0.61237  0.70710

0.92678  0.12682 —0.35355
0.12683 0.78034  0.61238
—asg3 0.35355

)=

ass 0.61238

) = 0.5236 radians,

B =sin"!a;3 = sin~10.70710 = 0.7854 radians,

¥ = tan ™! (

0.61237
0.35354

—ai2
a1

)

1

> = 1.0472 radians.

Unlike finite translations of the moving frame, the finite rotations of the
moving frame can not be treated as vector quantities. In particular, the order
in which the finite rotations occur has significance. To see this consider the
same three rotations, described above, but in reverse order. First, a rotation
~ about the z, axis to produce the xp-y,-2, orientation. Then, a rotation G
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about the ¥, axis to produce the x.-y.-z. orientation. Finally, a rotation «
about the z. axis to produce the z1-y;-z; orientation. If 'r = (%1, y1, zl]T
is a point in the x1-y1-z1 frame then its coordinate in the z-y-z frame is

OT _ OAbbACCAll’I“ _ OAll’l",

where
CBCy SaSBCy — CaSy CaSECy + SaSy
0 _
A1l = | €8Sy Sa585y + CaCy CaS585y — SaCy | . (2.17)
—Sp SaCp CaCB

Here, °A; is the direction cosine matrix obtained from the Z,-Y3-X, Euler
angle sequence. It is clear that, in general, the transformation °A4; in equation
(2.16) is not equal the transformation in equation (2.17). Hence, successive
finite rotations can not be represented as simple vector summations.

Ezample 2.8.

This figure shows the effect of reversing the order in which finite rotations
take place.

0 y
0’ W
x .7 X0 .
s » s
A
<
(]
0 y
o” W :
x .-~ X0 R
» » » VN
+90°y, +90°z,;

In the first sequence the frame xg-yp-zg rotates 90° counterclockwise about
the zg axis. This is followed by a rotation 90° counterclockwise about the y;
axis.

In the second sequence the frame xg-yg-z¢ rotates 90° counterclockwise
about the yg axis. This is followed by a rotation 90° counterclockwise about
the z; axis.



2.1 Mechanical Systems 63

As can be seen the final orientation of the frame is different if the order of
the rotations is changed.

Angular velocity

A kinematic analysis requires the angular velocity of the moving frame. If
the orientation of the moving frame is described using Euler angles then the
angular velocities should also be expressed in terms of the Euler angles. Our
objective here is to determine the angular velocities of the z;-axis, y;-axis,
and z;-axis in the case where the orientation of the moving frame is described
using the X,-Y3-Z, Euler angles.

By construction (see Fig. 2.5) the angular velocity of the moving frame
can be written as A o .

Yo = dig + B+ ke, (@)

where i, is the unit vector along the x,-axis, j’b is the unit vector along the
yp-axis, and k. is the unit vector along the z.-axis,

Now, the direction cosine matrix relating the x1-y1-21 system to the x,-
Ya-2q system is ©A;. (Note that z4-y,-2, is aligned with 2-y-2.) Thus,

i =1= CBCy i1 — C3Sy g1+ sg kq. ()

The direction cosine matrix relating the x1-y1-z1 system to the xy-yp-25 Sys-
tem is
Cﬁcv —6557 Sﬁ
bAl = bACCAl = Sy Cy 0

—SﬁC,Y 538~ Cp
Therefore,
jb:37i1+cfyj1~ (C)

The direction cosine matrix relating the x1-y1-z1 system to the x.-y.-z. sys-
tem is ©A1, which shows that

ke = k. (d)
Using (b), (¢) and (d) in (a) gives

10 = a(cgey in — cpsy 1 + 55 k1)

+ Blsy i1+ ¢y J1) + 7k,
= (acgey + 637) i+ (—dcpsy + Bcv)jl
+ (&sg + %) ks
=twy iy + 'wa j1 + ws ki
1

Here, 'w; is the angular velocity of the x;-axis, 'wy is the angular velocity
of the y;-axis, and ‘w3 is the angular velocity of the z;-axis. This result can
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be put in matrix form to get

'wy cgcy Sy 0 &
Ywo | = | —cgsy ¢ 0] |B]. (2.18)
Yws s 0 1 o

Given the angular velocities 'wi, ws, and lws, equation (2.18) can be
inverted to find the rate of change of the Euler angles. Specifically,

0} 1 Cy —sy 0 Ly
Bl =—1| cgsy cpcy O Yws | . (2.19)
ol s —88Cy 8BSy Cg L

Note that the coefficient matrix in equation (2.18) is singular when 5 = £7/2.
Thus, at orientations of the moving frame where 3 = +7/2 we will be unable
to compute the angular velocities.

All Euler angle sequence of rotations have singular points in the config-
uration space. To avoid computational difficulties we will select a sequence
of Euler angles that are not singular near the nominal configuration of the
system.

2.2 Mechanisms

Mechanisms are mechanical systems that consists of rigid bodies called links
that are connected at points called joints. Figure 2.6 presents schematics
of some well known mechanisms. The links of a mechanism are classified
according to the number of joints that are on the link. As shown in Fig. 2.7
binary links have two joints, ternary links have three joints, quaternary links
have four joints, etc.

If each link in the mechanism is connected to at least two other links then
the mechanism forms a closed kinematic chain. Otherwise, the mechanism has
an open kinematic chain. In Fig. 2.6 the R-R robot has an open-kinematic
chain, all the other mechanisms are closed kinematic chains.

The joints in the mechanism are also called kinematic pairs. These kine-
matic pairs permit relative motion between the links in the mechanism. More-
over, the joints are classified according to the type of motion allowed between
the links. The kinematic pairs considered in this text are as follows.

e Spherical joint

A schematic of a spherical joint is shown below. This kinematic pair
allows link 1 and link 2 to rotate relative to each other about three axes.



2.2 Mechanisms 65
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Fourbar mechanism Geared fourbar mechanism

Fig. 2.6 Mechanisms

Binary o

Ternary A L.
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Quaternary | o o I:I

Fig. 2.7 Types of links

At each instant the point P; on link 1 and the point @2 on link 2 are
coincident. The symbol S is used to denote a spherical joint.

e Universal joint

A schematic of a universal joint is shown below. This kinematic pair al-
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lows link 1 and link 2 to rotate relative to each other about two orthogonal
axes.

7
At each instant the point P; on link 1 and the point Q2 on link 2 are co-
incident. In addition the links can rotate relative to each other about the
orthogonal lines X X and ZZ. The symbol U is used to denote a universal
joint.

e Cylindrical joint

The cylindrical joint allows rotation and translation of the links rela-
tive to each other. A sketch of a cylindrical joint is shown below. Let L
be the line that passes through the point P; on link 1 and the point Q2 on
link 2. Then at a cylindrical joint, link 2 can simultaneously rotate about
the line L; and translate along the line L;.

The symbol C is used to denote a cylindrical joint.
¢ Revolute joint

The revolute joint allows rotation of the links relative to each other.
A sketch of a revolute joint is shown below. Let Lq be the line that passes
through the point P, on link 1 and the point 2 on link 2. Then at a
revolute joint, link 2 can only rotate about the line L.
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The symbol R is used to denote a revolute joint.
e Prismatic joint

The prismatic joint allows translation (sliding) of the links relative to
each other. A sketch of a prismatic joint is shown below. Let L; be the
line that passes through the point P; on link 1 and the point @2 on link
2. Then, at a prismatic joint, link 2 can only translate along the line L;.

e

P, ] IESSSaEs

L
|
| NN
T
|
|

The symbol P is used to denote a prismatic joint.
¢ Rolling joint

The rolling pair shown below allows link 2 to roll on link 1 without slipping.

9% ) ()
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................ TSSEE =
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e Cam joint

Typical examples of cam pairs are shown below. At the point of con-
tact links 2 and 3 can roll and slide relative to each other.

Follower

Cam

(b)

2.2.1 Mobility analysis

Fundamental to the dynamic analysis of mechanical devices is the determi-
nation of the mobility of the system, i.e., can the device move? This question
is answered by finding the number of degrees of freedom for the system. The
degrees of freedom are the minimum number of coordinates required to de-
termine the position and orientation of the mechanism.

To develop a methodology for determining the number of degrees of free-
dom in a particular mechanism consider the mobility of the following systems.

e Spatial rigid-body motion

Consider a rigid-body that is free to move in space.
In this case we require six coordinates to determine
the position and orientation of the body. Specifi-
cally, if the rectangular coordinate system, x1-y;-
21, is attached to the body then, three coordinates
are required to determine the location of the ori-
gin of the x1-y1-2; system with respect to the x-y-z

system.
In addition three coordinates are required to establish the direction cosine

matrix relating x1-y1-2z1 to z-y-z. Thus, this system has 6 degrees of free-
dom.

e Planar rigid-body motion
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Consider a rigid-body that is constrained to move
in the z-y plane. In this case we require three coor-
dinates to determine the position and orientation
of the body. If the rectangular coordinate system,
r1-y1, is attached to the body then, two coordi-
nates are required to determine the location of the
origin of the x1-y; system with respect to the z-y
system.

The orientation of the x1-y; system relative to the z-y system is determine
by a single angle. Thus, a rigid body that is constrained to move in a plane
has 3 degrees of freedom.

e A revolute joint

=

Consider the motion of a link about a revolute
joint. In this system one link is fixed (i.e., the
ground) and the other is free to rotate. If the an-
gle 6 is known then we can determine the position
of ever point on the link. Thus, this system has 1
degree of freedom. When compared to spatial mo-
tion of a rigid-body it can be seen that the revolute
joint removes 5 degrees of freedom.

When compared to plane motion of a rigid-body it can be seen that the
revolute joint removes 2 degrees of freedom.

e A prismatic joint

] P
== ¥

Consider the motion of a link about a prismatic
joint. In this system one link is fixed (i.e., the
ground) and the other is free to slide (translate).
Hence, the displacement x is all that is required to
determine the position and orientation of the link.
Thus, this system has 1 degree of freedom.

When compared to spatial motion of a rigid-body it can be seen that the
prismatic joint removes 5 degrees of freedom. When compared to plane
motion of a rigid-body it can be seen that the prismatic joint removes 2

degrees of freedom.

e Pure rolling
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For this system the disk is constrained to roll with-
out slipping. In which case the translation of the
center of the disk is directly related to the angle
of rotation. Thus, in pure rolling the system has 1
degree of freedom.

If the disk can simultaneously roll and slip then, two coordinates are re-
quired to determine the position and orientation of the system.

Using these examples we can develop an expression to determine the mo-
bility of a mechanical system. Let [ be the number of links in the system, and
j be the number of joints. If all the links in the system are unconstrained the
system will have F' = Al degrees of freedom, where A = 6 for spatial motion,
and A = 3 for planar motion. However, the ¢-th joint in the mechanism re-
moves A — f; degrees of freedom, where f; is the number of degrees of freedom
allowed at the joint. Moreover, since the ground link is fixed, A degrees must
also be removed.

Thus, a general formula for determining the degrees of freedom in a mech-
anism is given by

J
F=Xl-j-1)+>_fi (2.20)
=1

where F' is the number of degrees of freedom, A\ = 6 for spatial mechanisms,
A = 3 for planar mechanisms, [ is the number of links, j is the number of
joints, and f; is the number of degrees of freedom allowed by the i-th joint.
The formula (2.20) is known as Gruebler’s equation. When using Gruebler’s
equation note the following:

1. The ground is treated as a link.

2. All joints are assumed to connect only two links. If more than two links
are connected at a joint, then the joint is counted as n; — 1 joints, where
ny is the number of links connected to the joint.

Ezample 2.9.

This example applies equation 2.20 to the mechanisms shown in Fig. 2.6.
¢ R-R robot
This planar mechanism has [ = 3 links and 7 = 2 joints. The revolute

joints (at A and B) each allow 1 degree of freedom. Thus, equation (2.20)
gives

J
F=XMl—-j-1)+> f
i=1
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=33-2-1)4+1+1
=2

Therefore, we require two coordinates to specify, uniquely, the position
and orientation of this mechanism. Note that robot mechanisms are often
classified by the types of joints in the system. Hence the term ‘R-R’ is used
to indicate that the robot has two revolute joints in sequence.

e Slider crank

The planar slider crank mechanism has [ = 4 links, and 7 = 4 joints.
The joints at A, B and C are revolute joints, and each allow 1 degree of
freedom. The prismatic joint at D allows 1 degree of freedom. The number
of degrees of freedom for the mechanism is

F=XMl—-j-1)+> fi
1=1

=34—-4-1)+14+1+1+1
=1.

e Fourbar mechanism

The planar fourbar mechanism has [ = 4 links and j = 4 joints. All of the
joints are revolute joints. Thus the degrees of freedom for the mechanism
is given by

J
F=Ml-j-1)+> fi
1=1
=34 —-4-1)+1+1+1+1
=1

e Geared fourbar mechanism

The planar mechanism has [ = 4 links and j = 4 joints. The joints
at A, B and C are revolute joints, and each allow 1 degree of freedom.
The pure rolling joint at D allows 1 degree of freedom. Thus the degrees
of freedom for the mechanism is given by

F=XMl-j-1)+> f;
=1

=34-4-1)+14+1+1+1
=1
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For certain mechanisms equation (2.20) may indicate that there are fewer
degrees of freedom than actually present. Typically, such mechanism require
a specific geometry in order to have mobility. This is illustrated in the next
example.

Ezxample 2.10.

The figure below shows two circular rollers in contact. This system has [ = 3
links and j = 3 joints (two revolute joints and a pure rolling joint).

The application of equation (2.20) gives the degrees of freedom as

J
F=Ml-j-1)+> fi
=1

=3B3-3-1)+1+1+1
=0.

However, if the rollers are both precisely circular, and ry + 73 = d then,
the system will have 1 degree of freedom. If the rollers are not precisely
manufactured then the system will jam. (Gears/rollers that are noncircular
can also be made to undergo pure rolling by satisfying the criteria that the
sum of the radii of both gears must be equal to the distance between the
centers of rotation.)

Equation (2.20) can sometimes reveal passive degrees of freedom that ex-
ist in certain mechanisms. These are coordinates whose variation does not
produce any change in the other system coordinates. This is illustrated in
the next example.
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Ezxample 2.11.

The device shown here is a spatial fourbar mechanism. The systems has
revolute joints at A and D, and spherical joints at B and C.

J
F=Xl—-j-1)+>_ f
i=1
=6(4—-4—-1)+1+3+3+1
One of these degrees of freedom is the rotation of the link 2 about the line

BC. Such a rotation will not cause any other motion thus, this degree of
freedom is considered to be passive.

2.2.2 Kinematic analysis

With the results from the previous sections we are now well equipped to
perform the kinematic analysis of mechanisms. Here we take a direct approach
that is summarized by the following steps;

1. Perform a structural analysis of the mechanism to determine its mobility,
i.e., the number of degrees of freedom, F'.

2. Attach a coordinate system to each moving link (rigid body) in the mech-
anism. As a result there will be A(I — 1) coordinates associated with the
system (A = 6 for spatial mechanisms, and A = 3 for planar mechanisms).

3. Use the kinematic condition at the joints to determine A(l — 1) — F con-
straint equations. These constraint equations ensure the proper behavior
of the joint.

This procedure is illustrated via several examples.

Ezample 2.12.
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A schematic of an R-R robot is shown below. Here we are interested in
finding the equations required to determine the position and velocity of the
point C'. The distance from A to B is l1, and the distance from B to C is [5.

I

The rectangular coordinate system z-y with origin @ represents the fixed
system. The rectangular coordinate system x;-y; is attached to the link 1,
with origin at A, and the rectangular coordinate system xs-y, is attached to
the link 2, with origin at B, as shown in the figure. The orientation of the
x1-y1 system relative to the z-y system is determined by the angle 6;. The
angle #; measures the angular displacement if the zs-yo system relative to
the fixed frame.

As noted above the system has 2 degrees of freedom however, the two
moving frames require 6 coordinates i.e.,

OT‘QA = {IA} :  the position of the origin of the x1-y; frame,

Ya
01 :  the orientation of the x1-y; frame,
Orgp = [53} :  the position of the origin of the xo-yo frame,
B
0o :  the orientation of the xo-yo frame.

Let 6, and 05 be the independent coordinates for the system, i.e., the
degrees of freedom. Then 4 constraint equations are required to determine
TA, Ya, g, and yp in terms of 6; and #3. These equations are determined
using the properties of the revolute joints. Specifically, the point A and @Q are
coincident at all times hence, we have the constraints

¢1:1’A:0,
¢2 =ya=0.

Also, the coordinate of the point B is “rgp = “rga + YA1'r4p which gives
the two constraints

(bg =IB —1100591 = O7
(]54 =1YB —llsin6‘1 =0.
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Here, °A; is the direction cosine matrix relating the z;-y; coordinate system
to the 2-y coordinate system, and 'r 4 p is the coordinate of B relative to A
in the z1-y; coordinate system.

The coordinate of the point C is given by

0 0 041 04 2
rQc = 1A+ A1 rap + "Axrpc

xo|  |za + cosf; —sinfy | |11 + cosbfly —sinly | |lg
yvo|l  |ya sin 6, cosf; | |0 sin 05 cosly | | O
| licosBy + 13 cos b
- ll Sil’l91 +12 sin92 ’

where Y A is the direction cosine matrix relating the zs-y» coordinate system
to the a-y coordinate system, and 2rpg¢ is the coordinate of C relative to B
in the x9-ys coordinate system.

Finally, the velocity of the point C can be computed via a direct differen-
tiation of the position of C, i.e.,

0 d

vQC = %(OTQC) =%qa+A1'0(*rap) + "A*0(*rpe)

Tc | | cosf—sinby 0-6,] 14 n cos A5 — sin O 0—05 1 [1s
Yo sinfl; cosby| |6, 0]]0 sinfly cosfa| |6y 0] ]0
_ —.9.111 sin 01 —.9'212 sin 05
- 0111 cos 01 + 0315 cos 05 '

The plots below show the position and velocity of the point C' for the
R-R robot with the proportions, Iy = 2, and I = 1. The angles 6, = 2wt
and 0> = 20nt, where ¢ is the time. The plots show the trajectory of the
system in the interval 0 < ¢ < 1. The first plot shows the path traced by the
point C, the second and third plots show, respectively, the z-axis and y-axis
components of the velocity of C.
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Position of C Velocity of x,

0.5 1
time
Velocity of y,
100
50
¥ 0
-50
-100
0 0.5 1
time

Ezample 2.13.

This example performs a kinematic analysis of a spatial R-R robot. A sketch

of the mechanism is shown in the diagram labeled (a). The motion generated
by this mechanism is spatial because the revolute joint at A allows rotation
about the vertical axis, while the revolute joint at B allows rotation about
an axis in the horizontal plane.
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The diagrams (b) and (c¢) show the coordinate system assignment for the
mechanism. The rectangular coordinate system z-y-z with origin @ repre-
sents the fixed frame. The rectangular coordinate system z1-y;-2; is attached
to the link AB with origin at A. The rectangular coordinate system xo-yo-22
is attached to the link BC with origin at B. The link AB has length [;, and
the link BC has length [5.

The diagram (b) shows the mechanism in the z-y plane, and the diagram
(c) shows the link AB displaced in the z-z plane. The revolute joint at A
allows angular displacement 6, of the y;-axis only while, the revolute joint
at B allows angular displacement 65 of the z5-axis only. Note that the angle
0, is measured from the z-axis.

A mobility analysis shows that the mechanism has 2 degrees of freedom.
However, the two moving frames require 12 variables to specify their position
and orientation. Of these 12 variables we will select #; and 65 as the two
independent variables. The kinematic properties of the joints must be used
to determine 10 constraints that will account for the excess variables. As will
be seen many of these constraints are trivial.

First note that at all times the point @, (the origin of the fixed frame),
is coincident with A, the origin of the xi-y;1-2z1 frame. This gives the three
constraints

¢1:$A:07
¢2:3JA:07
b3 = 24 = 0.

Here, the orientation of the x1-y1-2z1 frame relative to the fixed frame will
be described using the X,,-Yp, -Z,, Euler angles. Due to the revolute joint
constraint it can be seen that the following two constraints must be satisfied;

Qs =1 =0,
o5 =71 =0.

The coordinate of the point B (the origin of the moving frame xs-y2-22)
is given by

0 0 04 1
rQp = rQA+ Ai1'TaB

TR TA cosfy 0 sinf, I
yp | = |ya | + 0 1 0 0
ZB ZA —sinf#; 0 cosf, 0

Here, %A, is the direction cosine matrix relating x1-y;-2; to the fixed frame,
and 'r4p is the coordinate of B relative to A in the z;-y;-2; coordinate
system. These equations lead to the three constraints

¢ = xp —l1cost =0,
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o7 =yp =0,
¢s = zp + 11 sin6; = 0.

The orientation of the xa-ys-zo frame relative to the z1-y1-z1 frame will be
described using the X,,-Y3,-Zp, Euler angles. Thus, to satisfy the revolute
joint constraint at B we require

P9 = ag =0,
$10 = B2 = 0.
Given the independent variables 67 and 5 the 10 constraints ¢1, ¢2, - - -, P10,

can be used to find the position and orientation of the moving frames.
The coordinate of the point C is given by

0 0 04 1 04142
roc = rga+ Airrap+ A1 Axrpe,

To cosf)y 0 sinf, ]
Yo | = 0 1 0 0
Zc —sinf; 0  cosf, 0]
cosfy 0 sinf;| [cosfy —sinfy 0 Iy
+ 0 1 0 sin 0o costly 0O 0],
—sinf; 0  cosb | 0 0 1 0
(I1 4 I3 cos 02) cos 01
= l2 sin 92

—(l1 4+ la cos 03) sin 01

Here, 'A, is the direction cosine matrix relating xs-y2-20 to x1-y1-21, and
2rpe is the coordinate of C relative to B in the z2-12-22 coordinate system.

Differentiation of the last equation with respect to time gives the velocity
of the point C' as

i’c 7([1 +ZQ COS 92)0.1 sin 01 — lgég COS 01 Sin92
yc = 1292 COS 92
Zc —(I1 4+ 13 cos 03)0 cos By + la6s sin Oy sin Oy

The plots below show the position and velocity of the point C for the R-R
robot with the proportions, {; = 2, and I = 1. The angles #; = 2nt, and
0> = 207t where t is the time. The plots show the trajectory of the system
in the interval 0 < ¢t < 1. The first plot shows the path traced by the point
C, and the remaining plots show the components of the velocity of C.
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Ezample 2.14.

The diagram below shows a disk, with radius r, that rolls on horizontal
surface without slipping. If the disk rotates counterclockwise with a constant
angular velocity w, find the equations that describe the position and velocity
of a point C that is on the edge of the disk.

Let the rectangular coordinate system z-y represent the fixed frame, and
attach the rectangular coordinate system x1-y; to the center of the disk.
Initially, the z-y frame and the x1-y; frames are aligned with common origins
@ and @, respectively.

A mobility analysis indicates the this system has 1 degree of freedom. Let,
0, the angular orientation of the disk, be the independent coordinate. Then
the constraints that specify the location of ()1 relative to the fixed frame are
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¢1 =x0, +70 =0,
¢2:yQ1:0'

The coordinate of the point C relative to the @ in the fixed frame is

“roc ="rqq, + Ai'rq,c

xc| | -0 n cosf) —sinf| |r
yel| | O sinf  cosf| |0
| =rf+rcosd
o rsinf ’

Here, “rgq, = [zg,, yg,)T is the coordinate of Q; relative to @ in the fixed
frame, ®A; is the direction cosine matrix relating the z,-y; coordinate system
to the fixed frame, and rg,c = [r, 0]7 is the coordinate of C relative to Q1
in the x1-y; coordinate system.

Differentiating the last equation with respect to time gives the velocity of

the point C, i.e.,
tc| | —rw(l+sind)
yo | Tw cos ’

where w = 6.

The trajectory of a point C' on a disk with radius » = 1 and constant
angular velocity w = 27 is shown below. As can be seen the point C' traces
the path of a cycloid.

Position of C Velocity of x,
0
2
! -5
- 0 \/x §o
-1 ‘ -10
-2
-15
—4 -2 0 0 0.5 1
X time
Velocity of y,
10
5
2 0
-5
-10
0 0.5 1

time
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Ezxample 2.15.

The diagram below shows a disk, with radius r, that rolls without slipping on
a fixed circular cylinder with radius R. If the disk rotates around the cylin-
der in a counterclockwise direction with constant angular velocity q.S, find the
equations that determine the position and velocity of the point C' on the edge
of the disk.

The fixed frame is represented by the rectangular coordinate system x-
y, with origin @ at the center of the cylinder. Attached to the disk is the
rectangular coordinate system x1-y1, with origin ), at the center of the disk.

The disk is shown in an initial position 1. After a rotation of angle 6 the
disk moves to position 2. As a result of this rotation the line QQ1, in position
2, makes an angle ¢ with the z-axis.

A mobility analysis of the mechanism shows that the system has 1 degree
of freedom. Here, we select ¢ as the independent coordinate. Therefore, con-
straint equations must be found to determine (z¢,, ¥, ) the location of the
center of the disk, and the angle 6.

The coordinate of the point @)1 relative to @ in the fixed frame is given by

0 {IQ] _ {—(Rw)cos,(z)}

9 |y, —(R+7)sing

In position 2, the point A is the point of contact between the disk and the
cylinder. Since the disk rolls without slipping the arc length AC' (on the
cylinder) is equal to the arc length AC” (on the disk), i.e.,

Ré =1(0—¢).

Hence, 0 = (R+1r)/r)¢.
The coordinate of the point C' relative to @ in the fixed frame is given by

rqc = "roq, +"Ai'rq.c
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zc| | —(R+71)cosd n cosf —sinf| r
yo| |—(R+7)sing sinf  cos@| |0
| —(R+r)cos¢+rcos((R/r+1)¢p)
T | —(R+7)sing+rsin((R/r+1)¢) |-
Here, %A is the direction cosine matrix relating z;-y; to z-y, and 17“QlC
is the coordinate of C' relative to Q1 in the z1-y; coordinate system.
The velocity of the point C' can be obtained by differentiating the last
equation with respect to time to get

[dec} _ [ (R+ 7")(;5 [sing + sin((R/r + 1)¢)] }
jc | = | =(R+ 1) [ cosé+cos((R/r + 1)g)] |

The trajectory of a point C' on a system with radii R = 3, r = 1 and
constant angular velocity ¢ = 27 is shown below. In the first plot, the dotted
line represents the cylinder, and the solid line shows the path of the point C
that is on the disk. The second and third plots show the components of the
velocity of the point C.

Position of C Velocity of x,
50
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> 0 ¥ 0
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-50
-5 0 5 0 0.5 1
X time
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>
>
-50
-100
0.5 1
time

Ezample 2.16.

The diagram below shows a planar fourbar mechanism. The proportions
of the mechanism is given in the table below. If the crank AB has a constant
angular velocity 61, derive the equations necessary to determine the position
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and velocity of the point E.

QA 1. 3
AB 1; 15
BC Iy 5
BE g 25
QD Ip 45
DC 13 3

i

Fig. 2.8 Planar fourbar mechanism

The rectangular coordinate system z-y with origin at @ represents the
fixed frame for the system. The rectangular coordinate system xi-y; is at-
tached to the link AB with origin at A. The rectangular coordinate system
To2-y2 is attached to the link BC with origin at B. The rectangular coordinate
system x3-y3 is attached to the link DC with origin at D.

A mobility analysis shows that the mechanism has 1 degree of freedom.
However, the 3 moving coordinates require 9 variables to specify their position
and orientation. Therefore, 8 constraint equations are required to account for
the excess coordinates. Here, we will use 8, as the independent coordinate.

The coordinates of the points A, B and D, with respect to the fixed frame,
yield the following 6 constraints;

¢1=x4=0,

2 =ya—1a=0,

¢3 =xpg —lycosf, =0,

¢4 =yp —la—lysinf =0,
¢5 =xp —Ilp =0,

¢6 = yp = 0.

The remaining constraints are determined by noting that the mechanism
forms a closed kinematic chain hence,

Orga + A1 rap + 2 As%rpe = Yrop + As*rpe. (a)
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The right hand side of this equation is the vector summation OFQ A+ 1Fap+
2Fpc, and the left hand side of the equations is the vector summation
OFQD +37pe. The term 9 A; is the direction cosine matrix that relates the i-th
coordinate system to the fixed frame, 745 is the coordinate of B relative to
A in the x1-y; coordinate system, 2rpc is the coordinate of C relative to B
in the zo-ys coordinate system, and 3rpc is the coordinate of C relative to
D in the z3-y3 coordinate system.

Using the definitions for the coordinate systems equation (a) can be writ-

ten as
0 n cosfy —sinbq | |1 n cos by —sinfy | |2
la sinf; cosf; 0 sinfy cos by 0
_|ip + cosfl3 —sinfs | | I3
10 sinfl3 cosfs3| |0 |"
Which yields the two constraint equations

¢7 =11 cosby +1lscosby —l3cosfs —lp =0,
¢8 = ll sin01 +lgSin02 —lgSiH03+lA = 0.

Given 61, the 8 constraint equations, ¢1, ¢a,- - -, ¢g, can used to compute
the coordinates x4, ya, B, YB, Tp, YD, 02, and f3. Note however, that ¢
and ¢g are nonlinear equations that must be solved to determine 65 and 65.

The coordinate of the point E with respect to the fixed frame is given by

Oror = "roa+ A1t rap + A2’ rpg
zp| |0 " cosfy —sinfy | | {1 n cosfy —sinby | | g
ye |~ |la sinf; cosfy| |0 sinfly  cosfy 0
_ l1cosfy + g cos Oy
- la+11sinf; +1lgsinfsy |-

Differentiation of the last two equations with respect to time gives the
velocity of the point E as

CbE _ 7llélsin917lE0.QSiIlgg
Ye | | 1101 cos0y +1gbycosby |’

Note that the computation of the velocity of E requires the angular velocity
0> which must be computed from ¢ and ¢s.
The differentiation of ¢7 and ¢g with respect to the time gives

dgr
dt

dgs
dt

= —llél sin 6y — l292 sin 69 + 139.3 sinf3 = 0,

= 1191 cos f1 + lQéQ cos By — l393 cosf3 = 0.
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These equations can be rewritten as

7l2 sin 92 13 sin 93 92 o llél sin 01 (b)
locosfs —lzcosfs| | 03| | —1301cosby |’

Given a trajectory 0y (t), fa(t), 83(t) and 8y (t), the linear equation (b) can be
solved to obtain the angular velocities f(t) and 63(t). The coefficient matrix
on the left hand side of (b) is the Jacobian of the constraints (¢7 and ¢g), and
the Jacobian may be singular at certain configurations of the mechanism.

The figures below show the trajectory of the mechanism using the propor-
tions stated above. The crank angle is given by 61 = 27t where, t is the time.
The first and second plots show the the coupler angle, 65, and the follower
angle, #3, as a function of the crank angle 6. The third plot shows the path
traced by the point F on the coupler curve. The fourth plot shows the con-
figuration of the mechanism in 10 different positions. Note that the follower
link DC rocks backward and forward as the crank AB makes complete rev-
olutions. Such fourbar mechanisms are called crank and rocker mechanisms.

The remaining plots show the velocities of some of the system coordinates
as a function of the crank angle 6.

6.6 2

6.4
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Ezample 2.17.

The figure below shows a planar slider crank mechanism. The joints at A, B
and C are revolute, and the joint at D is prismatic. This example develops
the equations necessary to determine the position and velocity of the point

C.

The proportions of the mechanism are given in the table below.

QA
AB
BE
BC

la
Iy
lg
la

0.25
1.5
2.5
5

The rectangular coordinate system x-y with origin at @ is the fixed reference
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frame. Also shown in the figure are three moving rectangular coordinate
systems; (i) z1-y1 attached to the link AB with origin at A, (ii) 22-yo attached
to the link BC' with origin at B, and (iii) z3-y3 attached to the slider CD at
point C.

A mobility analysis shows that the mechanism has 1 degree of freedom.
However, the 3 moving coordinate systems require 9 variables to establish
their position and orientation. Thus, 8 constraint equations must be devel-
oped to account for the excess variables. Using the figure above, we select 64,
the orientation of the x1-y; coordinate system, as the independent variable.

The required constraints are determined by writing the position equations
for the origin of each of the moving frames, making use of the fact that the
mechanism forms a closed kinematic chain. The coordinate of the point A
with respect to the fixed frame, %rg 4, yields the two constraint equations,

¢1:£CA:0,
P2 =ya —1la=0.

The coordinate of the point B with respect to the fixed frame, “rgop =
97ga +°A1'r ap, yields the two constraint equations

(bg =IB —l100891 :O,
¢4 =ya—1la—Iysinf; =0.

Here, °A; is the direction cosine matrix relating the x1-y; coordinate system
to fixed frame, and 'rap is the coordinate of B in the zi-y; coordinate
system.

To obtain the constrains related to the x3-ys coordinate system we must
consider the kinematic behavior of the prismatic joint. By construction the
slider can only translate along the z-axis, and since the x3-ys coordinate
system is fixed to the slider at point C' we have the constraints,

(255:3/0:0’
¢e = 03 = 0.

The last equation indicates that there is no rotation of the x3-ys coordinate
system.

Finally, we make use of the fact that the mechanism forms a closed kine-
matic chain to get

Orga+ A1 rap +42%rpe = "rgo (a)
0 n cosfly —sinby | | 1q n cosfly —sinfy | |l2| |zc
la sin 61 cosf1 | |0 sin 0 cosly | | O] |yc |’
where YAy is the direction cosine matrix relating the z2-y» coordinate system
to fixed frame, and ?rpc is the coordinate of C in the zs-y» coordinate
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system. This equation yields the constraints,

¢7 =1l cosby + s cosbfy —xc =0,
¢8 =14+ 1l1sinfy + lgsinfy = 0.

Given a value for the crank angle, 65, the 8 equations ¢1, ¢2, - -, g can be
used to solve for the coordinates x4, ya, Tg, yg, 02, Tc, yc, and O3. Clearly
many of the equations are trivial however, ¢7 and ¢g are coupled nonlinear
equations that must be solved to determine 65 and x¢.

To find the velocity of the point C' we differentiate equation (a) with
respect to time to get

Q'S‘C _ 7119.1 sin 91 — 1292 sin 02
Yo | | 1101 cos By + 1a03cosby |

However, we know from ¢5 that o = 0. These last two equations yield the

linear system
—lg sin 92 1 92 _ llél sin 91
[ I3 cos 0 0] [xc] o {—llél 00891:| ’
which must be solved to determine 6 and Tc.
Finally, it can be seen that the position and velocity of the point E are
given by
[xE] _ { l1cos Oy + g cosby ]

YE lg+118inf + g sinfy
and . .

.fE . —l1.91 sin91 —ZEGQ Sil’leg

ye | | 1101 cosfy + lgbscosOy |’
respectively.

The trajectory of the slider crank mechanism, described above, is shown in
the figures below. These results are obtained using a crank angular velocity
01 = 2m. The first plot shows the coupler angle 6 versus the crank angle 6.
The second plot shows the slider position z¢ versus ;. The third plot shows
the path traced by the point E. The fourth plot shows the configuration of the
mechanism in ten different positions. This plot also shows the path traced by
the point E. The remaining plots shows the velocities of the system variables
as a function of 6.
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Ezxample 2.18.
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The diagrams below show the front and top views of a spatial slider crank
mechanism. The device has moving binary links at AB, CB and DC. The
joint at A is revolute and the direction of rotation is along an axis parallel
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to the line YY. In addition the line AB makes a fixed angle, ¥, with respect
to the line ZZ (in the front view). The joint at B is a spherical joint, the
joint at C is a universal joint, and the joint at D is a prismatic joint. The
translation in the prismatic joint takes place parallel to the line YY. The link
AB has length [, and the link C'B has length [5.

Front view

Top view

A mobility analysis of the mechanism shows that there are [ = 4 links,
j =4 joints and

J
F=M—-j-1)+) fi=6(4-4-1)+1+3+2+1)=1

i=1

degree of freedom.

The rectangular coordinate system x-y-z, shown in the figure below, rep-
resents the fixed frame for the system. The rectangular coordinate system
x1-y1-2z1 is attached to the link AB with origin at A, and y-axis parallel to
the line YY. The rectangular coordinate system xs-y2-29 is attached to the
link DC with origin at D, and y-axis parallel to the line Y'Y (in the direction
of translation for the prismatic joint). The rectangular coordinate system x3-
y3-z3 is attached to the link C'B with origin at C', and y-axis along the line
CB.
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// \“ x3
“ D J=»
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The three moving frames require a total of 18 variables to describe the
position and orientation of the system however, there is only 1 degree of
freedom. Hence, 17 constraint equations are required to determine the ex-
cess variables in terms of the independent coordinate. Here, we will take the
angular displacement of the link AB as the independent variable.

To determine the needed constraints we will establish the position and
orientation of each coordinate frame ensuring that the kinematic conditions
allowed at each joint is satisfied. Consider the x1-y;1-z1 coordinate system.
The position of A gives the three constraints

p1=24=0, Po=ya—la=0, ¢3=24=0.

The orientation of x1-y1-21 is defined by the X,,-Y3,-Z,, Euler angles. Thus,
to satisfy the kinematic conditions, for the revolute joint at A, we must have
the two constraints

pa=01=0, ¢5=7 =0.

Consider the xo-1ys-25 coordinate system. To satisfy the kinematic condi-
tions for the prismatic joint at D we must have the two constraints

o6 =xp+d=0, o =2p —b=0.

The orientation of the xs-ys-2z2 coordinate system is defined using the X,,-
Y3,-Z,, Euler angles. Since the x2-12-22 coordinate system remains parallel
to the x-y-z coordinate system we have the three constraints

s =as =0, ¢g=p02=0, ¢i190="22=0.

Consider the z3-y3-z3 coordinate system. The coordinates of the origin of
the system (point C') satisfy the three constraints

pri=zc—2p=0, ¢r2=yc—yp =0, ¢iz3=2c—2p—c=0.

The orientation of the x3-y3-z3 coordinate system is defined using the X,,-
Y3,-Z,, Euler angles. Since the joint at C is a universal joint it allows two
rotations about orthogonal axes. Here, we assume that the two rotations are
a3 and 3. Thus, the third angle must satisfy the constraint
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14 = P53 =0.

The remaining three constraints are determined by noting that the mech-
anism forms a closed kinematic chain, i.e.,

OAitrap = "rgp + A2?rpe + Y A% AsProg, (a)
where
Cﬂl 0 551 0 —d
4,=| 0 1 0 |,'rap=|lsy|,."7gp=|vp|.
—s3, 0 cg licy b
. 1 00 ) 0 , Cry — Sy 0
Ao=10 1 0|, “rpc=|0]|, “As = | CagSys CasCys — Sas | »
0 01 c Sa35vs SazCys  Cas
0
drop = |l
0

Here, °A; is the direction cosine matrix relating the z1-y1-z; coordinate sys-
tem to the fixed frame, 'rp is the coordinate of B relative to A in the
x1-y1-71 coordinate system, OTQD is the coordinate of D relative to @ in the
fixed frame, ®A, is the direction cosine matrix relating the xs-y2-2o coordi-
nate system to the fixed frame, 2rp¢ is the coordinate of C relative to D in
the xo-yp-2z2 coordinate system, 2As is the direction cosine matrix relating
the x3-y3-23 coordinate system to the zo-ys-29 coordinate system, and 3rop
is the coordinate of B relative to C' in the x3-y3-z3 coordinate system.
Equation (a) yields the three constraints

d)15 = 1161/,851 + d + ZQS,Ys = O,
¢16 = 118y —yp — lacaycy, =0,
17 = licyecg, —b—c—1354,¢y, = 0.

Given a crank angle (31 the 17 constraints ¢, ¢2,- -, 17 can be used to
determine the system coordinates. Note that all but the last three constraints
are trivial. The constraints ¢15, ¢16, and ¢17 form a system of nonlinear
equations that determine yp, as and ~s.

To determine the velocity of slider, yp, we differentiate the last three
constraints with respect to time to get

ZQC’Y3 0 O ﬁ'/g —ﬁ.lllcngl
loCaySys 128a5Cy, —1 az | =| 0 . (d)
12503373 _120063673 0 (5] ﬁlllcwsﬁl
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Thus, given (1, as, 3, and 517 the linear equation (b) can be used to de-
termine the slider velocity yp, and the rate of change of angular position
&3 and 3. Note that &3 and 3 are not the angular velocities of the zz-axis
and z3-axis, respectively. In fact using equation (2.18) it can be seen that the
angular velocities of the x3-y3-z3 coordinate system satisfies

3 .
30‘}1 CB3Cy3  Sys 0 0.43
3(.«)2 = | =CB35vs Cys 0 B3

w3 83, 0 1 Y3

Here, 3wy is the angular velocity of the xs-axis, 3w, is the angular velocity

of the ys-axis, and 3ws is the angular velocity of the zz-axis. Due to the
kinematic constraints at joint C' (a universal joint), the rotation 83 = 0, and
,6’3 = 0. Thus, the angular velocities of the x3-y3-z3 coordinate system are
3w1=cﬂ,3d3, Bwy = —8,0i3, and Bws = As.

The behavior of the spatial slider crank mechanism analyzed above is
illustrated in the figures below. In these plots the constraint equations are
solved for a mechanism with the following proportions; ¢=n/6.0, {;=1.0,
l5=4.0, d=2.0, b=1.0, and ¢=0.25. The angular velocity of the crank, AB, is
ﬂ1:2w radians/second. The nonlinear equations ¢15, ¢16, and ¢17 are solved
using Newton’s method.

The first plot shows the Euler angle a3 as a function of the crank angle ;.
The second plot shows the Euler angle 3 as a function of the crank angle.
The third plot shows the the slider position as a function of the crank angle.
The fourth plot shows the configuration in 10 different positions.
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The plots below show the angular velocities &g, 73, and the slider velocity

yp as a function of the crank angle.

(didt)yg,
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The plots below show the angular velocities 3w, 3ws, and 3ws as a function

of the crank angle.
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2.3 Network Systems

The models for electrical, fluid and thermal systems can be represented as
networks. The structure (topology) of these networks define the relationship
between the fundamental variables associated with the model. Here, we will
use some terminology and results from graph theory to describe the kinematic
constraints that exists in network systems.

R, R,

<

I
a
™~

Fig. 2.9 A network system

The electrical circuit shown in Fig. 2.9 will be used to illustrate the pro-
cedure used to determine the kinematic behavior of network systems. The
basic steps of the method are as follows.

1. Node assignment:
The first step in the modeling technique is to assign a node to the points
of interconnection between the circuit components, as shown below.

(a) Ri (b) B2 (c)

r IC L
(d)

Node assignment

Thus, a node should be assigned to the terminals of each element in the
network. In this case we have nodes a, b, ¢ and d.
2. Flow assignment:

A flow variable and a positive reference direction is assigned to each ele-
ment of the system. For flow sources the direction of positive flow is as-
signed a priori. In the case of an effort source the positive direction of flow
is taken from the negative terminal to the positive terminal of the source.
For all other system elements (ideal resistors, capacitors and inductors)
the reference direction of positive flow can be assigned arbitrarily.
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(a) Rt (b) B2 (¢

Ti,iz i;TT ¢ i:j
(d)

Flow assignment

In the figure shown above we have assigned the flow i; through the voltage
source, 19 through the resistor Ry, i3 through the capacitor, i4 through the
resistor Ry, and i5 through the inductor. The actual flow directions, for
these passive elements, are determined by solving the dynamic equations
of motion.

Annotating a network model as described above can lead to a large number
of flow variables. However, due to the interconnections in the system not all
these flow variables are independent. In fact if we assume continuity of flow
at the nodes in the network then we can develop a set of equations that relate
the flow variables in the model. If continuity of flow is satisfied then the sum
of all the flows into a node must be zero. In the analysis of electrical circuits
this continuity principle is known as Kirchhoff’s current law.

As in mechanical systems it is important to know how many of the flow
variables are independent, i.e., how many degrees of freedom exists in the
network. To determine the number of independent flow variables in a network
we can borrow some results from graph theory.

Networks contain entities called nodes, branches, trees and chords. These
terms will be defined with the aid of the electrical circuit shown in Fig. 2.9.
This circuit contains the following system elements; an effort (voltage) source,
v(t), resistors Ry and Rs, a capacitor, C, and an inductor, L.

e Nodes:

The nodes in the network have already been defined above. These are the
points at the terminals of the system elements. Hence, a, b, ¢ and d rep-
resent nodes in the network. Let N denote the number of nodes in the
network. (Therefore, N = 4 for the circuit in Fig. 2.9).

e Branches:

The system elements themselves are called branches in the network. Thus,
v(t), Ry, Re, C and L are the branches of the network. Let B denote the
number of branches in the network. (Therefore, B = 5 for the circuit in
Fig. 2.9).
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o Trees:

Given a network, if we remove the minimum number of branches such that
no closed loops remain, then the result is a tree. Thus, for the network
shown in Fig. 2.9 removing the branches R; and Ry will give the tree
shown below.

14 TC L

A tree

Let T denote the number of branches in a tree, then it should be clear
that for any network with N nodes,

T=N-1

e Chords:

The chords are the branches that must be added to the tree so that the
network is complete. Let C denote the number of chords in the network.

Hence,
C=B-T=B-(N—-1)=B-N+1.

The number of chords actually identify the number of independent closed-
loops in the network. Since each closed-loop only requires one flow variable,
C is equal to the number of independent flow variables in the network.

Applying this equation to the circuit in Fig. 2.9 shows that the system has
C =5—4+41 = 2 degrees of freedom. However, there are 5 flow variables
assigned to the model. This indicates that there are three constraint equations
that relate the ‘excess’ variables to the independent variables. Let 41 and i4
be the independent flow variables then, assuming continuity of flow at nodes
a, b and c gives the three constraints

Y1 =11 — iz =0,
Yo =1 +1i3 — iy =0,
b = i5 — iy = 0.

The flow constraints 1, 12 and 13 can be used to eliminate the variables is,
i3 and 75 from the model description.
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Problems

1. The cylindrical coordinates of a point are given by

0 1.253
0| = %T cos bt |,
¢ 1 — cos2t

where ¢ denotes the time. (a) Find the position of the point using rect-
angular coordinates. (b) Plot the position and velocity of the point in
rectangular coordinates for 0 < ¢ < 2. (¢) Let A = /22 + y2, where x
and y are the position of the point along the z-axis and y-axis respec-
tively. Plot A for 0 <t < 27.

2. The spherical coordinates of a point are given by
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p 1
0| =] 3e7t |,
¢ 3le—2t

2

where ¢ denotes the time. (a) Find the position of the point using rect-
angular coordinates. (b) Plot the position and velocity of the point in
rectangular coordinates for 0 < t < 2. (c) At what value of ¢ does the
point come to rest.

3. Consider a point that is free to move in a fixed frame that is assigned
cylindrical coordinates show that the acceleration of the point is given by

d . . . .
= 0= (= p0?) ér + (p0 +200) &9 + Cé-,

l

where p, 8, and ( are described in Fig. 2.1b.

4. Consider a point that is free to move in a fixed frame that is assigned
spherical coordinates show that the acceleration of the point is given by

a= %@ = (5 — pd® — pb°sin® 9) &,
+ (206 + po — pf° sin pcos @) &,

+ (2pq59 cos ¢ + 2p0sin ¢ + pf sin @) éq,
where p, 6, and ¢ are described in Fig. 2.1c.

5. Shown below are two right-handed rectangular coordinate systems z-y-
z (frame 0) and z1-y;-21 (frame 1). The origin of the z-y-z coordinate
system is @), and the origin of the x1-y1-z1 coordinate system is ()1. The
point Q1 has coordinate *Rgg, = [3 4.5 3.5]7 with respect to the
x-y-z coordinate system, and the angle 6 = 28.51°.

0;

:9 Z]

Q y

(a) Find the direction cosine matrix, OA;, that relates the z1-y1-21 coordi-
nate system to the z-y-z coordinate system. (b) A point P has coordinate
Yrg,p =[0.1, 0.2, —0.4]7 with respect to the z1-y1-21 coordinate
system. Find the coordinate of the point in the z-y-z coordinate system.
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Show that °A; in equation (2.16) and °A; in equation (2.17) are the
same if the rotations are small. That is, a;, 8, and «y are such that cosa =
cos 3 = cosvy = 1. Also, sina = «, sin 3 = 3, siny = . Moreover, terms
involving products of «, 3, and « can be neglected.

Suppose the orientation of the rotating frame is described by 9A; in equa-
tion (2.16). Show that (i) (°A1)T(°A;) is skew-symmetric, and (ii) verify
that the components of the angular velocity vector satisfy equation (2.18).

Show that the inverse of equation (2.18) is given by equation (2.19).

Show that the direction cosine matrix associated with the Z,-Xs-Z,
Euler angles is given by

o CaCy — SaCBSy —CaSy — SaCBCy SasSp
A1l = | SaCy +€aC8Sy —8aSy + Calgly —CaSp |,
8,387 S/gcfy Cg

where ¢, = cosa, s, = sin«, etc. Also, show that the angular velocities
of the x1, y1 and z; axes are related to the Euler angles via the equation

w1 sgsy ¢y 0 &
wo | = | sgey —sy 0 Ié]
ws c3 0 1 o

Consider a point P that is moving in the x1-y;-21 rectangular coordinate
system as shown in Fig. 2.2. Suppose that the x1-y;-2; frame can translate
and rotate with respect to the fixed rectangular coordinate system x-y-z.
Then show that the acceleration of P with respect to the fixed frame is
given by

06 = "R+ Y +1a x '+ 1o x (& x '7) + 2(*a x 1),

where °R = X1+ Yj + Zk is the acceleration of Q1 relative to
Q, 'F = i i+ i1 j’l + % 1%1 is the acceleration of P relative to Q,
la = oy %1 + o 5’1 + a3 12:1 is the angular acceleration of the x1-y;-21
frame, and all other terms are defined in Section 2.1.4.

The diagram below shows a fixed rectangular coordinates system z-y-z
with origin at Q. The link QB rotates about point (Q with angular velocity
wyz that is directed along the z-axis. Moreover, (B remains in the x-y
plane. The link BC' rotates about point B with angular velocity wp that
is directed along a line perpendicular to @B. In addition, BC' remains
in the plane formed by the z-axis and the line @ B. The thin disk shown
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12.

rotates about point C' with angular velocity we that is directed along the
line BC'. The radial direction of the disk is perpendicular to the line BC.
The point P is a point on the edge of the disk.

The length of @B is [1, the length of BC' is I3, and the radius of the disk
is p. Develop a set of equations to determine the position and velocity of
point P starting from some suitable initial position.

For the mechanisms shown below determine; (i) the number and types of
links, (ii) the number and types of joints, and (iii) the number of degrees
of freedom.

5)

S NS
0SS A
O o O
O O O
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13. Find the number of degrees of freedom for the spatial mechanisms shown
below.

P
R v
R
R
= G =

14. For the networks shown below determine; (i) assign nodes to the system,
(ii) determine the number of branches, (iii) determine the number of



104 2 Kinematics

independent loops, (iv) assign flows to the branches, and (iv) write flow
constraint equations for the nodes.
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15. In the system shown below z-y-z represents the fixed rectangular coordi-
nate system. The disk shown is attached to the shaft AB, and the shaft
has a constant angular velocity, w,, about the fixed z-axis. The princi-
pal axes of inertia for the disk are aligned with the x1-y;-z1 rectangular
coordinate system, which is embedded in the disk. The z;-axis make a
constant angle a with the z-axis. Find an expression for the angular veloc-
ity of the disk. Specifically, determine & = wyiy +wa 1 +w3k1, where i1, J1
and k; are the unit vectors in the z1, y1 and z; directions respectively.

16. The disk shown below has radius r, and it rolls without slipping on the
horizontal plane. The angular velocity of the disk is w = 27 rad/s.

a. Compute and plot the position, velocity and acceleration of a point P
that is on the edge of the disk.

b. What is the velocity and acceleration of P when P is in contact with
the ground?
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17. A disk with radius r rolls with out slipping on the inside of a cylinder
that has a radius R. Determine the position and velocity the the point
C on the edge of the disk, if the disk rotates around the cylinder with
constant angular velocity 6 = 27 radians /second.

18. Develop the equations that determine the position and velocity of the
point C' on the robots shown below. The robot shown in (a) moves in a
plane and has a revolute joint and a prismatic joint. The robot shown in
(b) has a spherical joint at A an a revolute joint at B.

(b)

19. The figure below shows a planar R-P robot. The point A on the end
effector moves from (x = 3, y = —3) to (z = 3, y = 3) along a straight
line in 3 seconds. The motion is such that A starts at rest and ends at rest.

a. Select an appropriate trajectory for the coordinates x4 (t), and ya(t),
for0<t<3.

b. Given z4(t) and ya(t), compute r(t), 7(t), #(t), 0(t), 6(t) and 6(t).

c. Plot these variables versus time.
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ST

20. The fourbar mechanism shown below has the following proportions:

21.

AD = 25, AB =1, BC = 4, DC = 2, BE = 2, and EF = 0.75.
Note that E'F is perpendicular to BC. The crank AB has an angular
velocity of 2m radians/second counterclockwise. Find the equations re-
quired to compute the position and velocity of the point F'. Plot the path
of the point F', and its velocity.

. R N N

The quick return mechanism shown below has revolute joints at A, B,
C, E, and F, and prismatic joints at D and G. The proportions of the
mechanism are as follows: AB = 4 cm, BC = 2 cm, AF = 8 c¢m, and
EF = 3 cm. If the crank, BC, has angular velocity 27 radians/second
find the equations required to compute the the position and velocity of
the point F as a function of the crank angle. Plot the configuration of the
mechanism for crank angles 0, 0.27, 0.4, - - -, 1.87 radians. Also, plot the
velocity of F', the angular velocity of AF, and the angular velocity of FF.

F
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22.

23.

24.
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The mechanism shown below has revolute joints at A, B, and C, and the
disk rolls on the ground without slipping at E. Find the equations neces-
sary to determine the configuration of the mechanism at all times. If the
crank has an angular velocity 27 radians/second, determine the position
and velocity of the points C and D (the center of the disk). The mech-
anism has the following proportions: QA = 0.5, AB = 1.0, BC = 5.0,
CD =2.5,and r = 3.

The mechanism shown below is an R-C robot. The link AD is connected
to the ground at A via a revolute joint. Moreover, the rotation at A takes
place about an axis that is perpendicular to the page. The link BFE is
connected to the link AB via a cylindrical joint at B. The link BE can
translate along the line AD, and rotate about the line AD. Find a set of
equations to determine the position and velocity of the point E.

Determine the equations required to compute the position and velocity of
the point D on the mechanism shown here. The slider A stay in contact
with the wall while the disk C'B rolls without slipping. The link AB is
attached to the slider via a revolute joint at A, and it is attached to the
disk via a revolute joint at B. Use the following dimensions: AB = I,
AD = d, and CB = r is the radius of the disk. The angle « is fixed.




Chapter 3
Lagrange’s Equation of Motion

This chapter develops Lagrange’s equation of motion for a class of multi-
discipline dynamic systems. To derive Lagrange’s equation we utilize some
concepts from analytical dynamics, and the first law of thermodynamics. By
carrying out the development using the fundamental variables it is clear that
the results obtained are applicable to all the engineering disciplines described
in Chapter 1.

Section 3.1 introduces the concepts of generalized displacement, virtual
displacement and virtual work. In Section 3.2 Lagrange’s equation of motion
is derived starting from the first law of thermodynamics. In Section 3.3 vari-
ous examples are used to illustrate the application of Lagrange’s equation to
mechanical, electrical, fluid, and multidiscipline systems.

3.1 Analytical Dynamics

As discussed in Chapter 1 dynamic systems can be described as an assemblage
of inductors, capacitors, resistors, constraint elements and sources. Associated
with each of these elements is the set of fundamental variables displacement,
q, flow, f, effort, e, and momentum, p. From Paynter’s diagram (Fig. 1.4)
it can be observed that all four variables are not all required to determine
the state of the system at any time. In fact only two of the fundamental
variables are required to determine the states of the system since, the other
two variables can be determined using the system properties and the differ-
ential/integral relationship between the variables.

In Lagrangian dynamics the displacement and flow variables are used to
describe the system behavior. In the Hamiltonian description of dynamic
systems the momentum and displacement variables are used to describe the
system. The bond graph and linear graph description of dynamic systems use
the effort and flow variables to describe the system behavior.

B. Fabien, Analytical System Dynamics: Modeling and Simulation, 109
DOI 10.1007/978-0-387-85605-6_3,
(© Springer Science+Business Media LLC 2009
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3.1.1 Generalized variables

The number of displacement and flow variables that can be assigned to a dy-
namic system can be quite large. However, for each system there is a minimum
number of displacement variables that are required to uniquely determine the
state or configuration of the system. This minimum set of displacement vari-
ables are called the generalized displacements. The corresponding set of flow
variables are called the generalized flows. The number of generalized dis-
placement variables used to the describe the system is equal to the number
of degrees of freedom. (See Section 2.2 and Section 2.3.)

Ezample 3.1.
Consider the spring, mass damper system shown in Figure 3.1a. Figure

3.1b shows the displacement coordinates assigned to the system components.
Assigned to the mass is the displacement, x;. The left and right end of the

L P i
= D

(a) (b)

Fig. 3.1 Spring-mass-damper

spring are assigned displacement variables zo, and x3, respectively. The left
and right end of the damper are assigned displacement variables x4, and x5,
respectively Since the left end of the spring and damper are fixed, it is clear
that zo = x4 = 0. Also, since the right ends of the spring and damper are
attached to the mass we have x5 = x3 = x1. Thus, the system can be de-
scribed using the single displacement variable x;, and the the corresponding
flow variable v;. This system has 1 degree of freedom with x; being the the
generalized displacement and vy the corresponding generalized flow.

Ezample 3.2.

Figure 3.2a shows a resistor, R, an inductor, L, and a capacitor, C', in series
with a voltage source, v. Figure 3.2b shows the flow variables assigned to the
system components. The current ¢; is assigned to the voltage source, is to
the resistor, i3 to the inductor, and i4 to the capacitor. However, Kirchhoff’s
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Fig. 3.2 Resistor-inductor-capacitor

current law states that the currents flowing into a node must sum to zero. As
a result, i1 = g, i9 = i3, 13 = i4, and i4 = i1. Thus, the system has 1 degree
of freedom (and only one flow variable is required). We can select i; as the
generalized flow variable, with ¢; = [ i dt as the generalized displacement.

Ezample 3.5.

Figure 3.3a shows a simple pendulum. In this system the mass, m, is at-
tached to an inertialess rod of length [. The rod rotates freely about point

0.

Fig. 3.3 Simple pendulum

The configuration of the system can be described using the displacement
variables x and y. However, these variables are not independent. Since the
rod is rigid we must satisfy the displacement constraint

p=a’+y*—1*=0. (a)
This displacement constraint can be used to eliminate x or y as follows:
=212 —y% (b), y==xVI2—122 (c).

Unfortunately, the transformation (b) gives an ambiguous result when y = 0,
and the transformation (¢) gives an ambiguous result when x = 0.
Alternatively, the angle 6 can be used to establish that
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¢1=x—1sinf =0 (d), po=y+1lcosd=0 (e).

Thus, if 0 is known we can unambiguously determine z and y using the
constraints ¢, and ¢,.

Clearly, this system has 1 degree of freedom, and we can select 6 as the
generalized displacement, with 6§ as the generalized flow.

Ezample 3.4.

Figure 3.4a shows a hydraulic system consisting of a pump that delivers
fluid at a desired pressure to a long pipe. The pipe is connected to a storage
tank which is in turn connected to a valve. A schematic of a model for the
system is shown in Fig. 3.4b. The model has an effort source P for the pump,
the inertia of the fluid in the long pipe is model using Ly, the capacitance of
the tank is included in C, and the resistance of the valve is modeled using
Ry. The flow variables that describe the configuration of the system are @

Long
pipe | Tank | Valve

_M_
(; Pump

(a) (b)

Fig. 3.4 Hydraulic system

the volume flow through the pump, @2 the volume flow through the pipe,
@3 the volume flow stored in the tank, and @4 the volume flow through the
valve.

These four flow variables are not independent. Since there are no leaks in
the system, the continuity of flow requires that at node A,

Y1 =0Q1—Q2=0, (a)

and at node B,
P2 =Q2— Q3 — Qs =0. (b)

Equations (a) and (b) represent flow constraints that must be satisfied. These
two equations can be used to eliminate two of the flow variables. Thus, the
system has 2 degrees of freedom. (Only two of the four variables are indepen-
dent.) Suppose we select Q1 and Q4 as the generalized flow variables. Then,
from (a) and (b) we get Q2 = Q1 and Q3 = Q1 — @4, respectively.
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From the examples above it can be observed that a system can be described
by N configuration coordinates say, w1, us, - -, Uy, that are different form the
n generalized displacements q1,qs, -, g,. Here, n is the number of degrees
of freedom, and N > n. Moreover, the n generalized displacements are all
independent.

3.1.2 Virtual displacements

A virtual displacement is a small displacement of the system that is (i) con-
sistent with the constraints, and (ii) takes place contemporaneously. It is the
second requirement that distinguishes virtual displacements from differential
displacements. (Here, a differential displacement a small displacement of the
system that is consistent with the constraints.)

To clarify the difference between differential displacements and virtual
displacements consider the following examples.

Ezxample 3.5.

Figure 3.5a shows a simple pendulum with configuration displacements x
and y, and generalized displacement 6. From Example 3.3 we know that the
system satisfies the two displacement constraints

¢1 =x —1Ilsinf =0, ¢2 =y +1lcosf =0.

Now, suppose the system undergoes a small displacement df that takes place

(a)

Fig. 3.5 Virtual displacement: simple pendulum

over the time interval dt as shown in Fig. 3.5b. Then, the differential of the
constraints gives

dpy = dz — (lcos0)dd =0,  dpo = dy — (Isin6)dh = 0.
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Hence, for a differential displacement df, the configuration displacements that
are consistent with the constraints are dz = (I cos)df and dy = (Isin6)d6.

A virtual displacement is the same as a differential displacement but with
time held fixed, i.e., dt = 0. Let 60 denote a virtual displacement of the
generalized displacement 6, dx denote a virtual displacement of z, and dy
denote a virtual displacement of y. Then the wariation of the constraints
gives

0¢p1 = dx — (I cosh)df = 0, 02 = oy — (Isin@)d60 = 0.

Thus, in this case the virtual displacements and the differential displacements
are the same. Also, note that a variation is similar to a differential but with
time held fixed.

Ezample 3.6.

Figure 3.6a shows a particle that is constrained to move along a ramp that
has a fixed incline . The ramp is free to move along the z-axis, and its
position is given by X = Asinwt, where A and w are constants, and ¢ is the
time. The configuration displacements for the system are x and y, and the
generalized displacement is r. From the geometry of the system we get the

(a)

(c)

Fig. 3.6 Virtual displacement: moving ramp

two displacement constraints

¢1 =z — Asinwt — rcosa = 0,

¢s =y —rsina = 0.
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Now, suppose the system undergoes a small displacement, dr, that takes
place over the time interval dt as shown in Fig. 3.6b. Then, the differential
of the constraints gives

d¢y = dx — (Aw coswt)dt — dr cosa = 0,
dopo = dy — drsina = 0.

On the other hand if the system undergoes a virtual displacement, or,
then, the variation of the constraints gives

d¢p1 = dx — drcosa =0,
Oy = 0y — drsina = 0.

This variation is illustrated in Fig. 3.6c. In this case the differential displace-
ment dz, and the virtual displacement §z are not the same. This is due to the
fact that the constraint surface is moving, i.e., the constraint depends explic-
itly on time. Note also that the variation of the constraints can be obtained
from the differential of the constraints by setting dt = 0.

3.1.3 Virtual work

The wvirtual work is the work done by the efforts in carrying the system
through a virtual displacement, i.e.,

i=1

Here, 6 is the virtual work, d¢; are the virtual displacements, e; are the
applied efforts, and ¢ = 1,2,---,n with n being the number of degrees of
freedom. Note that ¢; are the generalized displacements, and e; are the cor-
responding generalized efforts. The virtual work is also equal to the work
done by the flows in carrying the system through a virtual momentum, i.e.,

W =" fidpi, (3.2)

i=1

where 0p; are the virtual momentum, and f; are the flows. Equations (3.1)
and (3.2) follow from the definitions of the increment in work, i.e., equations
(1.3) and (1.4), respectively.

An important consequence of the definition of virtual work is that con-
straint efforts do not contribute to the virtual work. This is most easily
illustrated via an example.
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Ezample 3.7.
Figure 3.7a shows a mass, m, that is free to slide on a smooth ramp un-

der the influence of the acceleration due to gravity, g. The ramp is fixed
and has a fixed slope with angle . A free body diagram for the mass is

ig y

)

TIEEEEEEEE oo

S R
(a) (b)

Fig. 3.7 Virtual work: constraint effort

shown in Fig. 3.7b. Here, the weight acts downward, and the reaction force
(i.e., the constraint effort), R, acts perpendicular to the ramp as shown. The
configuration displacements for the system are x and y.

The virtual work done by all the efforts acting on the mass is

oW = —mgdy + Rcosady — Rsinadz. (a)
The mass is constrained to move along the ramp. Thus,
¢ =y — rtanaq, (b)

is a displacement constraint that must be satisfied. The variation of this
constraint gives

0¢ =y — dxtana = 0. (c)
Using (c) in (a) gives

sin o

OW = |-mg+ Rcosa— R
tan «

oW = —mgdy

Therefore, the constraint force, R, does no virtual work on the system.

The result obtained in Example 3.7 can be shown to be true in general.
In fact the constraint efforts are all perpendicular to the constraint surface,
while the virtual displacements take place tangent to the constraint surface.
Hence, the constraint efforts will make no contribution to the virtual work.
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In many cases the applied efforts are given in terms of the configuration
displacements instead of the generalized displacements. Such situations re-
quire that we use the relationship between the configuration and generalized
displacements to find expressions for the generalized efforts. In particular,
suppose u; are the configuration displacements, and E; are the correspond-
ing configuration efforts, for ¢ = 1,2,---, N. Let ¢g; be the generalized dis-
placements, and e; be the corresponding generalized efforts. Then, there are
transformation equations of the form

U; = Ui(QlaQ%"HQn) (33)

that relate the configuration and generalized displacements (see the examples
above).
The virtual work done by the applied efforts satisfies

N n
oW = Z Ei 5ul = Zei 66]1'.
i=1 i=1
But from (3.3) it can be seen that the virtual displacements du; satisfy

= OU;

j=1 "1

Hence,

Eiu; = E; % 0q;,

j=1
which yields
N
o,

We will make use of this result in several of the examples to follow.

3.2 Lagrange’s Equations of Motion

In this section we develop Lagrange’s equation of motion for unconstrained
systems. By an unconstrained system we mean that the displacements used to
describe the system are independent hence, they represent a set of generalized
displacements. Constrained systems will be discussed in Chapter 4. !

The first law of thermodynamics can be written as

1 An alternate derivation of Lagrange’s equation of motion, for multidiscipline systems, can
be developed by invoking Hamilton’s principle of least action. See for example, Wellstead
(1979); White and Woodson (1959); and Williams (1996).
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dE = dW + dQ, (3.5)

where dF is the change in energy of the system, dW is the increment in
work done on the system, and dQ is the heat added to the system. In (3.5)
the system undergoes a differential displacement that takes place over the
time interval dt. If we consider a virtual displacement instead of a differential
displacement, equation (3.5) becomes

SE = W + 0. (3.6)

The virtual work done by the efforts (and flows) for various energy disci-
pline is given in Table 3.1. Here, it can be seen that the virtual work done by
the temperature in thermal systems is T'§.5 which is equal to the heat added
to the system, i.e., §Q = T §S. Thus, by using the fundamental variables
described in Chapter 1, equation (3.6) can be rewritten as

SE = 5W, (3.7)

where we assume that 0Q = TS is already included in dW.

Discipline Virtual Work
edqg  fdp

Mechanical Translation F'éx v dp

Mechanical Rotation 760 woH

Electrical vdq 1O
Fluid P&V QoI
Thermal TS —

Table 3.1 Virtual Work

Define the following system variables:

q=lq1,q2, ", qn]T, the generalized displacement,
f=1[f1,f2,- -, fu]T, the generalized flow,

p = [p1,D2," " ,pn]T, the generalized momentum, and
e= ler, e, - ,en]T, the generalized effort,

where n is the number of degrees of freedom.
The total energy of the system is

E=T(p,q,t)+ V(q), (a)

where the kinetic energy, T, may depend explicitly on the momentum, p, the
displacement, g, and the time, ¢ (see Problem 5 in Chapter 1). The potential
energy, V, is a function of the displacement only.

The generalized efforts can be grouped as follows:

e=e® +eft+¢°, (b)
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where e? are the constraint efforts, e® are the efforts due to ideal resistors,
and e® are the efforts of the sources.
Using (a) and (b) equation (3.7) can be rewritten as

n

S(T(p,q.t) + V() = Y (e + el +€5)dg;. (3.8)

=1

Next we will examine each of the terms in (3.8) with the aim of finding an
expression that must hold for all arbitrary virtual displacements, dq.

The variation of the kinetic energy, 7.
Since T'= T'(p, ¢, t) the variation is

" 9T " aT
T =Y —ép; =5

i=1

However, from the definition of the kinetic energy we have f; = 9T /0p;.
Therefore, the first term in §7T is

Lspi =3 fiom

eidq;

I
_ -
M: I
I

ﬁ
I
-

dp;

I
NE

dq;

-
Il

I
NE

dt

1
aor .

< dt 0], -

K3

The last equation is obtained using the fact that p; = 97" /90 f;, where T* =
T*(f,q,t) is the kinetic coenergy.
Equation (1.9) can be written as

T(p,q.t) +T"(f,q,t) Zplfl—O

The variation of this equation yields, for the i-th variable,

oT oT* or oT*
<5pi fi) ot (5fi pi) ot <5qz * 0q; ) b0 =0.

However, f; = 0T /0p;, p; = 0T*/0f;, and since dg; can be varied arbitrarily,
we conclude that the second term in 67 contains
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oT ot
g Oqi
Thus,
"\ /doT* OT*

The variation of the potential energy V.

The variation of the potential energy is simply
—~ IV
oV = —0g; d
; 5a; 04 ()

The virtual work V.

The virtual work is given by

W = (el + el +¢)dg:.

=1

The first term in the summation is zero because the constraint efforts do no
virtual work, i.e.,

S efog = 0. (e)
i=1

From the definition of an ideal resistor (equation (1.16)), the second term
can be rewritten in terms of the dissipation function to get

Zeﬁéqi = fzgf?éqi. (f)
i=1 i=1 7

Using (c), (d), (e) and (f) in (3.8) gives

dt 8f; g * ofi * 0¢;

" 1dor* 9T* 9D 9V
>| ~et] b =0, (9

i=1

Each virtual displacement, d¢;, can be varied arbitrarily. So, the only way that
(g) can be satisfied is if the terms in square brackets all vanish simultaneously,
i.e.,

dor* or* oD 0V
— — =e;, 1=1,2,--- n. 3.9
dt 0¢;  Og; * 9q; - o ! " (3.9)
Equation (3.9) is known as Lagrange’s equation of motion. Note that La-
grange’s equation can be used with any of the engineering disciplines dis-
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cussed in Chapter 1. These are a set of second order, ordinary differential

equations involving the generalized displacement variables for the system.

Given an appropriate set of initial conditions these differential equations can

be solved to find the trajectory of the system.
The application of equation (3.9) requires:

1. The selection of a set of the n generalized displacements q = [q1,q2," - ,qn] T
and the corresponding generalized flows f = [f1, fa, -, fa]T.

2. The formulation of the kinetic coenergy, T*(f,q,t), the potential energy,
V(q), and the dissipation function, D(f), in terms of the generalized dis-
placement and flow variables.

3. The determination of the virtual work done by the applied efforts §W =
i, €fdg;, which yields the generalized efforts due to effort sources, 3,
i=1,2-,n.

)

Note that the generalized efforts do not include the applied efforts due to
capacitors and resistors, since these applied efforts are already accounted for
by V(q) and D(f), respectively.

The Lagrangian approach to constructing the equation of motion does
not require the determination of the constraint efforts. (This is because the
constraint efforts do no virtual work.) The exclusion of the constraint efforts
greatly simplifies the modeling process since, the resolution of the constraint
efforts is often a cumbersome task.

The significance of the terms in (3.9) can be illustrated by rearranging the
equation as follows. Let e = —9V/dq; be the efforts applied to the system
by the ideal capacitors, el = —9D/d¢; be the efforts applied to the system by
the ideal resistors, and e! = d/dt(0T*/0¢;) — OT*/dq; be the inertia efforts.
Then, (3.9) can be rewritten as

dort o _ oD v
dt 0¢;  dq; 04 Oq

I R C s __ S
e; =€, +e +e;=¢€, 1=12---,n

where e; are the applied efforts due to the capacitors, resistors and sources.
Reinserting the last equation into (g) gives

n

> (el —ei)dgi = 0. (3.10)

i=1

In analytical dynamics equation (3.10) is known as D’Alembert’s Principle.
Which is an application of Bernoulli’s Principle of Virtual Work to dynamic
systems.

The principle of virtual work states that; A system is in equilibrium if
and only if the virtual work done by the applied efforts is zero, i.e., {W =

Yo eidg =0.
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D’Alembert’s principle states that; The system trajectory is such that the
inertia efforts e/ and the applied efforts e; are in equilibrium. Thus, the virtual
work done by the effective effort, e —e;, is zero, i.e., W = > (el —e;) 6¢q; =
0.

3.3 Applications

3.3.1 Mechanical systems

The application of Lagrange’s equation to mechanical systems can be accom-
plished using the following procedure.

1. Kinematic analysis.

A kinematic analysis is required to determine the velocity of the center
of mass for each body in the system. These velocities are most easily
determined using rectangular coordinates to define the configuration dis-
placements. The transformation equations between the configuration dis-
placements and the generalized displacements are then used write the con-
figuration velocities in terms of the generalized displacements and flows.

2. Applied effort analysis.

Typically, the effort sources are given in terms of the configuration dis-
placements, not the generalized displacements. The coordinate transfor-
mation relating the configuration displacements to the generalized dis-
placement is used in the expression for the virtual work to determine the
generalized efforts.

This basic approach is used to determine the equations of motion for me-
chanical systems described in the examples below.

Ezample 3.8.

The figure below shows a mass, m, a linear spring with stiffness k£, a damper
with damping coefficient b, and an applied force F.

F
m
]
b

A
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Kinematic analysis:

This system has 1 degree of freedom, i.e., only one displacement variable
is require to determine the position of the mass. We will use x as the gener-
alized displacement, and & as the corresponding generalized flow.

Applied effort analysis:

The virtual work done by the applied force F' is dW = F §z = e} dx, where
e; = F' is the generalized effort for the system.

Lagrange’s equations:

The kinetic coenergy, potential energy and the dissipation function are
T* = mi?/2,V = ka?/2, and D = bi? /2, respectively. Therefore, Lagrange’s
equation for this system is

dors 9Tt 9D OV
dt 0% dr = 9%  Ox
mi + b + kx = F. (1)

S
x?

e

To obtain (i) we have use the fact that;

aT**mi iaT**mi (’9T*70 8—D*bi’ and a—vka
ot 7 dtox 7 Oz O o0& oxr

Given initial conditions for the displacement, x, and the flow, &, the second-
order ordinary differential equation (i) can be solved to find the trajectory
of the system.

Ezample 3.9.

A simple pendulum is shown in the figure below. The system consists of
a massless rod of length [ that is free to rotate about point O. The mass
m is attached to the end of the rod. The acceleration due to gravity acts
downward, and a counterclockwise torque, 7, is applied to the rod as shown.

(9]

Kinematic analysis:
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The position of the mass is given by the configuration displacements x and
y. However, we will select 6 as the generalized displacement for this 1 degree
of freedom system, and 6 is the corresponding flow.

The goal of the kinematic analysis that follows is to find the velocity of
the mass in terms of the generalized displacement and the generalized flow.
From the figure above it can be seen that

x =1lsind, y = —lcos#. (7)

The velocity of the point mass is o = 4147 j, where 1 is the unit vector along
the z-axis, j is the unit vector along the y-axis, © = (6 cosf, and y = [0 sin 6.
Therefore, the velocity of the mass, m, is

v=10cosfi+10sinf .

Applied effort analysis:

The virtual work done by the torque and weight is 6W = 76 — mg dy.
But, from (i) it can be seen that oy = (Isin8) §6. Therefore,

OW =760 —mgdy = (1 — mglsinf) 60 = e 60,

where ej = 7 — mglsin 6 is the generalized effort.

Note that in this example, and the others to follow, the weight is included
in the virtual work expression. In the Problems section the reader is asked
to derive the equations of motion by including the weight in the potential
energy function (see Section 1.2.2) instead of the virtual work.

Lagrange’s equation:
The kinetic coenergy, potential energy and the dissipation function are
1 1 1 .
T = -m¥-0 = —m(i® + §°) = =mi?6?,
5 5@ +97) =5

V =0, and D = 0, respectively.
Therefore, Lagrange’s equation for this system is
dort o1t op oV _ .

a6 00 "o Tae v

mi?6 = T — mglsin 6. (#4)

To arrive at (i) we have used the following expressions:

or =0, B—D: anda—vzo.

or* dor or*
B a0 90 H0

- ml297 - —ml2é7
00 dt 96

=
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Given initial conditions for the displacement, €, and the flow, 6, the second-
order ordinary differential equation (i) can be solved to find the trajectory
of the system.

Ezample 3.10.

The figure below shows an inverted pendulum system which consists of a
mass mq, a massless rod of length I, and a mass mo that is connected to the
rod. The mass m; is constrained to move along the x-axis as shown, while the
rod can rotate freely about the revolute joint at O. A force, F, is applied to
mass m; along the z-axis, and the acceleration due to gravity acts downward
as shown.

Kinematic analysis:

This system has 2 degrees of freedom. (We need one one displacement vari-
able to locate mi, and a second displacement variable to locate mgy.) The
generalized displacements for the system are selected as x and 6 as shown
in the figure above. The corresponding generalized flows are & and 6. The
kinematic analysis that follows aims to find the velocity of m; and ms in
terms of the generalized displacements and the generalized flows.

Let 7 be the unit vector directed along the z-axis, and j be the unit vector
directed along the y-axis. Then, the position and velocity of mass m; is given
by 71 = 2 i, and 7, = @1, respectively. The position and velocity of mass ms
is given by 7y = (x4 Isin@) i+ lcos j, and 7y = (& + 10 cos0) 7 — 10sin b J,
respectively.

Applied effort analysis:
The virtual work done by the force F, and the weight mog is dW =

F §x —mog dys, where yo = [ cos 0 is the vertical position of mass mso. There-
fore, dys = —(Isin ) §6, and the virtual work becomes

OW = F oz + maoglsinf 60 = e, dx + ep 06.
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Thus, the generalized efforts are e = F', and ej = maglsinf. Here, €} is the
generalized effort associated with the displacement z, and ej is the generalized
effort associated with the displacement 6.

Lagrange’s equations:

The kinetic coenergy, potential energy and the dissipation function are

1 .. 1 ..
T = §m1F1 T+ §m2F2 < Ty
1

1 . .
— §m1¢2 + 5mQ(jc? + 1262 + 2136 cos 9),

V =0, and D = 0, respectively.
Lagrange’s equations for this system are

dor* or* 0D 0V
AL T + =+ 5=
dt 0% Ox 0t  Ox
dorr ot oD oV _ o)
a 9p 00 ' pp o8 "

Using T, V, and D we can see that

o (a)

or* ) .
Frae (my + ma)t + malf cos b,
d oT* . .. .
prar e (m1 + mo)& 4+ malf cos § — myl? sin 6,
or* oD ov
oa " 9 =" e
8T. = my (120 + i cos 0),
00
% 8;; = mol?0 + moyli — mylifsin 6,
oT* A oD ov
0 = —moldf sin 6, 2 0, 20 = 0.

Thus, (a) and (b) are

(a) = (m1 +mg)& +mal(fcosf — §%sinf) = F,
(b) = my(1%0 + i cos 0) = maglsinb.

These are the coupled nonlinear ordinary differential equations that deter-
mine the behavior of the inverted pendulum model described above.
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3.3.1.1 Kinetic coenergy of rigid bodies

Heretofore we have consider mechanical system containing point masses. In
order to extend the results from the previous sections to mechanical systems
in that are in spatial motion, we must develop expressions for the kinetic
coenergy of rigid bodies.

Figure 3.8 shows an idealized representation of a rigid body. Here, the body
is assumed to consist of N (possible infinite) point masses, m;, i =1,2,---, N.
The rectangular coordinate system z-y-z, with origin at @, represents a fixed

Fig. 3.8 A rigid body model

reference frame. The rectangular coordinate system x1-y1-z1, with origin at
Q1, is attached to the body. Thus, the z1-y;-z1 frame moves with the body,
and is often referred to as a ‘body-fixed’ coordinate system.

To develop an expression for the kinetic coenergy of the body we must
determine the velocity of each point mass. Let the vector 7; = X; i+Y; j+Z; k
be the position of the i-th point mass with respect to the fixed frame. Here,
the unit vectors 1, ] and k are parallel to the z-axis, y-axis, and z-axis,
respectively. Also, let the vector R = g, i + yo, J J+ e k: be the position
of Q; relative to Q. Finally, let the vector p; = ;41 + y; )1 + zi k1 be the
position of the point mass m; relative to Q1. The unit vectors 71, j; and k1
are parallel to the xi-axis, yi-axis, and zi-axis, respectively.

Using Fig. 3.8 we see that the position of the point mass m; satisfies

7 = R+ p;. (a)

With equation (a), and the results from Section 2.1.4, it can be shown that
the velocity of point mass m; with respect to the fixed frame is given by

7= R+@ x p, (b)

where
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Fi=Xii+Yij+ Zik,
R:i‘Qli—"_lej—i_z}Ql k,
W= ww'zl +wy.§.1 + w; k1.
Where w,, wy and w, are the angular velocities of the body-fixed axes 1, y1
and z7, respectively. In addition, we have used the fact that %(ﬁi) =0, i.e.,
since the body is rigid, the point mass does not move relative to the x1-y;-21

coordinate system.
The kinetic coenergy of the rigid body can thus be written as

N
1 ..
/Ivk = — miﬂ- . 771',
2 i=1
1 N
= §Zmz(R+@ xﬁz) (R+w X /jz)a
=1
1 N . N
- §ZmiR R+R-|ox Zmiﬁl]
=1 =1
1 N
+3 > mi(@ x i) - (@ % pi),
=1
1 N N
=§ZmzR R+R wamlpZ]
=1 1=1
1 N
i=1

This result can be simplified for two important configurations of the system.
The first being rigid bodies where the point ()1 coincides with the center of
mass, and the second being rigid bodies where the point @, is fixed.

Center of mass of a rigid body

The center of mass of the rigid body is a location p. in the zi-y1-z1 co-
ordinate system where the moments due to all the point masses vanish. That

is,

N

> (mipe — mipi) = 0. (c)

i=1
Let m denote the total mass of the body then,

N
m=3m (a)
i=1
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Using equation (d) in equation (c) gives the location of the center of mass as

= Z¢:1 m;p; (6)

Pc
m
Kinetic coenergy with respect to the center of mass

If @1 coincides with the center of mass for the rigid body then, p. = 0,
and as a result vazl m;p; = 0. Also, R = x.1+ y.J + zc k, defines the po-
sition of the center of mass, and R = &, + e ] + %ok defines the velocity
of the center of mass. Hence, the kinetic coenergy given by equation (3.11)
becomes

1 - o1 [E
T*=2mR'R+2W'[Zmipix(wxpi)‘|~ (f)

Expanding the term in the square brackets from equation (f) gives

N N
Zmiﬁi X (@ x pi) = Zmz 1(pi - pi)w — (pi - @)pi},

2

{(sz HT;) i1+ (Awy — M%‘);l

@
Il
_

+(Aw, — p1z) 12:1},
=H,i,+H, 5+ H. by

I
= 3

Here,

A:$12+y12+2127 M:xiww+yiwy+ziwzv

H, = I w; + I:z:ywy + Izzwm

Hy = Inyws + Iyywy + Iy-w:,

H, = I, ,w; + Iyzwy + 1w,
N N

Ia:a: - Z (yz +Z Zm Z; yz) IIZ = _Zmlxgzlga
i=1 =1
N N

Lyy :Z i(x + 27) Zmzyz Zis Izz:zmi($z2+yz'2)-
i=1 =1

The vector H = H, 21 +H, j'l + H, l%l is the angular momentum of the rigid
body. The terms I, Iy, and I, are called the moments of inertia, and the
terms Iy, I, and I, are called the products of inertia.
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If we define the matrices v, = [ic, Yo, 27, w = [wz, wy, w,]?, and
the inertia matrix
Iww Ixy Iwz
Ic = Iwy Iyy Iyz (g)
I:cz Iyz [zz
then, the kinetic coenergy, (equation (f)), becomes
* 1 T 1 T
T = 3Me Ve + v lw. (3.12)

The first term in equation (3.12) is due to the translation of the body while
the second term is due to the rotation of the body. Recall that v, is the
velocity of the center of mass with respect to the fixed coordinate system,
and w is the angular velocity of the x1-y1-2z1 coordinate system that is fixed
to the body. It must be emphasized however, that the components of w are
directed along the xi-axis, yi-axis, and zj-axis not the x-axis, y-axis, and
z-axis.

For any rigid body we can find an orientation of the z1-y;-z1 coordinate
system such that the products of inertia vanish, i.e., Iy = I, = I,, = 0. In
such orientations the x1-y1-21 axes are called the Principal Azes of Inertia,
and the inertia matrix, I. becomes diagonal.

Kinetic coenergy with respect to a fized point

If the point @ is a fixed point then, R= 0, and the kinetic coenergy given
by equation (3.11) becomes,

N
1
T* 551' [mei X (@ % Pi)] )

i=1
1
= inIQlw (3.13)

where w = [w;, wy, w.]T, and the inertia matrix, Ig,, is computed with

respect to the fixed point Q1.
Plane motion of a rigid body

If the body is constrained to move in the z-y plane then the kinetic coenergy
given in equation (3.12) becomes

1 . . 1
T = im(xz +9°) + ilzzwg, (3.14)
where the moment of inertia, I,,, is computed relative to the center of mass.

If the body is constrained to rotate in the z-y plane, about a fixed point
then the kinetic coenergy given in equation (3.13) becomes
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1.
T* = 3 w2, (3.15)

where the moment of inertia, I,., is computed relative to the fixed point.
The examples that follow will illustrate the use of these kinetic coenergy
expressions.

Ezample 3.11.

The center of mass of the disk shown below is at point O. The disk can
rotate about O in a plane as shown. The moment of inertia of the disk, about
the point O is Ip. A linear spring with stiffness k is attached to the disk at
radius a, and a mass, m, is attached to the disk via a chord at a radius b. The
acceleration due to gravity acts downward as shown. The dynamic equations
of motion for this system can be determined as follows.

5L

Kinematic analysis:

The angular displacement of the disk is denoted by the angle 8. The variable
y gives the vertical displacement of the mass, and the variable z measures the
linear displacement of the spring. These three variables are not all indepen-
dent. In fact as the disk undergoes an angular displacement, 6, the geometry
of the system requires that x and y satisfy the two constraints:

¢1 =x—ab =0,
¢2:y—b9:0.

Thus, the system has only 1 degree of freedom. Here we select 6 as the
generalized displacement, and 0 as the corresponding generalized flow.

To complete the kinematic analysis we note that the disk rotates about a
fixed point with angular velocity €, and the mass m has velocity y = %(b@)
= bf). Therefore, we have determined the velocity of all the inertia elements
in terms of the generalized displacement and flow.

Applied effort analysis:

The virtual work done by the weight is
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oW = myg y.

However, from the constraint ¢ it can be seen that dy = bd6. Thus, in terms
of the generalized displacement, 6, the virtual work becomes

oW = mgbdl = ey 40,

where ej = mgb is the generalized effort associated with the generalized
displacement 6.

Lagrange’s equation:

The kinetic coenergy for the system is

1. ., 1
T = —1p0% + ~my?
2 O + 2my )

1 . 1 .
= —I50% + —mb26?
g Lo+ 5mbes,

= %(Io +mb®)6°.
The term Io#2/2 follows from equation (3.15) since, the disk is a rigid body
rotating about a fixed point in a plane. The term mg?/2 is due to the vertical
motion of the mass, and is rewritten in terms of the generalized displacement
to obtain the final result for the kinetic coenergy.
The potential energy due to the spring is

1 1
V = -ka® = -ka®0?
g TR
where we have used the fact that x = af, and the dissipation function is

D =0.
Using T*, V, and D it can be seen that

or* oy dOT b 0T
9 (Io + mb~)0, T (Io +mb~)6, 50 0,
oD oo,
% = 0, and % = ka“0.

Hence, Lagrange’s equation of motion for the system is

dors 9T* 9D 9V |

dii o o0 o Tag T
(Io + mb®)0 + ka0 = mgb.
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Ezxample 3.12.

The system shown in the figure below, consists of a disk with radius r that
is attached to a linear spring. The disk has mass m and moment of inertia I
about its center of mass. The disk rolls on the incline without slipping. The
linear spring has stiffness k, and is attached to the center of the disk. The
incline has a fixed angle «a, and the acceleration due to gravity acts downward
as shown. The dynamic equations of motion for this system can be developed
as follows.

B i Sy
T

Kinematic analysis:

Since the disk rolls without slipping the system has 1 degree of freedom.
Here, we select 0 and the generalized displacement, and 0 as the generalized
flow. We also note that the linear displacement x and the angular displace-
ment 6 are related by the constraint equation

p=x—1r0=0.

Applied effort analysis:

The diagram on the left shows the weight of the disk (a
/ \ vector) resolved into components that are parallel and per-
] pendicular to the incline. The component of the weight
that is perpendicular to the incline does no virtual work.
Hence, the virtual work done by the weight of the disk is

‘mgsin
gl oW = mgsinadx = mgrsin a df = ej 46.

Here, we have used the fact that x = r6 to get ox = rdf.
Lagrange’s equation:

The disk in this system is a rigid body undergoing general plane motion.
In which case, the kinetic coenergy is given by equation (3.14), i.e.,

1 1.
T = §m$2 + 5M?
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The first term in T* is due to the translation of the center of mass of the
disk, and the second term is due to the rotation of the disk. Using the fact
that © = r6 gives

1 .
T = §(I—|—mr2)92.

The potential energy due to the spring is
1 1

V = —ka? = —kr?6?

2 Tt

and the dissipation function is D = 0.
Using T, V, and D we obtain

or by dOT* s OT*
% = (I +mr<)0, & o0 = (I +mr)b, 50 =0,
oD ov 5
% = O, and % = kr0.

Therefore, Lagrange’s equation in terms of the generalized displacement 6 is
iaT* faT* +87D+87Vf65
at 96 00 o9 00 "

(I +mr?)0 + kr?0 = mgrsina.

Ezample 3.13.

A thin disk with radius r and mass m rolls without slipping on the inner
surface of a cylinder that has radius R, as shown in the figure below. The
acceleration due to gravity acts downward. The equations of motion for this
system can be determined as follows.

Kinematic analysis:

Since the disk rolls without slipping we have 1 degree of freedom. The dis-
placement variable 6 measures the angle that the center of the disk makes the
y-axis. As the disk rolls on the cylinder the point C' moves to C’ as shown
in the figure above. The displacement ¢ measures the rotation of the disk
relative to the y-axis, i.e., ¢ is the angular displacement from C to C’.
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Let ¢ be the unit vector directed along the z-axis, and 5 be the unit vector
directed along the y-axis. Then the position and velocity of the center of the
disk is given by
(R—r)sinfi— (R—r)cosf ],

§=(R—r)fcosbi+ (R—r)fsinb].

]
I

Since the disk rolls without slipping we have the relationship RO = r(0 + ¢).
Hence, the angular velocity of the disk is given by ¢ = ((R— r)/r)@ In the
analysis that follows we will use 6 as the generalized displacement, and 0 as
the generalized flow.

Applied effort analysis:

The virtual work done by the weight mg is 6W = —mgdy, where y =
—(R—r) cos 0 is the vertical position of the center of the disk. Therefore, oy =
((R—r)sinf) 6, and the virtual work becomes 6W = —mg(R —r)sin 66 =
ej 00. Hence, the generalized effort is ej = —mg(R — r)sin 6.

Lagrange’s equation:
The kinetic coenergy, potential energy and the dissipation function are
1 .. 1_.
T = -ms-§+ =1¢?,
2 2 ¢

1 90  1mr? [(R 17
72m(R 7")(9+2 2 [( 1)0],

= Zm(R — r)292,
V =0, and D = 0, respectively. (In T* we have used the fact that the moment
of inertia for a thin disk is I = mr?/2.)
Using T*, V, and D we obtain

or* 3 ,;  doTT 3 0i  OT"
00 2m(R—T) 0, Ty 2m(R r)°0, 50 0,
oD av
% = 07 and % =0.

Therefore, Lagrange’s equation for this system is

dor or op oV _
dt 90 20 90 o0 ”
%m(R —7)%0 = —mg(R — ) sin 6.
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Ezample 3.14.

A model of a planar R-R robot is shown in the figure below. The link AB
can rotate about the revolute joint at A in the x-y plane, and the link BC
can rotate about the revolute joint at B in the z-y plane. The link AB has
length [, mass m1, and moment of inertia I; about its center of mass, which
is in the geometric center of the link. The link BC' has length I, mass mo,
and moment of inertia Iy about its center of mass, which is in the geometric
center of the link. The torques 7; and 75 are applied to AB and BC, respec-
tively. The dynamic equations of motion for this system can be developed as
follows.

Kinematic analysis:

The rectangular coordinate system x-y represents the fixed or inertial ref-
erence frame for the system. The angle « is the angular displacement of
the link AB with respect to the z-y coordinate system, and the angle 3 is
the angular displacement of the link BC with respect to the z-y coordinate
system. Using the results from Section 2.2 it is clear that this robot has 2
degrees of freedom. Here, the angles o and ( are selected as the generalized
displacements, and & and 3 as the corresponding generalized flows.

To determine the kinetic coenergy for the system we require the velocities
of the center of mass of each link. Let ¢ be the unit vector directed along
the z-axis, and let j be the unit vector directed along the y-axis. Then, the
position of the center of mass for link AB, with respect to the fixed frame,
is given by

_ ll s ll . )
T = §cosaz+ 551nay,

and the position of the center of mass of link BC', with respect to the fixed
frame, is given by

l A l .
7o = (l1 cosa + gcosﬁ)i—i—(llsina—i— Ezsinﬂ)j.

The velocity of the center of mass of link AB is thus,

dr l Ao .
%:—%dsinai—kaldcosaj, (a)

U =
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and the velocity of the center of mass of link BC' is

Ug = % = (—ljasina — %Bsinﬁ)z—i— (licecos a + %Bcosﬂ)j. (b)

Applied effort analysis:
The virtual work done by the applied torques is

W =100+ 1260 = e da+ej 0.
Hence, the generalized efforts are e, = 7 and e% = To.
Lagrange’s equation:

Using equation (3.14) it can be seen that the kinetic coenergy of the sys-
tem is given by

1 1 1 1.
T = = S 7]‘2 - S ZT 2
511 vy + g1 + 5 M2v2 vg + 5 207,
The first two terms represent the kinetic coenergy contribution due to link
AB, and the second two terms represent the kinetic coenergy contribution
due to link BC. Using equations (@) and (b) the kinetic coenergy for the
system becomes

m1l2] .2

T* I
2[1+ 4

1 2, . 1 .
+ gme [l%(f + %ﬁQ + lilaafB cos(a — B) | + 5[262.
(©)

For this system the potential energy is V = 0, and the dissipation function
is D = 0. Lagrange’s equations for the system are,

dort o1t 9D oV _ ()
di 06 da | 0a " 0o @
40T 9T* oD OV

%%_aﬂ—i—?ﬁ'—‘raﬂ:e%. (e)

Using equation (c) it can be shown that equations (d) and (e) lead to the
coupled nonlinear differential equations

3 o] . malily malily -5 . _

I +m1z+m211 G+ 5 ﬁcos(a—ﬂ)+Tﬁ sin(a — 8) = 11,
127 - 1 11

{Ig +ma 4} B+ %dcos(a -0)— %Oﬂ sin(a — B) = 7.
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Before leaving this example it will prove instructive to reexamine the ki-
netic coenergy of the link AB. In the analysis above the link AB is treated
as a rigid body in general plane motion. Hence, equation (3.14) is used to
determine the kinetic coenergy of the link as

2
mlll] .5
)

x [ P
TAB = iml'l)l -1 + 5]10{2 = 5 |:Il + 1

(f)
where m; is the mass of the link, v, is the velocity of the center of mass of
the link, I; is the moment of inertia about the center of mass, and & is the
angular velocity of the link.

However, the link AB can also be treated as a rigid body rotating about
a fixed point, i.e., link AB rotates about the fixed point A. In which case the
kinetic coenergy of the link AB is given by equation (3.15) as

Thp = 511A0427 (9)
where I, is the moment of inertia of the link AB about point A. Comparing
equations (f) and (g) it is evident that
i
IlA = 11 + mlz.
Which is in fact the result one would obtain by applying the parallel axis
theorem. It is then clear that we can replace equation (f) with with (g) in
T*, and obtain the same differential equations of motion.

Ezample 3.15.

A model of a symmetric top is shown in the figure below. Here, the top
is free to rotate about a fixed point Q. The rectangular coordinate system
x-y-z represents the fixed reference frame for the system. The rectangular
coordinate system x1-y;-z1 is attached to the top at the point @ such that
the z;-axis is along the line from @ to C. The point C' is the center of mass
for the top, and [ is the distance from @ to C'. The mass of the top is m. The
moments of inertia about the point Q) are Io, I12, and I3 in the zq, y1, and
z1 directions, respectively. (Note that the moments of inertia are given with
respect to the fixed point @, not the center of mass.) The acceleration due to
gravity acts downward as shown. The dynamic equations of motion for this
system can be developed as follows.
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Kinematic analysis:

Since the top is free to rotate in about the point @ the system has 3 degrees of
freedom, i.e., the variables that determine the direction cosine matrix of the
x1-y1-2z1 coordinate system. Here, the orientation of the x1-y;-z7 coordinate
system with respect to the fixed frame will be described using the Z,-X3-Z,
Euler angles (see Section 2.1.5). A point r = [z, y, 2] in the z-y-z coor-
dinate system is then related to a point 'r = [z1, v1, zl]T in the z1-y1-21
coordinate system via the equation

r="04;"1r (a)
where the direction cosine matrix is

. CaCy — 854C35y —CaSy — 54C3Cy 54583
A1 = | SaCy +CalBsy —SaSy + CaC3Cy —CaSp
SB35y SBC~ Ccg

Here, ¢, = cosa, s, = sina, etc. The angles a, 8 and v are taken as the
generalized displacements, and ¢, 8 and % are the corresponding generalized
flows.

Let wy, wo and ws be the angular velocities of the x-axis, yi-axis, and
z1-axis, respectively. Then, w1, ws and ws are related to the Euler angles via
the equation

wy sgsy ¢y 0 e
wa | = |sgey —sy 0| [ B]. (b)
ws cs 0 1 0

(See Problem 9 in Chapter 2.)
Applied effort analysis:

The virtual work done by the weight of the top is W = —mgdzc where
0z¢ is the variation in the position of the center of mass, C, along the z-
axis. The coordinate of C' in the x1-y;-21 system is 'rc = [0, 0, /]T. Using
equation (a) it can be seen that the coordinate of C' in the x-y-z system is



140 3 Lagrange’s Equation of Motion

Tc l5a55
re=|yc | ="Ai're = | —lcass
zZo lCﬁ

Therefore, dzc = —lsg 03, and the virtual work due to the weight is
OW = mglsg 60.
Which gives the generalized efforts as e?, = 0, e = mglsg, and e = 0.
Lagrange’s equation:
The kinetic coenergy of the top is
T = %(Imwf + Towo® + Isws®) = %,[12 [s%o? + 62} - %Ig (cpie+7)°.

For this system the potential energy is V = 0, and the dissipation function
is D =0.
Lagrange’s equations for the system are

i@T*_@T*_‘_(Q)iD_’_@iV:eS
dt dc da  dd  Oa o
dor* o1r* 0D 0V R
%876.— 93 +875+%:eﬁ,
dor ot op oV _
dt 9y oy oy Oy v
Using 7%, V', and D it can be shown that these yield the differential equations

d ) .
7 [(1125% + 136%)01 + 130[37] =0,

I12B — [112 — 13} SgCgOéQ —+ IgSﬁO&’y = mngg,

& (e +4)] =0.

3.3.2 FElectrical systems

The application of Lagrange’s equation to electrical systems can be accom-
plished using the following procedure.

1. Kinematic analysis.
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The electrical systems considered here form a network of elements, i.e.,
ideal inductors, capacitors and resistors. Each system element forms a
branch of the network, and the interconnection between the elements de-
fine the nodes of the network. A simple approach to modeling these systems
is to assign a flow variable (i.e., a current) to each branch of the network.
This will usually result in a large number of variables that are not all inde-
pendent. In fact, if B is the number of branches in the network, and N is
the number of nodes in the network, then the number of independent flow
variables will be n = B — N + 1. Equations relating the dependent vari-
ables to the independent variables can be obtained by applying Kirchhoff’s
current law at the nodes of the network.

2. Applied effort analysis.

The virtual work done by all effort (i.e., voltage) sources must be defined
in terms of the generalized displacements. Here, the virtual work done by
an effort source is positive if the current flows from the negative terminal
to the positive terminal of the source.

Ezample 3.16.

The RLC (resistor R, inductor L, capacitor C') shown here

has an applied voltage v. The dynamic analysis of this

+ system using Lagrange’s equation proceeds as follows.

. i ;1 The current, i = dq/dt = ¢, is selected as the generalized
flow variable, and ¢ is the corresponding charge (i.e., the
generalized displacement).

Applied effort analysis:
RLC circuit pp ﬁ Y

The virtual work done by the voltage is 6W = v dq = e} dq.

Therefore, the generalized effort is ej = v.

Lagrange’s equation:

The kinetic coenergy, potential energy and the dissipation function are
T* = L§*/2, V = ¢*/(2C), and D = Rj?/2, respectively. Using these func-
tions we have the following results:

ors . dor~ . 90D . ov

o T aroaqg — T g T

Hence, Lagrange’s equation for this system is

dort o oD v _
dt 0q dq a4 dq

q’
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. . q
Li+R¢+ = =
q q C
This second order ordinary differential equation describes the behavior of the
system in terms of the charge ¢q. This equation can be rewritten in terms of
the current as

L +R +O/Zdt—v

Ezample 3.17.

A model of an electrical lead filter with applied voltage v is shown in the
figure below. The dynamic equations of motion for this system can be deter-
mined as follows.

Kinematic analysis:

The circuit has four branches and three nodes (i.e., A, B and C). A current
is assigned to each branch of the network. The system hasn =B - N+ 1 =
4 — 3+ 1 = 2 degrees of freedom. (Recall that B is the number of branches
and N is the number of nodes in the network.) Therefore, only two of the
four flows qo, ¢1, ¢, ¢3 are independent. Here, we select ¢; and g3 as the in-
dependent (generalized) displacements. The corresponding generalized flows
are ¢ and gs.

Applying Kirchhoft’s current law to nodes B and C gives the relationships
G2 = 43 — ¢1, and gg = (3, respectively. Hence, we have obtained explicit
expressions for the dependent flows in terms of the independent flows. More-
over, integrating the first of these equations leads to g2 = g3 — g1 + g20, Where
Q20 is the initial charge in the capacitor.

Applied effort analysis:

The virtual work done by the voltage source is dW = wvdqy = vdqs =
o 0a1 + ey, 0g3. Therefore, the generalized efforts are ej = 0, and e;, = v.

Lagrange’s equations:

The kinetic coenergy, potential energy and the dissipation function are
T* =0,V = (g3 —q1 + q20)%/(2C), and D = (R1¢} + R243)/2, respectively.
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Lagrange’s equations for this system are
dort or oD oV _
dt 0 O d¢ O N
dor* or* oD 0V s
— o - + ot =€,
dt O¢s Oqz 04z  Oqz B
Using the energy relationships and the generalized efforts in (a) and (b) yields
the coupled differential equations

(a)

(0)

. 1
(a) = Rig1 — 5(% —q1— q20) =0,

. 1
(b) = Rags + 5((13 —q1— q20) =v.

Ezxample 3.18.

The circuit shown in the figure below is called a half-wave rectifier. The net-
work consists of a voltage source, v, a diode, a capacitor, C', and a resistor,

R.

Kinematic analysis:

Three flow variables (g1, ¢2, and ¢3) have been assigned to the network. How-
ever, it is easy to verify that the system only has 2 degrees of freedom. Here,
we select ¢; and g3 to be the generalized displacements, and ¢; and ¢3 as the
corresponding generalized flows.

To eliminate the excess displacement variable, g2, we apply Kirchhoff’s
current law to node A. This gives g2 = ¢1 — ¢3. Integrating this equation
leads to g2 = q1 — g3 + ¢20, Where g9 is the initial charge in the capacitor.
We therefore have an explicit expression for ¢, in terms of the generalized
displacements.

Applied effort analysis:

Here we consider the diode to be an effort regulated flow source. (See Sec-
tion 1.2.5.) In particular, the diode voltage vg4, and the current ¢; satisfy the

equation
g1 = Is(e®* — 1), (a)
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where Iy > 0, and « > 0 are constants. Using (a) it can be seen that

1 q1
=—In(=+1].
vd an<ls >

Our analysis must account for the virtual work done by the diode voltage,
Vd-

The virtual work done by the voltage source, v, and the diode voltage vq4
is OW = (v —wvq)dq1 = e dq1 + e, dg3. (Recall that the work done by a
voltage source is positive if the current flows from the negative terminal to
the positive terminal. Hence, the virtual work done by the source v is v dq,
and the virtual work done by the diode voltage, vq, is —v4 dg1). The net result
is that the generalized efforts are e} = v —vg, and ey, = 0.

Lagrange’s equations:

The kinetic coenergy, potential energy and the dissipation function are,
T* =0,V = (q1 —q3 + q20)?/(2C), and D = R3/2, respectively.
Lagrange’s equations for this system are

iaT* _ or* + 82 + 87‘/ es (b)
dt 0y O 0¢  Oqn

dor ot op v
dt 9gs  Ogs  0qz  Ogs "

Using the energy relationships and the generalized efforts gives

1 1 7
(b):>C(ql_Q3+Q20):U_aln(2+1>7

. 1
() = Rz — 6((]1 —q3+q20) =0.

Ezample 3.19.

The schematic in (a) shows an electrical network that includes an opera-
tional amplifier. We would like to find a relationship between the applied
voltage, v,, and the voltage at terminal 3 of the operational amplifier, i.e.,
V3.
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Kinematic analysis:

An equivalent network model of the system is shown in (b). Here, we have
assigned the current i, = ¢, to the branch that includes the voltage source,
Ve, and the resistor R,. The current i, = ¢, is assigned to the resistor Rj,
and 71 = ¢, is assigned to terminal 1 of the operational amplifier.

Applying Kirchhoff’s current law to node A gives the flow constraint equa-
tion

q.a + 41 - qb = 0.

However, the input resistance to the operational amplifier is very large and
as a result ¢; =~ 0. Hence, we get ¢, = ¢ is the independent flow variable for
the network.

Applied effort analysis:

Using the equivalent network model we can see that the virtual work done
by the voltage source, v,, and the output voltage vs is W = (v, — v3) 0qq =
€5, 0qq. Therefore, the generalized effort is e; = v, — vs.

Lagrange’s equations:

The kinetic coenergy, potential energy and the dissipation function are
T* =0,V =0,and D = (R, + Ry){?/2, respectively.
Lagrange’s equation for this system is

dort ort oD oV _
dt 04 0¢a  04a  O0qa 1

Which yields
(Ro + Rp)Ga = vq — vs3.

To eliminate ¢, from the last equation we use the fact that the operational
amplifier behaves according to the rule
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V3 = kg(’l)g — 7}1)7

where kg is very large constant, vy is the voltage at terminal 1, and vy is the
voltage at terminal 2.

Using the equivalent network model we can see that v; = v, — Rq¢a, and
vg = 0. Therefore, v3 = ky(RaGq — va), from which we obtain

V3 + kgUq Vg
Qo= —FFH5  ~ 5
kgR, R,

Putting this in the equation of motion produces

<Ra+Rb>;—1 = vy — v3
_
V3 = Ra’Ua.

We can thus conclude that the network represents an inverting amplifier with
gain Ry/R,.

Ezample 3.20.

A model of a DC motor is shown in the figure below. The motor is excited
by a voltage source, v. The resistance and inductance of the motor coils are
modeled using R and L, respectively. The rotor has moment of inertia I, and
is subjected to torsional damping with damping coefficient b.

DC Motor

Kinematic analysis:

The generalized displacements for the system are ¢, the charge in the elec-
trical circuit, and 6 the angular position of the rotor. The corresponding
generalized flows are ¢, the current in the circuit, and 6, the angular velocity
of the rotor.

Applied effort analysis:
The effort sources in this model are the applied voltage, v, the motor back

emf vy, and the motor torque, 7. The virtual work done by these efforts is
OW = (v—wp) 6q + 730 = e; 6q + e} 60. Therefore, the generalized efforts are
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e; = v —wp, and ey = 7. For a DC motor the back emf and the torque are

related to the generalized velocities by

Vp = Kbﬂ, (a)

T= Ktq.v (b)

where K} is the back emf constant and K is the torque constant.
Lagrange’s equations:

The kinetic coenergy, potential energy and the dissipation function are
T* = L¢*/2+16%/2, V =0, and D = R¢*/2 + b6? /2, respectively.
Lagrange’s equation for this system are

dor _ort op v _ “
dt 9q dq a4 dq
dor* or* 0D 0V
- + =t =
dt 9 00 99 00
Using the energy relationships, the generalized efforts gives, and (a) and (b),
we get

= €. (d)

(¢) = Li+ Rj=v— K0,
(d) = 16 + b6 = K.

3.3.3 Fluid systems

A simple approach to analyzing fluid systems is to construct an equivalent
electrical circuit model for the system then, apply the electrical systems mod-
eling techniques to this equivalent circuit. In the fluid system long pipes can
be modeled as ideal inductors, valves and nozzles can be modeled as ideal
resistors, and tanks can be modeled as ideal capacitors.

Ezample 3.21.

Consider the fluid system shown in Fig. 3.4a and its corresponding equiv-
alent circuit model Fig. 3.4b. In this system a pump delivers fluid to a long
pipe which is connected to a tank. The fluid exiting the tank flows through
a valve. The pump is modeled as an effort source, P, the pipe is modeled
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as fluid inertia, Ly, the tank is modeled as a fluid capacitance, C'y, and the
valve is modeled as a fluid resistance, R;.

Kinematic analysis:

As shown in Fig. 3.4b a flow variable is assigned to each element of the
system. However, there are only two independent variables (n = B—N+1 =
4 —3+4+1=2.) Here, we select Q2 and Q4 as the generalized flows.

To eliminate the flows @1 and (3 we note that the continuity of flow at
nodes A and B gives, Q1 = @2, and Q3 = Q2 — Q4, respectively. Integrating
these equations leads to

Vi=Va+ Vi, (a)

Vs = Vo — Vi + Vap. (b)

Here, V; is the volume (displacement) that corresponds to the flow @Q;, for

i =1,2,3,4. (Note that Q; = V;.) Also, V¢ and V3 represent initial volumes.
Applied effort analysis:

The virtual work done by the pressure source, P, is 6WW = P dV;. However,
from (a) we get that 6V; = 0Va. Hence, 0W = P§Va = ej, 6V + e}, 0Vy.
Therefore, the generalized efforts are ey, = P, and ey, = 0.

Lagrange’s equations:

The kinetic coenergy, potential energy and the dissipation function are
T* =LsV3E/2,V = (Va — Vi+V30)%/(2Cy), and D = R;V}? /2, respectively.
Lagrange’s equations for this system are

i@_aT*_FaiD_f_al_es (C)
dtov, 0Va v, OV ¥

dor_ort oD v, W
dtov, oVi ov, aVy W

Using the energy relationships and the generalized efforts gives

; 1
(C)éLfvzwLC*f(Vz*Vz;JrVw):Pv (e)
. 1
(d):>RfV4—Cff(V2*‘Q+V30):U~ (f)

Equations (e) and (f) can be written in terms of the generalized flows instead
of the generalized displacements. Specifically, put (f) into (e), and differen-
tiate (f) to get
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(e) = LyQ2+ RyQq4 =P,
. 1
(f) = R;Q4 — Cf(QQ —Q4) =0.
f

Example 3.22.

Figure (a) below shows a schematic of a fluid system, and the Fig. (b) shows
the equivalent network model for the system. The pump supplies fluid to the
first tank with given pressure, P. The tanks are connected to each other via
a nonlinear valve. Each tank is treated as an ideal capacitor with capacitance
C1 and (3. The pressure drop across the nonlinear valve, P,, satisfies the
equation, o

P, = Ry|Vi|Va, ()

where Ry is a constant and Vv is the volume flow rate through the valve.

Tank Tank
—><i—
&ump %(;%inear
(a) (b)

Kinematic analysis:

Three flow variables have been assigned to the system, however there are
only two independent variables (n = B— N +1=3—-2+1 = 2.) Here, we
select @1 and @3 as the generalized flows. The continuity of flow at the tank
Cq gives Q2 = Q1 — Q3. Integrating this equation leads to

Vo = Vi — V3 + Vy. (b)

Here, V; is the volume (displacement) that corresponds to the flow @);, for

i =1,2,3. (Note that Q; = V;.) Also, Vo represents the initial volume in the
tank C.

Applied effort analysis:

The virtual work done by the pressure source, P, and by the nonlinear valve
is W = P Vi —P, V3 = ey, 6V1 +ey, 0V3. Therefore, the generalized efforts
are ey, = P, and ey, = —P,. Note, that the virtual work done by the nonlin-
ear valve is negative because the flow is directed from the positive terminal
to the negative terminal.

Lagrange’s equations:
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The kinetic coenergy, potential energy and the dissipation function are
T* =0,V = (Vi — V3 + Va)?/(2C1) + V£ /(2C3), and D = 0, respectively.

Lagrange’s equations are

aor v op v Y
dt 3V1 oy 8V1 ovy Vi

dor 9r* 9D 9V

- + +7_65. d
dt ovy OV oV OVy VB (d)

Using the energy relationships, the generalized efforts, and (a) gives

1
(¢)= =— (V1 = V3 +Vy) =P,
Cq

1 1% .
(d) = —= (Vi — Vs + Vag) + — = —Ry|Vs|Vs.
Cl C’2
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Problems

1. In Example 3.5, show that the reaction forces at O do not contribute to
the virtual work.
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. Show that with the proper choice of units for the fundamental variables

the virtual work for all the terms in Table 3.1 have the same units.

. Derive Lagrange’s equation for the viscoelastic system shown below.

kb F

§—/\/\/\—ﬂ}— m

. In the system shown here mass m; can move freely while, mass ms is

subjected to static and kinetic (sliding) friction forces. The coefficient of
static friction is ps, and the coefficient of kinetic friction is py. Derive
Lagrange’s equation of motion for the system.

k
F—smy =N m;

SSSS

. The pendulum on the left is connected to the pendulum on the right via

nonlinear spring that behaves according to the law
fs = ky?)a

where fs is the force applied to the spring, k is a constant, and y is
the net deflection of the spring. Derive Lagrange’s equations of motion
for this system. Assume small angular displacements for each pendulum,
and that the acceleration due to gravity acts downward as shown.

e e e e e e e

a Ny
l1 . [2

mj )

. Derive Lagrange’s equation for the (a) double pendulum, and (b) the

spherical pendulum shown here. In the case of the double pendulum the
rod [; can rotate about the pivot at O in the z-y plane. The rod ls can
rotate about M; in the z-y plane. For the spherical pendulum the rod,
l, is free to rotate about the z-axis and y-axis simultaneously. Derive
Lagrange’s equation of motion for each system.
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7.

3 Lagrange’s Equation of Motion

)
(a) (b)

A i—car model is shown in the figure below. Here, y(¢) represents the
profile of the road from a fixed reference. The effective spring stiffness of
the tire is k¢, and m, is the mass of the tire. The suspension has stiffness
k, and damping coefficient b. The variable m denotes one quarter of the
mass of the car. Derive Lagrange’s equation for this system. (Neglect the
horizontal motion of the system.)

Derive Lagrange’s equation of motion for the system shown below. Here,
the rod has mass m and moment of inertia I. about its center of mass.
The linear spring has stiffness k, and the linear damper has damping
coefficient c. (Assume small small angular displacements for the rod.)

G
ﬁ@ 1 ? )
g

1

. The figure below shows a 5-car model. The road profile at the front of

the car is y¢(t), and the road profile at the rear of the car is y,(t). Both
measure from the same fixed reference. The front tire has an effective
spring stiffness k¢, and mass my;. The rear tire has an effective spring
stiffness k¢, and mass m,;. The front suspension has stiffness k¢, and
damping coefficient by. The rear suspension has stiffness &,., and damping
coefficient b,.. The effective mass and moment of inertia for one half of the
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10.

11.

car are m, and I, respectively. Derive Lagrange’s equation for this system.
(Neglect the horizontal motion of the system.) If the car has a constant
horizontal velocity, v, how are y,(t) and y,(t) related?

R

| ein ]

The figure below shows a model of an unbalanced disk (rotor). The disk
is free to rotate about point O, while point O can move in the plane.
The bearings at O have stiffness k, in the z-direction, and k, in the y
direction. The rotor has mass m, and moment of inertia I about its center
of mass. Moreover, the center of mass is offset from the geometric center
of the rotor by a distance e. Derive Lagrange’s equation for this system.

The block A has mass m; and is constrained to move in the vertical
direction. Attached to the block is a linear spring with stiffness k& and a
linear damper with damping coefficient c. The mass ms is also attached
to the block A via a massless rod of length e. The mass ms has a constant
angular velocity w. Derive Lagrange’s equations of motion for this system.
(Neglect gravity.)

2

=

T

1
)
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12. Using generalized displacements (i.e., independent displacements) derive
Lagrange’s equation of motion for the system shown here. The block A
has mass mq, the block B has mass ms, and the rod AB has mass mg3
and moment of inertia I3 about its center of mass. The uniform rod AB
has length I3, and its center of mass is at the geometric center of the rod.
The rod is connected to the blocks via revolute joints.

13. Verify the Lagrange’s equations of motion in Example 3.14.

14. Verify the Lagrange’s equations of motion in Example 3.15.

15. Derive Lagrange’s equation of motion of the systems shown in Examples
3.9, 3.10, 3.11, 3.12, 3.13 and 3.15. In each case include the force(s) due
to gravity in the potential energy instead of the virtual work.

16. Derive Lagrange’s equation for the following electrical circuits.

+

+ Vd, _

R;
R,
C
(b)
R
(d)

17. Derive Lagrange’s equation for the electromagnetic suspension shown be-
low. Here, the inductance of the coil is given by L = %’Yj’rm, where g, and
~1 are constants. The variable z is air gap distance between the suspended
mass and the inductor. The acceleration due to gravity acts downward
as shown.

M
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18. For the fluid systems shown below derive Lagrange’s equation.

C] R] C2 R2 C] R]
<+ —><t— —l><1—|
—><—
(a) (b)

19. Using Lagrange’s equation of motion determine the differential equation
relating v, and vs for the operational amplifier networks shown below.

Ry Cb
1}
G Ra
|_
+ +
Va Va
(a) (b)
Ry R,
_/\/\/; _/\/\/;
Cb Cb
Il Iy
1T LA
Ra

(c) (d)
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C R, C, R
— F—
R, Ry
+
v[l
(e) (f)
R,
R, C,
|_
.
Va
(g)

20. Derive Lagrange’s equation of motion for the system shown below. In this
system the mass, m, is attached to a cord that is wrapped around the
cylinder that has a radius r. In the position shown the cord has length
lp. The cylinder is fixed an can not rotate. Also, assume that during the
motion the cord is always in tension.

" O
21. Derive Lagrange’s equation of motion for the systems shown below. In (a)
the rod has mass m; and moment of inertia I; about the center of mass.
In (b) the uniform disk has radius r, mass m; and moment of inertia Iy
about the center of mass. In (c) each of the uniform disks have radius r
and roll without slipping.
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[ ofo }
C? ® D) g g
< 2k <k
k3 mp ms;

(a) (b)

(¢)

22. The mass m is attached to the flexible belt-pulley system as shown be-
low. Portions of the belt has linear stiffness k; and ks. The pulleys have
moments of inertia I; and Iy. Each pulley has radius r. A torque 7 is
applied to the first pulley. In addition the pulley bearings are subject to
linear torsional damping with damping coefficient b. Derive Lagrange’s
equation of motion for this system.

ki ks

(& 8

T

23. Derive Lagrange’s equation of motion for the system shown below using 6
as the generalized displacement. Here, the disk with mass m and moment
of inertia I rolls without slipping on the incline. The linear spring, with
stiffness k, is attached to the outer edge of the disk.
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24. For the pulley system shown below, determine (i) the number of degrees
of freedom, and (ii) derive Lagrange’s equation of motion using the gen-
eralize coordinates. Note that each pulley has a mass and a moment of
inertia.

25. The rotordynamic system shown here consists of a uniform disk that is
attached to a vertical shaft AB. At A the shaft can rotate in a frictionless
pivot. At B the shaft is supported by linear springs with stiffness k,
and k, along the fixed z-axis and y-axis, respectively. The disk rotates
with angular velocity w,,. Derive Lagrange’s equation of motion for this
system neglecting the weight of the shaft. Assume that the shaft can only
undergo small displacements in the  and y directions at B.
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26. In the system shown below z-y-z represents the fixed rectangular coor-
dinate system. (Note that the z-axis is directed into the page.) The disk
shown is attached to the shaft AB. A torque 7 is applied to the shaft and
is directed along the positive z-axis. The principal axes of inertia for the
disk are aligned with the x1-y1-21 rectangular coordinate system, which
is embedded in the disk. Take the moments of inertia of the disk to be
I, = I, = I about the z; and y; axes, and I3 about the z; axis. The z;
axis make a constant angle « with the z-axis. Derive Lagrange’s equation
of motion for the system. Also, develop expressions for the reaction forces
at the bearings A and B. Assume that the shaft has negligible mass and
length [. (See Chapter 2, problem 15.)

27. In the system shown below the disk has mass m, and moments of inertia
I, = I, = I about the x1 and y; axes, and I3 about the z1-axis. The center
of mass of the disk is offset from the shaft AB by a distance e. Also,
the principal axes of inertia are aligned with the xi-y;-z1 rectangular
coordinate system, where the z1-axis make a constant angle o with the z-
axis. Derive Lagrange’s equation of motion for this system, an expressions
for the reaction forces at the bearings A and B. Assume that the shaft
has negligible mass and length I.
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28. Repeat problem 27 for the case where the bearings are elastic. That is, at
A the bearing has stiffness k4, along the z-axis, and k4, along the y-axis.
Similarly, at B the bearing has stiffness kp, along the z-axis, and kp,
along the y-axis. Assume that the shaft has negligible mass and length I.



Chapter 4
Constrained Systems

In the previous chapters it was shown that the configuration of the system
can be described using N displacement variables, say, ¢ = [q1, 2, -, qn]7,
and the associated flow, momentum and effort variables. Although the system
can be described using N displacement variables there may only be n degrees
of freedom, where n < N. Recall that in Chapter 3 Lagrange’s equation
was developed by selecting n independent displacement variables from the
set ¢ = [q1,q2, -+, qn]T. These n independent displacements are called the
generalized displacements. The remaining N — n dependent displacement
variables are related to the generalized displacements via N —n displacement
and/or flow constraint equations. These constraint relationships are used to
eliminate the dependent variables from the kinetic coenergy, the potential
energy, the dissipation function, and the virtual work done by the applied
efforts. As a result the dynamic equations of motion are formulated in terms
of the generalized coordinates alone.

In this chapter we will develop versions of Lagrange’s equation that will
allow us to retain all N configuration variables if the formulation of the
equations of motion. This approach to systems modeling is particularly useful
for complex systems where the relationship between the independent and
dependent variables are highly nonlinear. For such systems eliminating the
N — n dependent variables is a nontrivial task.

Section 4.1 classifies the types of constraint equations treated in this text.
In Section 4.2 the Theorem of Lagrange multiplies is used to develop a ver-
sion of Lagrange’s equation where the dependent variables associated with
displacement constraints are retained. In Section 4.3 Lagrange’s equation is
further extended to include systems with displacement and flow constraints.
Finally, Section 4.4 considers dynamic systems that include effort and dy-
namic constraints.

B. Fabien, Analytical System Dynamics: Modeling and Simulation, 161
DOI 10.1007/978-0-387-85605-64,
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4.1 Constraint Classification

4.1.1 Displacement and flow constraints

In Chapter 2 we explored the kinematic constraints that arise in the models
of mechanical systems. There, is was shown that the spatial properties of the
model can lead to displacement constraints of the form

(bj(QIa(D,"',QN):Oa j:1727"',m7 (a)

where ¢ = [¢q1,q2, - -, qn] are the N configuration displacement coordinates
that are used to describe the system, and m = N — n, with n being the
number of degrees of freedom in the model.

= For example the double pendulum system
shown here uses configuration coordinates x1,
y1, 01, T2, y2, and O, to describe the posi-
tion of the masses m; and my. Here, (21,y1)
is the location of the mass mq, #; is the an-
gle between [ and the y-axis, (z2,y2) is the
location of the mass mo, and 65 is the angle
between [ and the y-axis. Since the system
only has 2 degrees of freedom these 6 config-
uration coordinates are not all independent.
If we select 0; and 65 as the independent coordinates (i.e., the generalized
displacements) then we can determine 4 constraint equations that will deter-
mine the remaining ‘excess’ coordinates. Specifically, the constraint equations
for the double pendulum are

(x2.02)

¢1 = x1 —l1sinf, =0,

¢2 = y1 —licost =0, )
¢3 = T9 — (l1 sin 0y + Iy sin02) =0,

gf)4 = Y2 — (ll COS 91 + lg COs 02) =0.

Clearly these equations are in the form described by equation (a), and can
be used to explicitly eliminate z1, y1, 2, and yo from the formulation of the
equations of motion.

It was also shown in Chapter 2 that network models give rise to flow
constraints of the form

wj(f17f27"'afN):07 j:1727"'7m5 (C)

where f = [f1, f2, -, fn]|T are the N configuration flow coordinates associ-
ated with the system. Consider the network system shown here.
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The system is assigned 4 flow variables (4o, ¢1, g2, and ¢s) but there are
only 2 independent loops. Hence, 2 of the flow variables represent excess
coordinates. If we select ¢o and g5 to be the independent flow variables (i.e.,
the generalized flows) then the other two variables are determined from the
flow constraints.

Y1 = 4o — (41 +¢2) =0,

R s (¢)

Yo =q1+G2—q3=0.
These equations are found by applying Kirchhoff’s current law at nodes A
and B.

A useful property of the flow constraints given by equation (c) is that
they can be integrated to obtain displacement constraints as described by
equation (a). For example, integrating the flow constraints given in equation
(c) results in the displacement constraints

$1=q0— (@1 +q2) + Qo =0, ()
p2=q+q—q+Q1 =0,

where Qo and ()1 constants of integration that are selected to ensure that
the displacement constraints are consistent at the initial time.

We also note that the displacements constraints given by equation (a) can
be differentiated with respect to time to get flow constraints of the form
(¢). The resulting flow constraints can be integrated to recover the original
displacement constraints. For example differentiating the displacement con-
straints (b) gives

’L/Jl = Lii'l — 119.1 COSQl = 0,

Yo = §1 + 1161 sin6; =0,

3 = Zg — (1191 cos 01 + 205 cos 62) =0,
s = Go + 1101 sin0; + labasin by = 0,

(e)

which can be integrated to obtain (b). In fact, the equations in (e) are exact
differentials of the displacement constraints, i.e.,

do, do; do;
oy dt = 290 gpy 1+ 905 gy o 995 g,
X1 1

d . dy y wld
ﬁ dQSQ + ﬂ dy2 + ﬁ
dbs

N dxa dya

do, =0, j=1,2,3,4
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In this text we will restrict our attention to flow constraints that have the
general form

N
qp](Qaf?t)dt:Zaﬂ,(qvt)dql+a](q7t)dtzov j:1527am7 (f)

i=1
where ¢ = [q1,q2, -, qn]T are the displacements, f = [f1, fa, -, fn]| are
the flows, and the coeflicients a;; and a; are functions of the displacements
and the time, ¢. Equation (f) is called the Pfaffian form of the constraint. In
terms of the flow variables, equation (f) can be written as

N
¢j(Q7f7t):Za’_jl((Lt)f’L_'_aj((Lt):Oa ]:1,2,7771 (41)

=1

If the coefficients aj; and a; are exact differentials of some function (say ¢;),
then equation (4.1) can be integrated to obtain the displacement constraints

In analytical mechanics the flow constraints (4.1) are called holonomic
constraints, if they can be integrated to obtain displacement constraints of the
form (4.2). The dynamic systems associated with integrable flow constraints
are called holonomic systems. The two examples given above, (equation (b)
and equation (d)), describe holonomic constraints. If the time variable, ¢,
appears explicitly in the displacement constraints (4.2) then, they are called
rheonomic constraints. If the time variable does not appear explicitly in the
displacement constraints (4.2) then, they are called scleronomic constraints.

If the constraints (4.1) are not integrable then, they are called nonholo-
nomic constraints, and the associated dynamic system is called a nonholo-
nomic system. Such a system is shown in the figure below.

The figure shows a disk with radius r rolling without slipping along the path
AB. At the instant shown the line QP is tangent to the path of the disk. The
disk has angular velocity ¢ that is directed about a line that passes though
the center of the disk, C, and is perpendicular to QP. Hence, the = and y
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components of velocity of the center of the disk satisfy the constraints

x'frqz'ﬁcosﬂ =0,
Uy —rosingd = 0.

In differential form these constraints are

dr —rcosfdp =0, (9)
dy —rsinfde¢ = 0. g

Clearly, the constraints in equation (g) are in Pfaffian form where, x, y, ¢ and
0 are all displacement variables. Moreover, there are no integrating factors
that will reduce these equations that involve displacement variables alone.
Thus, the constraints in (g) are nonholonomic constraints. Unlike holonomic
constraints, the equations in (g) can not be used to eliminate two of the four
displacement variables. Hence, all four displacement variables must be used
to describe the system dynamics.

4.1.2 Dynamic constraints

Some of the regulated sources described in this text generate efforts that are
related to the derivatives or integrals of the displacement and flow variables.
To account for these relationships we introduce mg; dynamic variables s =
[$1,82, ", 8m.]T, which will allows us to write the dynamic constraints as
differential equations of the form

55— Xi(q, f,e,s,t) =0, j=1,2,---,ms. (4.3)
Here, ¢=[q1,q2, -, qn]|T are the displacement variables, f=[f1, fa, -, fn]|*
are the flow variables, e = [e1,ea, -+, e.,.]T are the effort variables, ¢ is the
time, and X is a continuous function of the system variables. Some models
of transistors can be put in the form of equation (4.3). Also, the behavior
of control system elements can be described using dynamic constraints. In
the systems modeling technique presented below the dynamic constraints are
retained in the model formulation, and there is no need to explicitly eliminate
the dynamic variables s.

4.1.3 Effort constraints

In addition to constraints involving displacement and flow variables, we con-
sider in this text constraints that include effort variables. These effort con-
straints are algebraic equations of the form
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Fj(q7f7€asat):()7j:1727"'7me7 (44)
where ¢=[q1, g2, - -, qn]T are the displacement variables, f=[f1, fo, -, fn]|
are the flow variables, e = [e1,ea, -, en,.]7 are the effort variables, s =
[51,82, ", 8m.]T are the dynamic variables, ¢ is the time, and I'; is a con-

tinuous function of the system variables. Constraints of this type arise from
system elements that are regulated effort sources such as diodes, DC motors
and Coulomb friction (see Section 1.2.5). It should be noted that the efforts
in (4.4) are not necessarily the generalized efforts for the system. In principle
the m, algebraic equations, (4.4), can be used to solve for the m, effort vari-
ables, e, explicitly. However, this is not always be desirable. In this chapter
the equations of motion are constructed so that the effort constraints can
remain in the form given by equation (4.4).

4.2 Lagrange’s Equation with Displacement Constraints

In this section we develop a form of Lagrange’s equation that can be applied
to systems that are described in terms of the configuration coordinates and
are subject to displacement constraints. Let ¢ = [q1,q2," -, qn]T, be the N
configuration displacements for the systems, and let f = [f1, fa,- -, fn]%, be
the corresponding flow variables. Here, the displacement variables are related
by m; independent displacement constraints of the form

¢j(q’t):0’ j:1?27"'am13 (a)

where ¢ denotes the time. In the formulation of Lagrange’s equation presented
in Section 3.2 the displacement constraints (a) are used to eliminate m;
of the N configuration variables. Doing so leaves n = N — m; generalized
coordinates which are used to determine the system energies and generalized
efforts.

As we will see in the examples below, eliminating the m; excess coordinates
can sometimes be very difficulty. For this reason we reconsider the derivation
of Lagrange’s equation with the aim of retaining all N configuration coordi-
nates is the problem formulation. For the sake of simplicity we will assume
that the displacements are selected such that the first m; displacements are
dependent on the remaining n = N —m; displacements. Since the constraints
are independent we can always rearrange the displacement variable to meet
this condition.

To begin, let the total energy of the system be E = T(q¢,p,t) + V(q),
where T'(q, p, t) is the kinetic energy, p = [p1, p2,---,pn]? are the momentum
variables, and V' (g¢) is the potential energy. The efforts applied to the system
are e = e + e, where e = [~dD(f)/df1, —dD(f)/dfa,---,—dD(f)/dfn]*
are the efforts due to ideal resistors, D(f) is the dissipation function, and
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e® = e5,e5, -+, ex]T are the applied efforts. (Note the e® excludes the efforts
due to ideal capacitors and ideal resistors.)
The variational form of the first law of thermodynamics gives

N
O0F = 6(T(q,p,t) + V(@) = W =Y (ef' +¢;) 6q. (b)

i=1

Using the relationship between the kinetic energy, T'(q, p,t) and the kinetic
coenergy, T*(q, f,t), it can be shown that equation (b) satisfies

ZNjiaT*—aT*ﬁDﬂl_esa‘—o (©)
it of,  oq  of,  oq "7

=1

(See Section 3.2.) Here, the virtual displacements, dg;, are not all indepen-
dent. In fact, a variation of the constraints (a) yields

N

ZM(SQz:Oa J:17277m1 (d)
pur

That is, the virtual displacements must be tangent to the constraint surface.

We will employ the method of Lagrange multipliers to ensure that the
condition (d) is satisfied. In particular, multiply the j-th equation in (d) by
Aj to get Zfil Aj (005/0¢;) 6g; =0, j = 1,2,---,my. Adding this result to
(c) gives

N mi
dor* or* 0D 0V 0¢,

- ——+ —+—+ =L —ef| dg; = 0. e
; atof;  0a  Of da V0 ! (€)
Here, Aj, j = 1,2,---,my are functions of the time, and are called the La-
grange multipliers. We can choose \; so that each of the first m; terms in (e)

vanish, i.e., the Lagrange multipliers are selected so that

doT* oT* 9D OV <. 99, .
dt o >\ 1 A = =1.2.... )
dt of;  0q; * ofi * dq; + ; 7 Bg; e; =0, i=12--m. (f)

Equation (e) then involves the summation of N — m; terms, i.e.,

N mi
49T* 9T* 9D OV o0,
D et S T e 6g =0
2 |d@an " oe T af ey TV ag | (9)

However, we have assumed that the displacements are arranged so that g¢;,
i =my+1,m +2,---,N are all independent. In which case the virtual
displacements, dg;, in (g) can be varied arbitrarily, and the equation can
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only be satisfied if the terms in the square brackets all vanish simultaneously.
Combining (a), (f) and (g) we see that the constrained dynamic system must
satisfy the differential-algebraic equations

doT* 9T* 0D IV <N, 0,
_ _ N\, = i
dt 0f;  Og; M ofi * 0q; ; 7 dg; “

¢i(Q?t):07 i:1727"'7m1~ (45)

Given a set of consistent initial conditions the N +m; equations in (4.5) can
be solved to determine the N +m, variables ¢ and A. In this formulation the
term A; (0¢;/0q;) is an effort, and can be interpreted as the effort required
to ensure that the j-th constraint is satisfied.

4.2.1 Application to displacement constrained systems

This section illustrates the application of equation (4.5) to dynamic sys-
tems that contain displacement constraints. Here our goal is simply to de-
termine the equations of motion of the system, the analysis of the resultant
differential-algebraic equations is considered in Chapter 5 and Chapter 6.

Ezample 4.1.

The mechanism shown in the figure below consists of two sliders (A and
B) that are connected by a massless rod. The slider A has mass my4 and
can move along the y-axis. The slider B has mass mp and can move along
the z-axis. A linear spring with stiffness k is attached to the slider B, and
the rod AB has length [. Note that the rod is connected to the sliders via
revolute joints at A and B. The acceleration due gravity acts downward as
shown, and the effects of friction are neglected.

P
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An analysis of this mechanism using Lagrange’s equation proceeds as follows.

/
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Kinematic analysis:

The configuration coordinates for the system are z and y which define the
positions of B and A, respectively. A mobility analysis shows that this system
has 1 degree of freedom thus, there is a constraint relationship between the
two variables x and y. In fact it is easy to see that at any instant the distance
between A and B is [, i.e., the system has the displacement constraint

p=x>+y* -1 =0.

This constraint equation is sufficiently simple for us to eliminate one of the
two displacement variables and proceed with the analysis using a generalized
(independent) coordinate. Here however, we will retain both coordinates in
the system description.

Applied effort analysis:

The virtual work done by the weight of slider A is equal to the work done by
the applied efforts, i.e., 0W = —magdy = e; ox + €, dy. Therefore, e; = 0
and e; = —mag. (Note that the applied efforts do not include the efforts
due to capacitors and resistors, since those efforts are accounted for in the
potential energy and the dissipation function.)

Lagrange’s equation:

The kinetic coenergy for the system is T* = (magy? + mpi?)/2, the po-
tential energy for the system is V = (kx?)/2, and the dissipation function is
D =0.

Using equation (4.5) Lagrange’s equations of motion for this system can

be stated as
dort o oD oV 0o _

At 05 or 0x ow ox o (a)
dt 9y dy 9Oy Oy oy Y
¢(z,y) = 0. ()
Using T*, V, D and ¢, given above, equations (a), (b) and (¢) become

(a) = mp@ + kx 42Xz =0,
(b) = maj + 2 y = —may,
()= 2> +y* -1 =0.

These are a set of differential-algebraic equations that determine the behavior
of the system. There are two differential equations, (a) and (b), and one
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algebraic equation, (c), that are used to determine the displacements = and
y, and the Lagrange multiplier A. Given a consistent set of initial conditions
we can solve these differential-algebraic equations to determine the trajectory
of the system. Numerical techniques for the solution of these differential-
algebraic equations will be discussed in Chapter 5 and Chapter 6.

Ezxample 4.2.

The figure below shows a planar slider crank mechanism. The crank AB
has mass m; and moment of inertia I; about the center of mass. The length
of the crank is Iy, and the center of mass is at distance l1/2 from A. The
connecting rod BC has mass mo and moment of inertia I about the center
of mass. The length of the connecting rod is s, and the center of mass is a
distance l5/2 from B. The slider D has mass mg. A torque, 7, is applied to
the crank. An analysis of this device proceeds as follows.

02
y A Ba -
my, I my, b
T
A /a) <
D m3 X
= T =

Kinematic analysis:

Let, (x1,y1) denote the coordinates is the center of mass of the crank AB,
with respect to the fixed rectangular coordinate system z-y. Similarly, let
(22,y2) be the coordinate of the center of mass of the connecting rod BC,
and let x3 be the coordinate of the slider D. The angle 6; gives the orientation
of the crank with respect to the z-axis, and the angle 6, gives the orientation
of the connecting rod with respect to the z-axis. Thus, the 7 configuration
displacement variables for the system are x1, y1, 61, x2, y2, 02, and x3.

A mobility analysis of the system shows that there is 1 degree of free-
dom hence, there are 6 constraint equations that relate the 7 configuration
displacements described above. These constraints are determined as follows.

The mass centers of the crank and connecting rod are determined via the
4 displacement constraints
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l
¢1 =T — —1cos91 :0,
b2 =y1 — %Sin91 =0,
l
¢3 = x9 — (1 cos b1 + 52(:0592) =0,

l
¢4 = Yo — (ll sin 6, + 52811102) =0.

The vector loop closure equation AB + BC = AC yields the 2 constraints

¢5 = ll C0891 +l2COS€2 — X3 :()7
d)G = ll sin01 +12 sin92 =0.

These 6 displacement constraints could be used to eliminate 6 of the config-
uration variables from the problem description. Here however, all 7 displace-
ment variables are retained in the problem formulation.

Applied effort analysis:

The virtual work done by the applied torque, 7, is equal to the work done by
the applied efforts, i.e., 0W = 7661 = e; dx1 + ey, dy1 + e 001 +e;, 2 +
€y, 0Y2 + €5, 0602 + €5, dx3. Therefore, all the configuration efforts are zero
except e = T.

Lagrange’s equations:

The kinetic coenergy of the system is

1

1 . . 1. 1 . . 1. .
T = 5ma(@t +§7) + ho7 + gma(is +93) + 51205 + 5mais,
the potential energy is V' = 0, and the dissipation function is D = 0. To
simplify the enumeration of the equations of motion let us define the dis-
placement vector q as q = [:pl,yl,ﬂl,q:g,yg,ﬁg,zg]T, and the corresponding

flow vector f as f = [i1,91, 01,22, U2, 02, #3]7. Then equation (4.5) gives



172 4 Constrained Systems

mlfv'l + /\1 = O,
m1y1 + Az =0,
1,601 + Alésin 01 — )\251 cos 01 + A3y sinf;
7)\4[1 COS 01 — )\511 sin 91 + >\6ll COS 91 =T,
mQ.'EQ + )\3 =0,
may2 + A4 =0,
. lo . I
1505 + )\35 sin 0y — )\45 cos 09
—)\5l2 sin 92 + )‘612 COS 92 = 0,
mgfi'g - )\5 = 0,
T — %COS 01 =0,
l

Yy — Elsin 01 =0,

l
9 — (I3 cos b + §2COS 02) =0,

l
y2 — (l1sinfy + gsinﬁg) =0,
l1cos0y + s cosby — a3 =0,
l18in 61 + l5 sin 0, =0.

Given a consistent set of initial conditions these differential-algebraic equa-
tions can be solved to determine the trajectory of the slider-crank mechanism.

Ezample 4.5.

The figure below shows a planar fourbar mechanism. The crank AB has
mass m; and moment of inertia I; about the center of mass. The length
of the crank is I, and the center of mass is at distance l;/2 from A. The
connecting rod BC has mass my and moment of inertia Iy about the center
of mass. The length of the connecting rod is ls, and the center of mass is a
distance l/2 from B. The follower DC has mass mg and moment of inertia
I3 about the center of mass. The length of the follower is I3 and the center
of mass is at distance l3/2 from D. The distance from A to D is l4, and a
torque 7 is applied to the crank AB. The equations of motion for this system
can be determined as follows.
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Kinematic analysis:

The angle 67 gives the orientation of the crank with respect to the x-axis, Let
(2, y2) be the coordinate of the center of mass of the connecting rod BC', and
let 65 be the angle between the z-axis and the connecting rod. Finally, the
angle 3 gives the orientation of the follower DC' with respect to the z-axis.
Thus, the configuration displacement variables for the system are, 01, 2, ys,
03, and 0s.

A mobility analysis of the system shows that there is n = 1 degree of
freedom. Typically, the angle 1 is selected as the independent displacement.
Here, however, we have chosen N = 5 configuration displacements to de-
scribe the system. Therefore, we must determine m; = N —n = 4 constraint
equations that relate these configuration displacements.

Two of the constraints provide the coordinates of the center of mass of the
connecting rod, i.e.,

l
¢1 = x9 — (I3 cos Oy + 52(30502) =0,

l
¢2 = Y2 — (ll sin01 + %sinGQ) =0.

The vector loop closure equation AB + BC = AD + DC yields the other two
constraints, i.e.,

¢3 = l1cosby + Iy cosfy —l3cosf3 — 1y =0,
¢g = l18inby + losinfy — I3sinf3 = 0.

From the constraints ¢; and ¢4 it can be seen that the variables x5 and y9
can be easily eliminated from the problem description. However, the deter-
mination of 85 and 03 from ¢3 and ¢4 is non-trivial. Here, we choose to keep
all the configuration coordinates in the system description.

Applied effort analysis:

The virtual work done by the applied torque, 7, is equal to the work done by
the applied efforts, i.e., W = 7661 = e, 661. Therefore, all the configuration
efforts are zero except eg = 7.

Lagrange’s equations:

The kinetic coenergy of the system is

T = S (I +mali /407 + Gma(i3 + 93) + 51205 + 5 (s + mals /4)03,

the potential energy is V' = 0, and the dissipation function is D = 0.
To apply equation (4.5) directly, define the displacement vector ¢ as ¢ =
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[01, 22,2, 02,057, and the flow vector f as f = [9’1,9&27;)2,9'2,9'3}? Then
equation (4.5) gives

(Il + mll$/4)91 + )\1[1 sin 91 — /\2[1 COS 01 — /\3[1 sin 01 + )\4[1 [¢0)S] 91 =T,

mgig + )\1 = O7
mafja + A2 =0,
I05 + M\ 52 sin 0y — )\252 cos By — A3l sin By + A4ls cos O =0,
(I3 + m3l2/4)05 + Asls sin 3 — \yl3 cos f5 =0,
l
x9 — (1 cos b + 52(308 62) =0,
l
y2 — (I sinfy + gsinﬁg) =0,
l1 0801 + Ilacosby — I3 cos03 — Iy =0,
l18in 01 + losinfy — [3sin O3 =0.

These 9 differential-algebraic equations can be solved to determine the tra-
jectory of the system.

4.3 Lagrange’s Equation with Flow Constraints

We now turn our attention to dynamic systems that include flow constraints
in the Pfaffian form

N
wj((bfvt):Zaji(qat)fi+aj(qat):07 J=1,2--,mg, (CL)

i=1
where ¢=[q1,qa, -+, qn]T are the displacements, and f=[f1, f2, - -, fn]? are
the flows. Also, the coeflicients a;; and a; are functions of the displacements,
q, and the time, t. It is assumed that the ms constraints are independent.
In particular, let a;; be the (j,7)-th element of the ms x N matrix A, i.e.,
A=laj;]. Then, it is assumed the matrix A has rank my along the solution
trajectory. It is further assumed that the configuration variables are arranged
such that the first mo columns of A are linearly independent. (Note that
this rearrangement of variables is only required to simplify the derivation
presented in this section. In the application of the theory we are not required
to perform this manipulation of the system variables.)

If the constraints are holonomic then equation (a) can be integrated to
find a displacement constraint of the form (4.2), and the results of Section
4.2 can be applied. If the constraints are nonholonomic, or we choose not to
integrate the flow constraints to obtain displacement constraints then, the
analysis of the system proceeds as follows.
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As in the previous section (and Section 3.2) it can be shown that the
variational form of the first law of thermodynamics leads to

Z [d or- or 6D 8V < 5 =0, )

dt afl an afz qi

where T is the kinetic coenergy, V is the potential energy, D is the dissipation
function, and e is the applied effort associated with the i-th configuration
displacement. Due to the flow constraints, (a), the virtual displacements dg;
are related via the mso independent equations

Zaji(Q7t)5Qi:07 j:1721”'7m2~ (C)

Equation (c¢) is obtained by considering a variation of the flow constraints
(a), and can be written in matrix form as

1
Adqg=1[Ap Aj] { qD} = Apdgp + Ardq; =0,

oqr
where Ap contains the first mgy columns of A, gp = [q1,q2, ", qm,] ", and
41 = [Gmyt1s Gmat2, > qn] L. We have arranged the variables so that Ap is

nonsingular hence,

5qD = —ABlAI 5(]1.

This last equation indicates the virtual displacements d¢p are dependent on
the virtual displacements dq;.

To account for the constraints (c¢) in equation (b) we will employ the
method of Lagrange multipliers. That is, multiply the j-th equation in (¢) by
w; and add the result to equation (b) to get

EN: dors 9T* oD oV

S — e @il 6 =0. d
@of o0 ton Ton At e des 0 ()

i=

Here, p; are functions of the time, and are called the Lagrange multipliers.
We will select these mo multipliers so that

d oT* oT* (9D 3V
& of,  oq o " *Z“J“” =0,

i=1,2---,mg. (e)

Thus, we have used the Lagrange multipliers to eliminate the first mso terms
of the summation in equation (d). As a result equation (d) becomes
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N m2
dor* oT* 3D ov
— - — —e€; jajq; | 0g; = 0.
2 @oR " on Top tag ot )
i=1+mo j=1
By construction the N — ms virtual displacements, dq;, 1 = mo +1,---, N,

can all be chosen independently. Since the virtual displacements in (f) can
be varied arbitrarily, this equation will be satisfied only if

doTr* oT* 90D 8V
e—l—z,ujaﬂ—o

- _ | = 1 2.---.N.
&t ofi  oq Tan " i=mptlLmatd, e,

(9)

Combining equations (e), (g) and (a) we see that the trajectory of the
constrained dynamic system satisfies

dort _or* 9D av+§2: .
dtdf; 0 " 0fi  0q ="

N
Zajz(Q7t)fZ+a](Qvt)zov ]:17277m2 (46)

i=1

Given a set of initial conditions, that are consistent with the constraints,
these N + mo differential-algebraic equations can be integrated to determine
the N displacements, ¢, and the mo Lagrange multiplier, u.

Note that holonomic flow constraints can be treated directly using equa-
tion (4.6), or they can be integrated to obtain displacement constraints which
are then used in equation (4.5). On the other hand, the derivatives of the dis-
placement constraints (4.2) are in the Pfaffian form, in fact, aj; = 9¢;/0q;
and a; = 0¢;/0t. Therefore, equation (4.6) can be used to analyze systems
with displacement constraints. However, converting the displacement con-
straints to flow constraints must be used with some care, since there is no
assurance that the original displacement constraints will be satisfied exactly.
This issue is considered in more detail in Chapter 5.

4.3.1 Application to flow constrained systems

This section presents some examples that illustrate the application of equa-
tion (4.6) to the modeling of dynamic systems that have flows constraints
which can be written in the Pfaffian form. The first example has integrable
flow constraints, and the other examples all have nonholonomic constraints.
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Ezxample 4.4.
The network shown in the figure below can be analyzed using equation (4.6)
as follows.

_:T‘% R Téﬁ

Kinematic analysis:

Six configuration flows are assigned to the model, i.e., ¢1,qo, -+, ds. These
variables are not all independent, in fact there aren = B—N+1 =6—4+1 =3
independent flow variables. (Recall that, B is the number of branches, and
N is the number of nodes in the network.) This implies that there are three
independent constraint equations that relate the 6 flow variables. These con-
straints can be found by applying Kirchhoff’s current law to the nodes A, B
and C of thew network. Doing so gives the 3 flow constraints

V1=q1—q¢=0,

Y2 =q2+ 43— qa =0,

3 = qGa+ G5 + g6 = 0.
Clearly these constraints are integrable and we can use them to (i) obtain
displacement constraints of the form (4.2), and/or (ii) eliminate three of the

flow variables for the problem description. Here however, we will retain all
the variables in the problem description.

Applied effort analysis:

The virtual work done by the applied voltage v(t) is W = v(t) d¢q1. Thus,

the applied efforts e are all zero except e; = v(t).

Lagrange’s equations:
The kinetic coenergy for the system is

T = é(quﬁ + Lag}),
the potential energy is

_ 4, 4
2C; 20y

and the dissipation function is
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1. 5
D = iquG'

In terms of the Pfaffian form, (4.1), the constraints 11, 19 and 3 have the
coefficients

1 -1 0 0 0O
A= [aji] = 0 1 1 -1 0 0 5
0 0 0 1 11
and a; =0, j =1,2,---,6. Hence, Lagrange’s equations of motion, (4.6), are
H1 = U(t)v
LiGo — p1 4+ p2 =0,
4q3
43 =0
Cl + 125 9
LaGy — p2 + p3 = 0,
qs
Ao =0,
Oy + 3
Rigs + ps =0,
G —¢2=0,
g2 +q4s — qa =0,
qa+d5+g6 = 0.

To solve these differential-algebraic equations we require a set of initial condi-
tions that are consistent with the constraints 11, 12 and 3. These equations
of motion are relatively simple and it is not difficult to reduce these to three
ordinary differential equations involving three independent flow variables (see
Problem 6).

Example 4.5.

The figure below shows a fixed rectangular coordinate system z-y-z. The
z-axis make an angle « with respect to the horizontal. A thin disk with
radius r rolls without slipping on the inclined z-y plane. The origin of the
x1-y1-2z1 rectangular coordinate system is located at the geometric center of
the disk. Also, the zi-axis and zi-axis are in the radial direction of the disk.
The disk has a mass m, a moment of inertia I; about the y;-axis, and a
moment of inertia I5 about the x1-axis and the z;-axis. The acceleration due
to gravity, g, acts downward as shown, i.e., perpendicular to the horizontal
and at angle o with respect to the z-axis.
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Kinematic analysis:

The coordinate of the center of mass of the disk, with respect to the z-y-
z coordinate system, is defined by z, y. (The z coordinate of the center of
mass is r at all times.) The orientation of the disk is defined by the angles 6
and ¢. Since the disk is rolling without slipping the velocity of the center of
mass must satisfy the nonholonomic constraints

P = j:—récos@ =0,

o = 1 — rdsind = 0. (a)

These two equations can not be integrated to eliminate the x and y displace-
ments from the system description. Hence, all four displacements (x, y, 6 and
@) are retained in the model.

Applied effort analysis:

The weight of the disk is given by the vector @ = mg(—sinai — cosa k),
where 7 is the unit vector along the z-axis, and k is the unit vector along the
z-axis. Since the force along the z-axis does no virtual work, the virtual work
done by the weight is W = —mgsin a dx. Therefore, the applied efforts are
all zero except e = —mgsina.

Lagrange’s equations:
The kinetic coenergy for the system is

1 1_ . 1. 1 . 1. .
T* = —m(i? +92) + =L ¢* + — 1,07 = — (I, + mr?)¢* + 62
2 2 2 2 2
The potential energy is V' = 0, and the dissipation function is D = 0. To use
equation (4.6) let ¢ = [z,y, ¢,0]T. Also, using the notation of equation (4.1)

to describe the constraints (a) implies that

a1 =1, a;2=0, aj3=-rcosf, a4=0, a; =0,
ag1 = O7 a9 = 1, a9z = —7T sin (9, agy = 0, as = 0.



180 4 Constrained Systems
Putting these in equation (4.6) gives

@1 —mgsina = 0,

p2 =0,

(I +mr?)¢ — prcosf — porsind = 0,
L =0,

ifrgﬁcosﬂ =0,

§—rosinf = 0.

These differential-algebraic equations can be reduced to the differential equa-
tions

(Iy + mr?)¢ 4+ mgr sin a cos(0y + wt)
i — rcos(fy + wt)
§ — résin(fy + wt)

0,
0,
0.

To obtain this result we have used the fact that 8 = 6y + wt, where 6y and
w are constants, and ¢ is the time. These differential equations can easily be
solved given initial conditions for x, y and ¢.

Ezample 4.6.

The figure below shows a two-wheeled vehicle that moves in the z-y plane.
The wheels at A and B roll without slipping in the plane. Both wheels have
the same diameter and are connected by an axle through their centers. The
vehicle has mass m, and moment of inertia I about the center of mass in the
z direction.

Kinematic analysis:

The coordinate of the center of mass of the vehicle is z, y. The angle 6 + 7
gives the orientation the axle with respect to the z-axis. Since the wheels roll
without slipping the x and y velocities of the center of mass must satisfy the
nonholonomic constraint

Y1 =19 —2tan® = gcosh — 2 sind = 0. (a)



4.3 Lagrange’s Equation with Flow Constraints 181

This constraint indicates the the velocity of the vehicle is normal to the axle
at all times.

Applied effort analysis:
There are no applied efforts for this problem.
Lagrange’s equations:
The kinetic coenergy of the systems is
T = %m(j:Z +9%) + %Iéz,

the potential energy is V' = 0, and the dissipation function is D = 0. To
apply equation (4.6) define the displacement vector ¢ = [z,v,0]. Also, note
that the coefficients of the flow constraint (a) in the Pfaffian form (4.1) are

a1 = —sinf, a3 =cos, a;3=0, ay; =0.
Using these terms the equations of motion can be written as

mi — ppsinf = 0,
my + pq cos = 0,
16 =0,

ycosh — xsinf = 0.

Given a set of initial conditions these 4 differential-algebraic equations can
be solved to determine z, y, § and p;.

Example 4.7.

The figure below shows a three-wheeled vehicle that moves in the z-y plane.
The wheels at A, B and C roll without slipping, and the vehicle has mass m,
and moment of inertia I about the center of mass in the z direction.
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Kinematic analysis:

The coordinates of the center of mass of the vehicle are z, y, and the ori-
entation of the vehicle with respect to the x-axis is given by the angle 6.
The angle ¢ measures the orientation of the steering wheel at C relative to
the body of the vehicle. Since the wheels A and B roll without slipping the
velocity of the center of mass satisfies the nonholonomic constraint

Y1 =9 —ttanf = gycos — & sinf = 0. (a)

This constraint indicates that the velocity of the center of mass is directed
along the line OC at all times. Also, since the wheel at C rolls without slip-
ping the components of the velocity of the point C' satisfy the nonholonomic
constraint

%~ tan(0 + 9). (b)
Ve,

where ve, is the x component of the velocity at C, and vc, is the y component
of the velocity at C'. From the figure above it can be seen that

ve, = %(m—&—lcos@) =i —l0sind,

v, = %(y—i—lsin@) = ¢ + 10 cos b.

Using these in equation (b) gives the constraint

Vg = gy cos(f + ¢) — i sin(f + ¢) + 10 cos ¢ = 0. (c)

Applied effort analysis:
There are no applied efforts for this problem.

Lagrange’s equations:



4.4 Lagrange’s Equation with Effort Constraints and Dynamic Constraints 183

The kinetic coenergy of the system is
1 1 .
1 * = im(zz =+ y2) + 5]927

the potential energy is V = 0, and the dissipation function is D = 0. If we
define the displacement vector q as ¢ = [z,y,6]7 then, the coefficients of the
flow constrains (a) and (¢) can be given in the Pfaffian form (4.1) as

a1 = —sinf, a3 =cos, a;3=0, a3 =0,
a1 = —sin(0 + @), agzx =cos(0+ ¢), agz =Ilcos¢, az =0,

Note that the steering angle, ¢, is treated as a ‘control’ input to the system.
With these definitions the equations of motion (4.6) can be written as

mE — py sind — pgsin(f + ¢) =0,
my + p cos 0 + ps cos(d + ¢) =0,
Ié—l—uglcosqﬁ =0,
gycost — xsind = 0,
ycos(f + ¢) — @sin(f + ¢) + 1@ cosp = 0.
These 5 differential-algebraic equations can be integrated to find the tra-

jectory of the system given initial conditions, that are consistent with the
constraints, and a steering angle ¢.

4.4 Lagrange’s Equation with Effort Constraints and
Dynamic Constraints

In this text we use dynamic constraint equations and effort constraint equa-
tions to account for regulated effort/flow sources in the systems model. Some
system elements that can be modeled as regulated sources include, DC mo-
tors, diodes, transistors, operational amplifiers and Coulomb friction. Also,
dynamic control system elements can easily be accommodated using this ap-
proach.

The dynamic constraints are in the form of differential equations as de-
scribed by equation (4.3), and the effort constraints are algebraic equations
as described by equation (4.4). If the system contains regulated sources that
are described using these constraint equations then we can simply append
the dynamic constraints and effort constraints to the Lagrange’s equation
(4.5), or (4.6). Note however, that the efforts in the dynamic constraints, and
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the efforts in the effort constraints must be accounted for in the virtual work
expression.

The examples below illustrate how dynamic constraints and effort con-
straints can be included in the systems model.

Ezample 4.8.

A simple model of a full-wave rectifier is shown in the figure below. The net-
work shows two diodes connected to voltage sources v1(t) and va(t). These
voltages are the output from a center tapped transformer, and are such that
v2(t) is 180° out of phase with vy (¢). The circuit also includes a capacitor,
C, and a load resistor R.

Kinematic analysis:

We have assigned flow coordinates ¢1, g2, ¢3 and g4 to the model. These flows
are not all independent since, at node A, Kirchhoff’s current law requires

Y1 =dq1+ 42— (43 +qs4) = 0.
Applied effort analysis:

The voltage sources behave according to the equations v1(t) = V sinwt and
v2(t) = Vsin(wt+m) where V and w are constants. The diodes in the network
satisfy the effort constraints

Fl = ql — Is(eXpavdl —1) = 0,
FQ = (jg — Is(expo‘”@ —1) = O,

where I, > 0 and a > 0 are constant and depend on the particular diode
employed. In these equations vg, is the voltage across the diode at the top
of the network, and vy, is the voltage across the diode at the bottom of the
network.

The virtual work of all the applied voltages is thus,
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OW = (v1 — vg,) 0q1 + (v2 — vy, ) 0g2 = €] dq1 + €5 dga.

Lagrange’s equations:

The kinetic coenergy for the system is T* = 0, the potential energy is
V = ¢3/(2C), and the dissipation function is D = R¢3/2. Using these terms
it can be seen that the equations of motion for the system are

/’[/1 :vl_vd17

H1 = V2 — Ud,,
g3

2 =0,
C H1

Ry —p1 =0,
q1+d2— (43 +4d4) =0,
q1 — Is(exp™ —1) = 0,
Go — Is(exp™?2 —1) = 0.
The first 5 equations are due to (4.6), and the last 2 equations are the effort

constraints I} and Is. These 7 differential-algebraic equations can be solved
to determine the variables qi1, g2, g3, g4, p1, V4, , and vg,.

Ezample 4.9.

An electrical network with an NPN bipolar junction transistor is shown in
the figure (a) below. We would like to find the equations that describe the
behavior of this system.

+
ViC

Kinematic analysis:

As described in Chapter 1 we will treat the transistor as voltage regulated
current source. In particular, the currents at the base (B), collector (C') and
emitter (E) are determined by the voltages at these nodes. An equivalent
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circuit model for the transistor is shown in the figure (b). In this equiva-
lent network model vgg and v denote the base-emitter and base-collector
voltages, respectively. Also, we have assigned the flow variables (i.e., the cur-
rents) ip = B, ic = ¢ and iy = ¢g to the branches of the network. We note
that this circuit has two independent loops hence, only two of the assigned
currents can be treated as independent variables. By summing the flows into
the transistor we get the flow constraint equations

P =1ip+ic—ig =0.

Applied effort analysis:

Using the Ebers-Moll model for the transistor the voltages vpg, vgc, and
currents ig, ic must satisfy the effort constraint equations

Ii . B _ Igs —Ig e*VBE — ] _ 0
| |ic Is —Icg e*ec — 1| |0
where the nonnegative parameters Igg, Icg, Is, and « are properties of the

transistor.
The virtual work done by the efforts in the equivalent circuit is

OW = (v1 +vBc) 6qc +v20¢B — VBE 0qE.

Lagrange’s equations:

The kinetic coenergy, potential energy and dissipation function for the circuit
are, T* =0,V =0, and

1 . . .
D = 5(33%23 + Rogt + Redh),
respectively. Hence, Lagrange’s equations of motion (3.9) yields

Rege +p = v +vsce,

Rpgp + 1 = v,

Regr — p = —vBE.
Given a set of consistent initial conditions, these three differential equations
along with the effort constraints Iy = 0, and I's = 0, and the flow constraint

1 = 0, can be solved to determine the six variables qg(¢), gc(t), gr(t), veE(t),
vpc(t), and p(t).
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Ezxample 4.10.

This example develops the equations of motion for a DC motor system with
proportional plus integral (PI) position control. The motor model includes
the inductance of the coil L, and the resistance of the coil, R. The rotor has
moment of inertia I, and is subject to torsional damping which is modeled
as a linear torsional damper with damping coefficient b. In this system the
angular displacement of the motor is required to follow a desired trajectory
04(t). To accomplish this the input voltage for the motor is determined from
a PI feedback control law.

DC Motor

Kinematic analysis:

The generalized flow variables for the model are the motor current, ¢, and
the shaft speed, 6.

Applied effort analysis:

The efforts associated with this model are (i) the back emf voltage, vy, (ii)
the motor torque, 7, and (iii) the input voltage, v(t). The back emf and the
motor torque are determined by the effort constraint equations

FlzvbebG.:O,
In=7—-K=0,

where K, is the back emf constant, and K; is the torque constant for the
motor.
The voltage input for the motor is determined from the control law

o(t) = K, (0 — 04) + K, / (0 — 04) dt. (a)

In this equation K, is the proportional controller gain, and K; is the integral
controller gain. The first term in equation (a) produces an input voltage that
is proportional to the error between the motor angle, 8, and the desired angle
04. The second term in equation (a) produces a voltage that is proportional
to the integral of the error between the motor angle and the desired angle. If
we introduce the dynamic variable s so that

ds
a_e_eda
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then equation (a) can be rewritten as the constraints

$= 31 =(0—6),
Iy =v—Ky(0—04) — K;s =0,

where X is a dynamic constraint, and I3 is an effort constraint.
The virtual work done by the efforts is

W =vdqg— vy dqg+ 70 = (v —wp) 6q + T 6.
Therefore, the generalized efforts are e; = v — v, and ej = 7.
Lagrange’s equations:
The kinetic coenergy for the system is
* 1 -2 )2
T = i(Lq + 167),
the potential energy is V' = 0, and the dissipation function is
Lo 32
Using these we can obtain the equations of motion for the system as

Lq+Rq:v_Ub,

10+ b0 =7,
$§—(0—6a) =0,
Ub—Kbézo,
T— K¢ =0,

v—Kp(0—63) — K;s=0.

In these equations we have chosen to retain the dynamic constraint and the
effort constraints. The first two equations are due to (3.9), the third equation
is the dynamic constraint, the fourth equation is the effort constraint due to
the back emf voltage, the fifth equation is the effort constraint due to the
motor torque, and the sixth equation is the effort constraint that defines the
voltage input due to the PID control.
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4.5 The Lagrangian Differential-Algebraic Equations

The results of the previous sections can be combined to yield a systematic ap-
proach for modeling multidiscipline dynamics systems. In particular, consider
a dynamic system described with N configuration displacement variables,
q=1q1,q2, -, qn|T, and corresponding flow variables, f = [f1, f2, -+, f~]T
In addition, the system is required to satisfy the displacement and flow con-
straints

¢j(Q1t):07 j:172v"'7m17 (CL)
’(/}](qaf7t)20? j:1a2a"'am27 (b)

where N > (mq 4+ msg), and the flow constraints, 1, are in the Pfaffian form.
The system also includes effort constraints

Ii(q, f,s,et), j=1,2,---,ms3, (c)
where e = [e1, e, -+, em,| are the regulated efforts, and dynamic constraints
55, =2X5(q, f,s,e,t), 7=1,2,--- ,my, (d)

where s = [s1, 82, -+, 8m,]T are the dynamic variables.

Then we can use the results of Sections 4.2 and 4.3 to show that equations
of motion for the system becomes

doT* 9T* 9D OV <X . 9 <z 9
> gy + g

Ozaafz’_aqz'—i—afz—i_i—’— 7_6
1=1,2,---,N,

0=¢i(g,t), 1=1,2,--- ,myq,

0="1i(g, f,t), i=12,---,ma,

0=238—2i(q,f,s,e,t), i=1,2--- my,

0="TIi(q, f,s,et), i=1,2,---,ms3. (4.7

In these equations T*(q, f,t) is the kinetic coenergy of the system, V(q) is
the potential energy of the system, and D(f) is the dissipation function for
the system. The virtual work done by the system efforts is encompassed
in configuration efforts, e;, such that dW = Zfil ef dg;. The configuration
efforts, e include the regulated efforts, e;, from the dynamic constraints and
effort constraints. Note however, that e] does not include the efforts due to
capacitors and dampers that are represented in the potential energy V(q),
and the dissipation function, D(f). The variables A;, j = 1,2,---,my, are the
Lagrange multipliers associated with the displacement constraints, and the
variables p;, j = 1,2,---,mg, are the Lagrange multipliers associated with
the flow constraints.
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Equation (4.7) is called the Lagrangian Differential-Algebraic Equations
(LDAESs). These equations can be stated compactly as

q_f:07
Mf+¢ix+¢iu+T =0,
s—x =0,
¢ =0,
Y =0,
r=o, (4.8)
where
0*T* ¢
M = nga (rb: [¢1a¢27"'7¢m1]Ta (bq = (97(]7 A= [/\17)‘27"’>>\m1}T7
0
7/1:[¢1ﬂ/’27"‘ﬂ/’m2]Ta wf:%a ,u:[,ulmu27"'7,qu]Ta
T = 2 1™ f+§ @ ,BT*+87V+87D,GS
- |0q \ Of ot \ of dq 90q Of ’

6‘9:[6‘;78;7.'.76?\[]7—‘, F:[F17F2a"'aFT7’L3]T7 E:[ZlaEQ,"';Em4]T-

This system consists of 2N + mq + mg + m3 + my differential-algebraic equa-
tions in the variables q, f, A, i, s and e. The first equation in this sequence
is a simple statement that the flow variables are the time derivative of the
displacement variables. In the second equation the matrix M is called the
inertia matrix. It should be clear that M represents the coefficients of terms
that are quadratics of f in the kinetic coenergy, T*. The matrix ¢, is the
Jacobian of the displacement constraints with respect to the displacement
variables, ¢. The matrix v; is the Jacobian of the flow constraints with re-
spect to the flow variables, f. The third, fourth, fifth and sixth equations
are the displacement constraints, flow constraints, dynamic constraints, and
effort constraints, respectively.

It is interesting to note that equations of motion for all of the physical
dynamic systems considered in this text can be put in the form of equation
(4.8). Moreover, equations (4.8) are well suited for automatic generation via
computer programs. Such a program would be required to compute the partial
derivatives of T*, V', D, ¢, and 9, needed to construct M, ¢4, 17 and 7. This
approach to systems modeling is particularly attractive for physical systems
that involve a large number of variables, or systems that contain nonlinear
constraints. For ‘simple’ dynamic systems however, it may be advantageous
to eliminate the algebraic equations from the LDAEs. This is the subject of
the next section.
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4.5.1 The Underlying ODEs

In this section we show how a special class of LDAEs can be reduced to ordi-
nary differential equations (ODEs). Here we consider an autonomous LDAEs
of the form

M(q, [)f + ¢q(@)" A +7(q, f) = 0, (a)
o(q) = 0.

This system of differential-algebraic equations is called autonomous because
the time variable does not appear explicitly in these equations. Note also that
there are no flow constraints, dynamic constraints or effort constraints in this
system. Moreover, we assume that the matrix M (q, f) is nonsingular, and the
displacement constraints, ¢(q), are linearly independent along the solution to
the LDAEs. This system of 2N + mo differential algebraic equations can be
reduced to a system of 2N differential equations by eliminating the Lagrange
multipliers.

To do so we differentiate the displacement constraint with respect to time

twice to get
dolg,t) _ . _
dt - quf - 07
d*¢(q, :
THGLYD _ o+ (60f) 1 =0 )

Since M is nonsingular the second equation in (a) gives

f=-MT@IN+T1).

Using this in (b) we find that the Lagrange multipliers must satisfy
_ -1 _
A= [0,M 767 (0af), £ = 0,M 7T (c)

The underlying ODEs for the system is then obtained by putting (c¢) in the
second equation of (a), and ignoring the constraint ¢ = 0, i.e.,

q. = f’
f=—M¢,()7 [pgM ¢ [(¢qf)q f— oM ‘IT}
- M1

Ezxample 4.11.

Consider the simple pendulum shown below. The one degree of freedom
system is modeled using displacement coordinates ¢; and ¢o (the location of
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the mass m). The corresponding flows are f; and fs. The displacements are
related by the constraint equation ¢ = ¢3 + ¢3 — [2 = 0.

In this case the kinetic coenergy, potential energy and dissipation function
are, T* = m(f% + f3)/2, V =0, and D = 0, respectively. The virtual work
done by the weight is dW = mgdqs.

The Lagrangian DAEs for the system are thus

@ = fi,

G2 = fo,
mfi + 2\ = 0,
mfs + 2¢2\ = myg,
qi +q; —1*=0.

Taking two time derivatives of the displacement constraint equation gives

¢ =2qf1+2¢f =0,
¢ =27 +2f3 +2q1f1 + 2g2.f> = 0.

However, from the Lagrangian DAE we know that

fi==2q\/m, fo= 2@pA/m+g.

Using these in (Z) = 0 shows that the Lagrange multiplier must satisfy

m

A= o

(ff + 13 + ¢29)-
Hence, the underlying ODEs for this model is

Q1 - fl)
G2 = fa,
; q
fot g+ 13 + a29) =0,

fo+ %(ff +f3 +a29) = g.

Note that the underlying ODEs do not satisfy the displacement constraint
¢ = ¢ + g5 — 1> = 0, explicitly. As a result the numerical solution of the
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underlying ODEs may ‘drift’ away from the displacement constraint. This
issue will be discussed further in Chapter 5.
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Problems

. Use z1, y1, x2 and yo as the only configuration displacements to derive

Lagrange’s equation of motion for the double-pendulum shown in Section
4.1.

Derive Lagrange’s equation of motion for the electrical circuit in Section
4.1 using qo, q1, g2 and g3 as the only configuration displacements.
Repeat Example 4.1 using the angle between the rod AB and the z-axis
as the generalized coordinate.

. Derive Lagrange’s equation of motion for the slider-crank mechanism in

Example 4.2 using 61, 05 and x3 as the only configuration displacements.
Repeat Example 4.3 using 01, 03 and 63 as the only configuration dis-
placements.

In Example 4.4 select three for the flow variables as generalized coordi-
nates. Then reduce the differential-algebraic equation of motion to three
ordinary differential equations involving the generalized coordinates.



194

7.

8.

10.

4 Constrained Systems

Derive Lagrange’s equations of motion for the system in Example 3.12
(Chapter 3 ) using = and 6 as the configuration displacements.

The model of a planar R-R robot is shown in the figure here. The link
AB can rotate about the revolute joint at A in the x-y plane, and the link
BC' can rotate about the revolute joint at B in the z-y plane. The link
AB has length [1, mass m1, and moment of inertia I; about its center of
mass, which is in the geometric center of the link. The link BC' has length
lo, mass ms, and moment of inertia I about its center of mass, which is
in the geometric center of the link. The torques 7 and 75 are applied to
AB and BC, respectively. The coordinate of the center of mass of link
AB is x1, y1, and the coordinate of the center of mass of link BC' is xs,
y2. Derive Lagrange’s equation of motion for the system using x1, y1, «,
X2, Ya, and [ as the system coordinates. (Neglect gravity.)

Ty B

Derive Lagrange’s equation of motion for the systems shown below. The
uniform rod AB has mass m; and moment of inertia I;. The slider at D
can be treated as a point with mass mso. Neglect the weight of the rod
DC. A torque 7 is applied to the rod AB and gravity acts in the direction
shown.

SSSSSSASSSSSSSSSSSSSS

A torque 7 applied to the link AB drives the mechanism shown below.
The center of mass for link AB is located at A, and the link has mass m;
and moment of inertia I;. The link BD has mass my and moment of iner-
tia I5 located at the geometric center of the link. Neglect the mass/inertia
of the slider at C'. Derive Lagrange’s equation of motion for this system.
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11. Derive Lagrange’s equation of motion for the mechanism shown below.
The link AB is subject to the input torque 7. Assume that the links
AB, ED CF and FG are uniform, i.e., the center of mass is located at
the geometric center of the link. The center of mass for the link BCD is
located at the midpoint of the line BD.

C

12. The gears at A and B have radius r; and ry, respectively. The link AB
is subject to an input torque 7. Derive Lagrange’s equation of motion for
this system. Assume that the links AB, CD and DE are uniform. Also,
the gear at B has its mass center at the point B.

» D
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13. Derive Lagrange’s equation of motion for the electrical networks in Chap-
ter 2, Problem 14. Do not eliminate the ‘excess’ flows, or efforts.
14. Consider the Lagrangian DAEs

M(q, f.t)f + ¢q(a, )" X+ 2 (q, f, 1) =0,
#(g,t) = 0.

Find the underlying ODEs for this system by eliminating the Lagrange
multiplier A.
15. Consider the Lagrangian DAEs

Q=

Find the underlying ODEs for this system by eliminating the Lagrange
multipliers A and pu.



Chapter 5
Numerical Solution of ODEs and DAEs

It has been shown in the previous chapters that the equations of motion
for dynamic systems can be written as systems of ordinary differential equa-
tions (ODEs), or differential-algebraic equations (DAEs). In this chapter we
present some numerical methods for the solution of these ODEs and DAEs,
with emphasis on the single step Runge-Kutta methods.

In Section 5.1 we present some basic results from the numerical solution of
ordinary differential equations. In particular, we introduce some first-order
solution techniques as well as the concepts of stability, stiffness, error estima-
tion and step size control. Section 5.2 presents the higher-order Taylor series
and Runge-Kutta methods for the solution of ordinary differential equations.
Here we consider both explicit and implicit Runge-Kutta methods. Section
5.3 considers the numerical solution of differential-algebraic equations. Here,
we give specific details for an implicit Runge-Kutta method that works well,
when applied to both ODEs and DAEs. Finally, in Section 5.4 we outline a
multistep method based on the backward differentiation formula (BDF).

5.1 First-order Methods for ODEs

This section presents some basic numerical methods for the solution of ordi-
nary differential equations. To do so we introduce some important definitions
and concepts relevant to the numerical solution of ODEs and DAEs. Here we
are concerned with the numerical solution of the ordinary differential equa-
tions

y=f(y,t), ti<t<ty (5.1)
y(ti) = vi,

where, t is the time, y(t) € R", is a vector of n time dependent state variables,
f(y,t) € R™, are the system equations, ¢; is the initial time, ¢ is the final
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time. Equation (5.2) indicates that at the initial time, the state vector must
be equal to y;. We would like to find an approximate solution to ordinary
differential equations (5.1) in the interval t; < ¢ < ;.

The problem (5.1)-(5.2) is called an initial value problem, because the
solution to the differential equations (5.1) is specified at the initial time.
(This type of problem is distinct from two-point (or multi-point) boundary
value problem where the solution is specified at two (or more) points in the
interval ¢; < t < ty). Throughout this text it is assumed that f(y,t) is
continuously differentiable, with respect to its arguments, along the solution
to the initial value problem.

5.1.1 The explicit Fuler method

Let t© =¢; and t(V) = ¢(9 + h, where h is some small increment in the time.
In the algorithms developed below we call h the step size. In this section
we also let t(*) = t*=1) 4 h for k = 0,1,2,---. Thus, t**) represents a set of
discrete time points that are equally spaced. Later we will relax this condition
and allow nonuniform spacing of the time points ¢t(*).

Now let y(¢t(*)) be the exact solution to the initial value problem at time
(k). Then a Taylor series expansion of y(t*+1)) about t(*) yields

dy(t®) - dPy(t™)) h?
h _
toa "tTae 2 T

= 1)+ (e, 0yp ¢ LD

y(t* D) = y(t)

(5.3)
R

Neglecting terms of order h? and higher we get an approximate solution to
the initial value problem at ¢(*t1) as the discretization formula

y(k+1) _ y(k) + f(y(k),t(k))h. (5.4)

Here, y®) represents the numerical solution at time t)| i.e., y*) ~ y(t(k)).
Another approach to deriving (5.4) is to approximate the derivative 7(t(*))

using
1
PR = —
pt™) = o

Putting (5.5) into (5.1) with ¢ = t() and y(t) = y*® gives (5.4). The discrete
equation (5.5) is called the forward Euler formula, and (5.4) is called the
explicit Euler method.

Algorithm 5.1.1 uses the explicit Euler method to find the approximate
solution of the initial value problem (5.1)-(5.2). This algorithm computes the
approximate solution at N discrete time points t*), k = 1,2,---, N. Starting
with the initial condition 3(°) = y(¢;) the method marches forward using the

(yF D — k), (5.5)
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prior solution, y*), to compute the solution at the next time step, i.e., y(¥+1).
The explicit Euler method is called a single step method because it only uses

the solution at time ¢t*) to compute the solution at time ¢(k+1).

Algorithm 5.1.1 Explicit Euler Method

Input: An integer N >0, h = (t; —t;)/N, 0 =¢,, y(O) =y(t:) = yi.
Output: y*) k=1,2,..- N.

1: for k=0,1,---,N —1do

2: Y1) = o (k) L pf(y(R) ¢(R))

3: tk+1) — (k) 4 p

4: end for

Ezample 5.1.

In this example we will apply the explicit Euler method to the scalar or-
dinary differential equation

y =Y,
with initial condition y(0) = 2. The exact (analytical) solution to this initial

value problem is y(t) = 2e~*. Applying the explicit Euler method to this
ordinary differential equation gives the iteration

Y+ 8 4 (B 400
= y®) — py®)
= (1= n)y™®.

Let E®) = |y(t*))—y*)| i.e., E®) is the error between the analytical solution
and the numerical solution at time ¢t*). The table below shows the errors
produced by Algorithm 5.1.1 at different times, using step size h = 0.1 and
step size h = 0.01.

t h=0.1h=0.01
Ek) Ek)
0.1 0.009 0.0009
0.2 0.017 0.0016
0.3 0.023 0.0022
0.4 0.028 0.0026
0.5 0.032 0.003

These results show that (i) a smaller step size produces a smaller error, and
(ii) in the interval 0 < ¢ < 0.5, the error increases as the time increases.
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From the results of this example we may be tempted to make h very
small so that the error E*) becomes insignificant. This is inadvisable for two
reasons. First, as the step size becomes very small we will require a large
number of steps to complete the integration from ¢; to t¢. Thus, the method
becomes less efficient as h gets smaller. Second, there is a limit to how small
we can make the step size. In computers, real numbers are represented by a
finite number of digits and not all real numbers can be represented exactly.
An unfortunate consequence of this inexact representation is that two distinct
real numbers may have the same representation in the computer. Specifically,
all digital computers have a parameter called the ‘machine precision’, or the
‘machine epsilon’, €p; > 0, which is defined as the largest number for which
14€p; = 1. Thus, 1 and 1+€j; have the same representation in the computer.
If we make our step size h ~ €y then, t*+t1) = t*) 4 p = ¢t(®) and it becomes
meaningless to attempt an integration from step k to k + 1 in this case.

In the following sections we will address the issue of selecting a step size, h
that provides a sufficiently accurate solution and yields an efficient numerical
procedure.

Stability

Consider the application of the explicit Euler method to the scalar ODE
¥ = Ay, where A < 0 and y(0) = 1. Then (5.5) gives

y* D =y L™ 1) =y hay® = 1+ nA ™. (a)
For this problem we know that the exact solution is y(t) = e, and that

lim y(t) =0, (b)

t—oo

because A < 0. However, the numerical solution produced by the explicit
Euler method does not share the property (b) for all step sizes h > 0. For
example, suppose A = —1 and h = 3 then (a) gives yF D) = —2y(k) " So for
k=0,1,2,--- we get

y = —2

y(2) — _2y(1) —4
y(3) — _2y(2) — _8
y@ = —243) =16

Thus, in the limit as & — oo, (i.e., t — o0o0) we get y¥) — oco. As a result
the numerical method is unstable, even though the ODE itself has a stable
solution.
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A close examination of (a) shows that the explicit Euler method is stable
only when |14 hA| < 1. Thus, we must select h < —2/\ for the explicit Euler
method to be stable for this example problem.

We can establish an important property of numerical integration formulas
by considering the scalar ordinary differential equation y = Ay, where X is
a complex variable. Specifically, the application of the explicit Euler method
to this problem gives

yF D = (14 Ay P = (14 2)y™) = R(z)y™ (c)

Here, z = h) is a complex variable, and R(z) = 1 + z is called the stability
function for the numerical integration formula. The discretization equation
(c) will be stable provided that |R(z)| < 1. The region in the complex plane
for which |R(z)| < 1 is called the region of absolute stability. Figure 5.1
shows the region of absolute stability for the explicit Euler method. This is
the shaded region defined by a unit circle centered at z = —1. Thus, all values
of h for which z is not in the shaded region leads to unstable iterations.

Fig. 5.1 Explicit Euler method region of absolute stability

Stiff differential equations

According to Hairer and Wanner (1996) stiff differential equations are systems
for which explicit methods do not work. For stiff systems explicit methods
are very inefficient because they require very small step sizes to maintain
stability of the method.

As an example consider the differential equation § = \(y — t2) + 2t, with
A < 0 and initial condition y(0) = 1. The analytical solution to this problem
is y(t) = e + 2.

Now, applying the explicit Euler method to this differential equation yields

BT = ) gy () 48
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= (14 M)y™ — An(t")2 + 20t ®).

On the other hand, writing the analytical solution y(t(k“)) as a Taylor series
about t(*) gives

y(tFHD) = (@) 4+ RN + 2t0)) + O(h?)
y(t(k)

) 4+ Ma(y(t®) — #8)2) 4 2pt*) 1 O(h?)
= (14 M)y(®) — Ar(t®)2 + 20t ®) + O(R?).

Neglecting the term O(h?) we see that the error between the analytical solu-
tion and the numerical solution is

Ek+D) y(t(k+1)) _ y(k+1)
= (14 M)EW),

where E®) = ¢ (¢t(®)) — 4k Thus, the error will eventually vanish provided
that |1 + Ah| < 1, i.e., we must select the step size h so that h < —2/\.

From the analytical solution we can see that if A < —1 then the first term
in the solution decays rapidly and has very little influence on the steady state
response. However, the analysis above shows that if A < —1 then the explicit
Euler method must take small steps in order to maintain stability. Thus,
although the transient term e does not dominate the analytical solution
Differential equations that have this property are called stiff.

Stiff differential equations typically have solutions that include rapidly
decaying transient terms. Explicit methods are inefficient when applied to
these systems because, the stability of the method requires very small step
sizes to accurately represent the transient terms even though these terms
have little influence on the steady state solution.

5.1.2 The implicit Euler method

The implicit Euler method provides improved stability properties when com-
pared to the explicit Euler method. Recall that in the explicit Euler method
the ODE (5.1) is approximated using

1

(" =y ®) = fy™,1®). ()

In the implicit Euler method the ODE is approximated as

1
(ED =y ) = D ), (b)
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In this case the right hand side of (5.1) is evaluated at t(*+1) whereas in the
explicit method the right hand side of the ODE is evaluated at t(*).
Equation (b) yields the discretization formula

yBHD) = (k) gy (kD) gk 1)), (5.6)

Given y*) we can use (5.6) to determine y**1) Note however that y*+1
appears on both sides of this equation. Thus, the approximation (b) leads to
an implicit equation to determine y(**+1).

Discretization formula (5.6) can be written as

P(yHD) =y B gD ) —0. (5)

This system of equations must be solved to determine y*+1. To do so we
can employ Newton’s method.

Newton’s Method

Let y((f;_l) be the j-th approximate solution to equations ¥ (y*+1)) = 0. Then
Newton’s method proceeds according to the following algorithm.

Input: Given yEk)'F )

Output: 31 that solves ¥(yFt1)) = 0.
1: for j =0,1,--- do
if (|9 (55| < en stop, y D = y{i
3 Solve DWAy = —w(y)
(k+1) _  (k+1)

and a small number en > 0.

N

4:  Set Yty =Yy T Ay
5. end for
(k+1)

Here, Y(0) is an initial estimate of the solution to the equations (5.7), and e

is a small number that represents the convergence tolerance. The algorithm
terminates in step 2 if ¥(y Ek;r 1)) is sufficiently close to zero, as defined by
the tolerance €y. Otherwise, the algorithm computes a correction Ay for the

estimate ygc)+ b by solving the linear equation

Dw Ay = —w(y),

where

0 (k+1) (k+1) k
DY = Pl ) =1-hg f< #)
Y
is an n by n matrix, with I being the identity matrix, and df /dy being the
Jacobian of the function f(y,t).
It can be shown that if yglg;r D s sufficiently close to the solution y*+1)

then Newton’s method converges quadratically (Dennis and Schnabel (1983)).
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That is, at the j-th iteration of the Newton’s method we have

k+1 k41 k+1 k+1)2
lyiyiay =y 0l < Qollyy™ - y*+0|
for some constant (2.

In practice we sometimes use the ‘simplified’ Newton’s method, where the
Jacobian DV is evaluated once at j = 0. Thus, DV is fixed for iterations

j=0,1,---. In this case it can be shown that for y((g;rl) sufficiently close to

the solution y**1 the simplified Newton’s iteration converges at a rate that
is at least linear. That is, at the j-th iteration of the simplified Newton’s
method we have

k+1 k+1
y N < 2|y,

[ S|
Y1) —

-y

)

for some constant 0 < 27 < 1.
The implicit Euler algorithm

Using the Newton’s method described above an implicit Euler method is
given by Algorithm 5.1.2. It can be seen that the main computational effort

Algorithm 5.1.2 Implicit Euler Method
Input: An integer N >0, h = (ty —t;)/N, £ = ¢;, O = y(t;) = y;.
Output: y(k)7 k=1,2,---,N.
1: for k=0,1,---,N —1do
tk+1) — (k) 4 p
Solve lI/(y(kJrU) = 0 via Newton’s method to obtain y(*+1)
end for

in this algorithm is the solution of the equations Lp(y(k“)) = 0 at each step.
In step 3 we can use y*) is the initial estimate of the solution to the implicit
equations, i.e., we set ygk;r - =y Note that the implicit Euler algorithm is
also a single step method, because we only use the result at the most recent
step (y*)) to compute the result at the next step (y**1).

Comparing algorithms 5.1.1 and 5.1.2 it should be clear that the explicit
Euler method is easier to implement than implicit Euler method. However,
we can show that the implicit Euler method has better stability properties
than the explicit Euler method. In addition, the implicit Euler method is
more efficient than the explicit Euler method when applied to stiff differential
equations.

To show these results first consider the application of the implicit Euler
method to the ODE ¢ = Ay, where A < 0 and y(0) = 1. Then (5.6) gives

y(k+1) _ +hf( (k+1) t(k+1))
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yF D) = ¢ (B) 4 py(+D)
y(k+1) o h}\y(k+1) _ y(k)

y " =y ® /(1= h).

Since A < 0 we see that 1/(1—h\) < 1 forall A > 0. As a result limy,_o, y*) =
0, i.e., the implicit Euler method is stable for all h > 0. Recall that, for this
problem, the explicit Euler method is stable only if h < —2/\.

Next, consider the stiff differential equation ¢ = \(y — t2) + 2t, with initial
condition y(0) = 1, and A < —1. Recall that the analytical solution to this
problem is y(t) = e* + ¢2. Writing y(t(k)) as a Taylor series about t(*+1)
gives

y(t* ) = y(t™) + Ay (D) = (D)) 2D 1 O(R?). (e)
If we apply the implicit Euler method to this ODE we obtain
y* D = () AR (yRHD) — (¢ (B1)2) 4 gpg (kD) (d)

The error between the analytical solution and the numerical solution is F(¥) =
y(t*)) — y*). Therefore, using (c) and (d) we get

E*D — p®) L ApEFH) L O(R?).
Neglecting the term O(h?) gives
E®:+D — () /(1 — Xh).

Since A < —1 we see that 1/(1—Ah) < 1 for all A > 0. Thus, limy o, E*) =
0, i.e., the implicit Euler method is stable for all positive step sizes. This
should be compared to the explicit Euler method which is only stable when
h < =2/, and thus requires very small step sizes when A < —1. Since the
implicit Euler method is unconditionally stable we can use arbitrarily large
step sizes and still maintain stability of the integration method.

Finally, we can determine the region of absolute stability of the implicit
Euler method by considering the scalar ODE g = Ay, where A is a complex
variable. In this case the implicit Euler method gives

y(k-i-l) _ y(’f) + h)\y(k'H)
1
_ = (k)
1— 7
1
— (k)
1-— zy
= R(z)y™,

where z = hA and R(z) = 1/(1 — z). Now recall that the region of absolute
stability is defined as the region of the complex plane where |R(z)| < 1. Figure
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5.2 shows the region of absolute stability of the implicit Euler method. This
is shaded region defined by the entire complex plane, except for the region
that includes the unit circle centered at z = 1. This should be compared with
Fig. 5.1 which shows the region of absolute stability for the explicit Euler
method.

If the region of absolute stability includes the entire left hand complex
plane then the numerical method is said to be ‘A-stable’. Thus, for A-stable
methods |R(z)| < 1 for all z where Real(z) < 0. From Fig. 5.2 it is clear that
the implicit Euler method is A-stable.

Fig. 5.2 Implicit Euler method region of absolute stability

5.1.3 Integration errors

The usefulness of a numerical method for integrating differential equations
depends not only on its stability properties but also on its accuracy. In this
section we will outline a basic procedure for evaluating the accuracy of numer-
ical integration methods. Although the discussion will focus on the explicit
and implicit Euler methods the techniques used here can be applied to other
methods.

In the previous sections we have seen that the explicit and implicit Euler
methods were developed by approximating the derivative term in the dif-
ferential equations. Due to this approximation there will be a discrepancy
between the exact and numerical solutions of the differential equation. Here
we will use three error measures to evaluate the performance of the numeri-
cal integration technique. Specifically, we will consider the local discretization
error, the local error, and the global error.



5.1 First-order Methods for ODEs 207

Local discretization error

The local discretization error is also called the local truncation error, and
is defined as the error that results when the exact solution is applied to the
discretization formula. The explicit Euler formula (5.4) can be written as

By ) = y* ) B gy ®, 1) =0,
Applying the exact solution y(¢(¥)) to this formula gives
Py(t* V) = y (") —y(tW) — nf (™), ")) = ¢,

where §¢*t1 is defined as the local discretization error at time t**+1. To
quantify §*t1) we use the facts that

(k) (k+1) d iy, P2 A 3
y("™) = y(t ) — h@?/(t )+ (t )+ O(h”). (a)

2 ar2?

and

F(E®), 19) = Syt

d &2
_ = t(kJrl) B
il e

h? d3

YD) 4 5 Syt HD) 0.

Putting these into &(y(t*+1)) gives

h? d?

(k+1) _
o 2 dt?

y(t* ) + O(h?).
Thus, the leading term in the local discretization error of the explicit Euler
method is of order hZ.

A similar result can be derived for the implicit Euler method. In particular,
using the exact solution y(t*+1)) in the implicit Euler formula (5.7) gives the
discretization error

Wy D)) = y(t ") — (¢ W) — hf(y(e*D), 1) = gD,
Putting (a) into ¥ (y(t*+1)) gives the local discretization error

h? d?

5(k+1) _
2 dt?

y(tF D) + O(R?).

The order of an integration method is defined in terms of the local dis-
cretization error. If the leading term in the local discretization error is of
order hP*! then, the integration method is said to be of order p. Thus, the
explicit and implicit Euler methods are of order 1, i.e., the are first-order
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methods.
Local error

The local error at time t**1) is defined as

D =y (D) — D, (5.8)
where it is assumed that the numerical solution coincides with the exact
solution at t™), i.e., y(t*)) = y*) Hence, n**1) is a measure of the error
made in the single step from ¢t*) to ¢t(F+1)

In the case of the explicit Euler method the local error can be determined
by writing &(y(t*+1)) in a Taylor series about the point y*+1). Doing so
gives

P(y(t* ) = d(y* ) + DP(y* ) [y TD) — o]

+ higher order terms
= g+,

But, &(y*+1)) = 0 because y*) = y(t*). Also, DP(y*+1)) = dd/dyF+1) =
I. Hence, if we neglect the higher order terms we get

y(t(k+1)) o y(k+1) _ n(k+1) _ 5(k+1). (b)

Therefore, in the case of the explicit Fuler method, the local error is equal
to the local discretization error.

For the implicit Euler method the local error can be determined by writing
@(y(t* 1)) in a Taylor series about the point y*+1), That is,

B(y(HD)) = W(y) + D) (D) - )

+ higher order terms
_ 5(k+1)’

where DW (y* 1)) = dw /dy*+1) = T —h gL f(y* D, tB+0) Jand w(y* D) =
0 because y*) = y(t(k)). By neglecting the higher order terms we can see that
the local error is

) BV G I G h f( (k+1) t(k+1)) 5(k+1). (c)

If the term hdf /dy is small then the local error for the explicit and implicit
Euler methods will be the same. For stiff differential equations however, the
term hdf /dy can be very large, and as a result the local error must be de-
termined by scaling the discretization error as shown in (c).
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Global Error

Consider the ODE (5.1) with initial condition 3(¢(9)) = 3(©) then the global
error at time t(*) is defined as

Bk — y(t(k)) _ y(k)_ (5.9)
Using the explicit Euler method in (5.9) we get

B — (D) — (4 4 hf(y ™), 1))
= () — (D) = BY + hf(y(t ) - B, 1))
= B4 y(t) — (1) — hf (), ¢)
+hfyE® +O(|EV|?)
= (I+hfy) BY + 800 1+ O(|EW?)

~ (I +hfy)E® 46041,
where f,, = % (y(t™®)), t(*)). This result shows that the global error at ¢(*+1)
is a function of the global error at t(*) and the local discretization error (A1),
Thus, the global error is a propagation of the previous errors as well as the
current the local discretization error.

In practice controlling the global error when integrating initial value prob-
lems can be very expensive. This involves solving the problem once to estab-
lish an estimate of the global error. If the desired global error is not achieved
the problem is solved a second time with reduced step sizes.

Since controlling the global error is too expensive most numerical methods
regulate the local error instead. This is done by requiring that the local error
be less than some specified solution tolerance at each step. The details of how
such schemes are implemented will be discussed below.

5.2 Higher-order Methods for ODEs

The previous section introduced the explicit and implicit Euler methods
which are both first-order, i.e., the leading term in the local discretization
error is O(h?). These methods tend to be inefficient when the interval [t;, ]
is large and the desired solution tolerance is small. Since, in this case small
step sizes, h, will be required to maintain a small local error. It is therefore
desirable to have integration methods that allow us to take large steps while
maintaining small errors. This can be accomplished if the local discretization
error of the method is of a high order. In this section we consider some single
step higher-order numerical integration methods.
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5.2.1 The Taylor series method

To develop this method let ¢ be some time where the solution to the ODE
is known. Let h be some small fixed increment in the time. Then, expanding
the exact solution y(t 4+ h) in a Taylor series about the time ¢, gives

d h? d? h3 d3 h? dpP
y(t+h) = y(t)"‘h%y(t)‘*‘?@y(t)"'gﬁy( )+t o diw? y(t) + R(§),
o (5.10)
RPTY  grtt

where R(§) = Wwy(ﬂ is called the remainder, with £ being some
point between ¢ and t + h, and p > 0 being some integer. Here we assume
that y(t) and f(y(t),t)) are smooth enough to assure that the representation
(5.10) is valid.

Now let y(¥) approximate the exact solution at time ¢, and let y**1) ap-
proximate the exact solution at time ¢+ h. Then by neglecting the remainder
n (5.10), and using the fact that f(y(t),t) = dy(t)/dt, we can obtain the
explicit discretization formula

y* D = B B (y*) 1Ry (5.11)
where
h d hp=1 gp—1
Tp(y(k),t(k)) - f(y(k),t(k)) + 5%Jv(y(k)’t(k)) e o di 1f( k)).
(5.12)

The evaluation of Tp(y(k),t(k)) requires the total derivatives of f(y(®), ().
For example in the case of a scalar ODE

hdf B2 d2f
BRI YTREETIFER
where
a _of, of
dt Oy ot
ef  0*f of D% f ofof | 9*f
@z = ot *( ) I 250y T oy T o

Here, it is understood that all functions are evaluated at the point (y*),¢(*)).
From (5.10) it can be seen that the local discretization error for the formula
(5.12) is

hpt+1  gp+1
s+ o 1)!—dtp+1y(§)
R+l gp
= —f(w(&), ),

(p+ 1)!dtr
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where t(®) < ¢ < t(#*1) Thus the formula (5.11) defines a p-th order explicit
method.

The formula (5.12) can be used to construct a Taylor series method for the
numerical integration of ordinary differential equations. Such a procedure is
given in Algorithm 5.2.1. Note that the explicit Euler method (Algorithm

Algorithm 5.2.1 Taylor Series Method

Input: An integer p > 0, and integer N > 0, h = (ty —t;)/N, tO) =¢;, 4O = y(t;) = y;.
Output: y(k)7 k=1,2,---,N.

1: for k=0,1,---,N —1do

2: gkt = (k) 4 BT, (y (B 1(R))

3 kD) — (k) 4 py

4: end for

5.1.1) is a special case of the Taylor series method. In particular, when p = 1
the formula (5.12) defines the explicit Euler method.

5.2.2 Explicit Runge-Kutta methods

The implementation of higher order Taylor series methods require the total
derivatives of f(y,t) which can be be tedious to compute. The explicit Runge-
Kutta methods attempt to duplicate the higher order Taylor series methods
without computing the higher order derivatives of f(y, ).

To illustrate how these Runge-Kutta methods can be constructed we con-
sider the development of a method that has a local discretization error of
order h3. For the sake of simplicity we restrict our attention to scalar ODEs.

An example of an explicit Runge-Kutta method is

y* D = o) B biky + boks) (a)
where

k= f(y(k),t(k))
ko = f(y(k) + ha21/€1,t(k) + coh).

Here, the method coefficients by, bs, as; and co are selected to ensure that
the local discretization error of (a) is of order h3.

The formula (a) defines a ‘2-stage’ Runge-Kutta method, where k1 and ks
are called the stage derivatives. Comparing (a) to a Taylor series expansion
of y(t*1) we see that the terms by ky +boks must coincide with f+(h/2)< f
for this method to have a local discretization error of order h3. Hence, the
combination by k1 + boks is used to approximate the total derivative of f, and
this is to be accomplished using only function evaluations.
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The local discretization error for the formula (a) is computed as
6(k+1)

=yt D) — y(t®)) — b [brky + boka] , (b)

where
B = St ®), ()
k2 = f(y(t™ + hagik1),t®) + coh).

Now, write y(t*+1), k; and ky as Taylor polynomials centered at the point
((t),19) to get

h2df h3d*f
(k+1)y — ( na ooy 4
y(t ) = y(t )+hf+2dt+6dt2+0(h)

=yt )+hf+{aff+8f]

wo2f ,  [of O2f . ofaf 9%f
+6l6y2f +< ) I+ 250y T oy or T ae

+O(h")
l%lzf
of 9%f of 5 O*f
f+h2at+ h2§8t2+h21 f+ aiyzfQ
2 f 3
2
+a 1C2h (h)

Using these in (b) yields

S = [(1 — by — by) f] b+ K; — bgagl) %f + (; -~ bm) W} h?
1 o 1 o2
* KG - ;bQ“ﬂ) ayéfz * (6 - b262> 8155

1 O*f 1Lrof 19f0f ], 3
+ O(h*).

From this result it can be seen that the local discretization error, 681 will
be of order h? if

1—0; —b2=0.

(©)
If (¢) holds along with

1
3~ baas =0, (d)
and
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1
5 - bQCQ =0 (6)

then, the local discretization error will be of order h%. It is also evident from
§+1) that there is no way for us to select by, ba, as; and co so that the
coefficient of A3 is made to vanish, for all possible functions f(y(t),t). Thus,
the highest possible order that can be achieved by this 2-stage Runge-Kutta
method is order 2.

Equations (c), (d) and (e) are called the order conditions for the Runge-
Kutta method. These equations provide us with three equations for the four
coefficients by, ba, as; and co. Therefore, one of the coefficients can be selected
arbitrarily and as a result an infinite number of solutions are possible.

Two well known solutions to these order conditions are;

e The explicit midpoint method

1 1
b1=0, b2=1, CL21=§7 6225.

e Huen’s method/Explicit trapezoidal method

1 1
27 b2 - 23
It is easy to verify that both of these methods yield local discretization error
of order h?, and are thus called second-order methods.

The general s-stage explicit Runge-Kutta method has the form

b1: a21:17 62:1.

y* D =y 0 L B> ik,
i=1

k’i = f(}/ivTi)v
1—1
Y =y® + hZaijkj,
j=1
Ti = t(k) + ¢;h. (513)

The coefficients of the method are given in A € R**%, b € R® and ¢ € R°.
Here, the (i, j)-th element of the matrix A is denoted as a;;, etc. For explicit
Runge-Kutta methods the matrix A is strictly lower triangular, i.e., a;; =0
if j > 1.

The coefficients of a Runge-Kutta method can be written compactly as a
Butcher tableau,

c| A
bl

For example, the explicit Euler method, the explicit midpoint method and
the explicit trapezoidal method are written as
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010 0[{0 O 00 O
—'T, 1/2]1/2 0 , and 1|1 0 |,
0 1 1/21/2
respectively.

Using the approach outlined above it is possible to derive the order con-
ditions for higher order Runge-Kutta methods. As shown above, the 2-stage
Runge-Kutta formula is at best a second-order method. To achieve higher-
order methods we must use more stages in the Runge-Kutta formula. How-
ever, as the number of stages increases so does the complexity of the anal-
ysis required to determine the order conditions. In Problem 5 the reader is
asked to derive the order conditions for a 3-stage, third-order explicit Runge-
Kutta method. The order conditions for a 4-stage, fourth-order Runge-Kutta
method are;

! 1
E bici = =,
i1 “T2
- 1
2 _
§:1 bic; = 3

4 4 ' 1
DD biaie; =,
i=1j=1

. 1
> bicl =7,

L. i=1 1
DD biciaie; = 3
1=15=1
4 4 1
> D biaiic; = 7.
=1 j=1
4 4 4 .
ZZ:; ; ; bia;jajkcr = T (5.14)

These 8 nonlinear equations must be solved to determine the coefficients of
the fourth-order method.

Perhaps the most famous Runge-Kutta method is the ‘classical’ fourth-
order formula given by the Butcher tableau
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0jo0 0 0 o
1/2[1/2 0 0 0
1/2/0 1/2 0 0

1[0 0 1 0
|1/61/31/31/6

This 4-stage method is often called ‘the Runge-Kutta method’ but, as we
have seen there are many other Runge-Kutta methods. In fact, there are
several popular explicit fourth-order Runge-Kutta methods.

The development of explicit Runge-Kutta methods of order p > 5 is very
complex. One of the difficulties is that the number of order conditions that
must be solved becomes very large. For example, a method of order p = 5
has 17 order conditions, a method of order p = 6 has 37 order conditions,
and a method of order p = 7 has 85 order conditions. Moreover, to realize a
method of order p = 5 requires at least 6 stages, a method of order p = 6
requires at least 7 stages, and a method of order 7 requires at least 9 stages.
The interested reader should consult Butcher (1987), and Hairer, Norsett and
Wanner (1993) for additional details.

Error estimation and step size adaptation

An important consideration for the efficient integration of differential equa-
tions is the ability of adjust the step size so that the local error satisfies a
desired tolerance at each step. To see how such schemes are possible consider
the numerical integration of the scalar ODE y = f(y(t),t), with initial condi-
tion y(t;) = y;. Here we will use two Runge-Kutta methods, the first method
has order p, and the second method has order p—1. From the analysis in
the previous sections we know that at the k-th step the p-th order method
produces a local error

y(t(kJrl)) _ y(k+1) — ChPt! 4 O(hp+2), (a)

where y*+1) is the result of the Runge-Kutta formula, y(t(**+1) is the exact
solution to the ODE, and C' is a constant that depends on the Runge-Kutta
formula and the function f(y(¢),t). On the other hand, the method of order
p—1 produces a local error

y(t" ) — gD = e+ o, (0)

where §*+1) is the result of the (p—1)-th order Runge-Kutta formula, and
C is a constant that depends on the Runge-Kutta formula and the function
f(y(t),t). We assume that both methods have the same initial condition for
the k-th step, i.e., y®) = §*) = y(¢t(*).

From (a) we see that y(t+1) = yk+1) 1 Cpp+t 1 O(AP+2). Using this
result in (b) we obtain a computable estimate of the local error, i.e.,
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n(k-l—l) — y(t(k+1)) _ g(k-i—l) _ y(k+1) _ Zj(k+1) — thp + O(hp+1). (C)

At each step we would like |n(’“+1)| to be less than or equal to some specified
tolerance e. If [(*+1)| < ¢ then the integration from ¢t*) to +(*+1) is considered
to be successful, and we accept y**t1) as the numerical solution to the ODE
at t**tD_ However, if [n*+1)| > ¢ then we need to repeat the integration with
a smaller step size so that the local error tolerance is not violated.

The computation of a new step size is accomplished using the local error
estimate given by (c). Suppose |[n* V| > ¢ then

|n(k+1)| _ ‘y(kJrl y(k+1)| ~ |C’hp‘ > e

Now, let h be the step size that satisfies the condition [7*t1] = |Ch?| = e.
Then, dividing |7*+1)| by [n*+1)| gives

A
h) = e

which shows that h and h are related via

_ N
= ey @

Thus, if [n**+D| > € then (d) computes a new step size h < h which is
used to repeat the integration of the ODE at time ¢(*). If on the other hand
|n**+1D| < € then (d) computes a new step size h > h which can be used to
advance the solution from time t( 1) e, t*+2) = ¢(k+1) 4 p.

In practice the new step size h is restricted to ensure that it does not vary
to greatly from the old step size h. This can be done using a formula of the
type

h = hmin(£acy, max(faco, 5(|n* | /e)71/7)), (€)

where 0 < facy < fac; and 0 < 8 < 1. Typical values for these parameters
are = 0.9, facy = 0.2 and fac; = 5, which ensures that 0.2k < h < 5h.

If y(t) is an n-dimensional vector then the error estimation and step size
computation must take account of the possible variability in the scaling of
the elements of y(t). In this case the step size computation formula (e) is
replaced with

3 —-1/p
n k+1
o | |L Z "]
n = \ atol; + rtol; |y2(k+1)|
h = hmin(fac;, max(facg, 50)). (5.15)
Here, 77 is the i-th element of the vector nf+1 = §(k+1) —y(k+1) "ato1 € R”

is the absolute error tolerance, and rtol € R" is the relative error tolerance.
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Note that the elements of atol and rtol are nonnegative. In this formulation,
for the local error to be acceptable it is sufficient that |nF™!| < atol; +

rtoli|y§k+1) |. If rtol; = 0 then we require that [F"!| not exceed the absolute
error measure atol;. This is called absolute error control. If atol; = 0 then
the local error will be acceptable if (|nf+!|/[y**]) < rtol,. This is called
relative error control.

Embedded Runge-Kutta Formulas

The local error estimation and step size control scheme described in the pre-
vious section requires Runge-Kutta methods of order p and p—1. A practical
and efficient approach to implementing such a strategy is to use so called
‘embedded’ Runge-Kutta methods. In this approach y**1 is computed by
(5.13), and §**+1) is computed from the formula

GED =y B> " bik, (5.16)
i=1
where the coefficients l;i7 i=1,2,---, 5 are selected to ensure that the local

error y(t*+1)) — -+ = O(hP). The efficiency of this method is derived
from the fact that both y*+1) and §**1 are computed using the same stage
derivatives k;, it = 1,2,---,s.

The Butcher tableau for these embedded methods are of the form

cl A

b' .
BT

An example for such a method can be obtained by combining the explicit
Euler methods with the explicit trapezoidal method to get

For this embedded method we compute

1 1
y(k+1) = y(k) +h <2I€1 + 2k2)

GFHD = o0 4 piy
k= fy™,e®)
ka = fy™ + nky,t0) o+ h).
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The local error for the solution y*+1) is O(h3) and the local error for the
solution §*+1) is O(h?).

Over the years researchers have developed many ingenious embedded
Runge-Kutta methods. Here we provide the coefficients for one of the many
embedded Runge-Kutta formulas that can be found in the literature. The
Butcher tableau for this particular method is given by Cash and Karp (1990)

as
0

Sl wirm
Blw woir
©

40
8] 3 9 6
5] 10 10 5
s s
54 2 27 27
z 1631 E 575 44275 253
8 155296 512 13824 110592 4096

37 250 125 512
0 0

378 621 594 1771
2825 18575 13525 277 1
27648 48384 55296 14336 4

Note that the terms not included in the tableau are all zero. This method
has six stages with y(#+1) = y(*) 4 hZ?zl b;k; being a 5-th order formula,
i.e., p=>5. The embedded formula §*+1) = y(*) 4+ p E?:1 bik; is a 4-th order
formula.

Embedded Runge-Kutta formulas of this type are used to construct very
efficient computer programs for the numerical solution of non-stiff differential
equations. Algorithm 5.2.2 indicates how such programs can be organized
to integrate the system of differential equations (5.1)-(5.2). This algorithm
assumes that we are given an s stage explicit, embedded Runge-Kutta method
with coefficients A, ¢, b and b as described above. Moreover, we assume that
the pair of formulas provide methods of order p and p—1.

In addition to the Runge-Kutta coefficients the algorithm uses the follow-
ing parameters.

e An initial step size, hg. A good estimate for the initial step size is hg =
0.0le < |ty — t;], where € is a measure of the desired tolerance, say € =
max(atol;, rtol;).
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Algorithm 5.2.2 Explicit Runge-Kutta Method with Adaptive Step Sizes
Input: An initial time ¢;, a final time ¢y, the initial condition y(t;), an initial step size
ho, absolute error tolerance atol € R", relative error tolerance rtol € R", step size
adjustment parameters 0 < 8 < 1, fac; > facp > 0, the minimum allowable step size
Amin, and the maximum allowable number of iterations MAX_ITER > 0.
Output: y(ts)
1: y=y(ti), t =t;, and h = hg

2: k1= f(y7 )

3: ift+h>ty, then h =ty —t end if
4: for ITER = 0,1, --,MAX_ITER do

5: fori=2,3,- sdo

6: *y—i—hz a,]

7: T=1t+c;h

8: ki=f(Y,7)

9: end for

10: g:y+h2jlbk

1: n=hY"_ (bi—b)

1 Z" i) 2
12: o= |— ($)
n atol; + rtol;|7;|
i=1

13:  h = hmin(faci, max(faco, B0~ 1/P))
14: if 0 <1 then

15: ift =t;, then y(t;) =, STOP end if
16: t=t+h

17: y=1y

18: k1= f(y,t)

19: 1ft+h>tf,thenh7tf—tend1f
20: end if

21: h=h

22: if h < hyin, then STOP end if

23: end for

24: STOP, too many iterations

We can develop another strategy for selecting an initial step size by assum-
ing that the local error for a (p—1)-th order method can be approximated
by

||n||=éhf;f~[||ho ”n] — ko f((ts), )P

If we set ||n]| equal to the desired tolerance, €, then we get an estimate of
the initial step size as
el/p

I1f (), ta)ll

e Step size adjustment parameters 3, facy and fac;. Typical values for these
parameters are § = 0.9, facy = 0.2 and fac; = 5.

e The maximum number of iterations allowed MAX_ITER > 0, and the min-
imum allowable step size hpi,. These parameters are used as safeguards
to ensure that the algorithm does not perform too many step. If the algo-

ho =



220 5 Numerical Solution of ODEs and DAEs

rithm requires a large number of steps then this may be an indication that
the differential equations are stiff, and the explicit Runge-Kutta method
is not an appropriate method to use to solve such differential equations.

We can see that the algorithm will terminate if (i) ¢ = ty, i.e., we have
reached the final time, (ii) & < Amin, i-€., the step size is too small, or, (iii)
ITER > MAX_ITER, i.e., too many steps have been performed.

Algorithm 5.2.2 is in fact quite simple to implement in most computer
programming languages. For this reason the explicit Runge-Kutta method is
a favorite among engineers and scientist. We note however that these methods
are not efficient when applied to stiff differential equations. In fact it is easy
to demonstrate that these explicit Runge-Kutta methods are not A-stable
(See Problems 3 and 4). Thus these methods are inefficient when applied
to very stiff systems. For stiff differential equations and differential-algebraic
equations we must employ implicit methods.

5.2.3 Implicit Runge-Kutta methods

The s-stage implicit Runge-Kutta method for the solution of the ODE (5.1)-
(5.2) has the form

y D =y L B> bk,

i=1
ki = f(}/ivTi)a
Y, = y(’“) + hzaijk‘j,
j=1
7 =t®) 4+ ¢;h. (5.17)

Here, k; € R™ is called a stage derivative, and Y; € R" is called a stage
value, for ¢ = 1,2,---,s. Particular methods are defined by the coefficients
AeR*5 beR? and ¢ € R®. In implicit methods the matrix A may have
non-zero terms on or above the diagonal. Recall the explicit Runge-Kutta
methods are defined by matrices A that are strictly lower triangular. If we
compare (5.13) and (5.17) we will see that the stage value Y; are defined
implicitly in (5.17).

The coefficients of the implicit Runge-Kutta method can be determined
using the same procedure used to find the coefficients of explicit methods.
Specifically, we construct the discretization error for the formula (5.17), and
determine the conditions necessary for the method to have order p. We then
select the coefficients A, b and ¢ so that these order conditions are satisfied.

To facilitate the construction of implicit Runge-Kutta methods researchers
often use the simplified order conditions developed by Butcher (1964).
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Namely,
s 1 1
Zbici = q:132a"'ap; (518)
=1 q
S Cq
Zaijcj_lziv i:1a2a"'a37q:1727"'5n; (519)
i=1 ¢

s B b )
> bt 1%:;3(1—@3), J=1,2,8 ¢=12-.( (520)
i=1

(These should be compared with (5.14)). Butcher (1964) shows that if the
coefficients A, b and c are selected so that (5.18), (5.19) and (5.20) are satisfied
with p <n+(+ 1 and p < 21+ 2, the the method is of order p.

Table 5.2.3 shows the Butcher tableau for some frequently used implicit
Runge-Kutta methods. The table presents the method coeflicients along with
the number of stages, s, and the order of the method, p. The Radau ITA
method of order p = 1 is the implicit Euler method, and the Lobatto ITTA
method of order p = 2 is the implicit trapezoidal method. It can be shown
that all of the methods in Table 5.2.3 are A-stable. (Note that not all implicit
methods are A-stable.)

The coefficient matrices A for the Radau ITA methods are invertible, while
the A matrices for the Lobatto IITA methods are not invertible. Also, in both
the Radau ITA and Lobatto IIIA methods we have b; = a4, fori =1,2,---s.
This property is called ‘stiff accuracy’ and is important for the solution of
differential-algebraic equations (Hairer and Wanner (1996)).

In addition, the Radau ITA methods have a property called L-stability.
A discretization formula is said to be L-stable if it is A-stable and lim,_, o
R(z) = 0, where R(z) is the stability function for the method, and z is a
complex variable. L-stable methods are able to quickly damp out the transient
response of very stiff components in the solution of the differential equation
(see Problem 12).

Ezxample 5.2.
Consider the implicit trapezoidal method

The discretization formula for this method is

y D = B 4 Bk + hboks



Radau ITA methods
4—/6| 88—7v6 296-169v6 —2+36

10 360 1800 225
4+v6(296+169v6  88+7v6 —2-3V6
1|1 10 1800 360 225
1 16—v6 1646 1
1 36 36 9
16—v6 16+/6 1
36 36 9
s=1,p=1 s=2,p=3 s=3,p=5
Lobatto IITA methods
0 0 0 0 0
0 0 5-v5|11+vE 25—v5 25-13vV6 —1+v5
5 1 10 120 120 120 120
2% 3 54v5[11-v5 25413v5  254v5 —1-V5
5 3 10 130 120 120 130
1 L 2 5 L1
1 2 12 12 12 12
6 3 | 1 5 5 1
12 12 12 12
s=2,p=2 s=3,p=4 s=4,p=6

Table 5.1 Implicit Runge-Kutta methods
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h h
- y(k) + *kl + *kg
= fly™ + ha11k1 + hayaks, t*) 4 ¢1h)
= f(y™,t®)
f(y(k) + ha21k/’1 + haggky, t*) + cah)
h
Fy™ + k1 + ko, tHY)

Applying this method to the scalar ODE § = Ay gives

k= xy®)
hA hA
ko = A (1 + 2) y ™+ ks

hA WA (1+ hA/2)
(kt1) _ (k) . A (k) | RAULT RAJZ) (k)
vu g +2(1—hA/2)
— ey = y™,
1— hn/2 1-2)2

where z = hA. Therefore, the stability function is

1+2/2
R(z) = .
@ =12
Thus, lim, ., |R(2)| = 1, and we can conclude that this method is not

L-stable. (Also, see Problem 12).

5.2.4 An implicit Runge-Kutta Algorithm for ODEs

This section presents an algorithm that implements an implicit Runge-Kutta
method for ordinary differential equations. For the most part we will follow
the techniques described in Hairer and Wanner (1996). To develop this im-
plicit Runge-Kutta algorithm we will use (5.17), and define the increment in

the stage value as
Zi=Y; —y®, (5.21)

where Z; € R", ¢ = 1,2,---,s. Using this we see that the s-stage implicit
Runge-Kutta method ( ) must satisfy



224 5 Numerical Solution of ODEs and DAEs

Zy—hY iy a f(Z; +y ™, 1)
Zy —hYi_y azif(Z; + y ™, 7))

b(Z) = = Z-WAQI)F(Z) =0, (5.22)

Zs —h Y5y asif(Z; +y ™, 7)
where Z = [Z], Z3, ---, Z[]" € R™, ¢(Z) € R™, F(Z) = [f(Z: +

y(k)v Tl)Tv f(ZQ + y(k)a TQ)T, B f(Zs + y(k)v TS)T]Ta and ® denotes the Kro-
necker or tensor product. Moreover, if A is invertible then

y(EHD) — () 4 Zdizi, (5.23)
=1
where [dy, dg, -+, ds] = [b1, by, -+, bs]A™L.

The implicit equations in (5.22) are solved using the simplified Newton’s
method. Specifically, given an initial estimate Z(°) we perform the itera-
tions

1: for g =0,1,--- do
2:  Solve the linear system

Dy AZD = —p(2@) (5.24)

to find the correction AZ(@.
3. Set Z(atD) = z(@) L Az(@)
4 if |AZ@D|, or ||¢(Z9F V)] is sufficiently small then STOP end if
5: end for

In the simplified Newton’s method the Jacobian approximation, D¢, is given
by

I - hCLuJ —hang s —halsJ
—ha21J I— ha22J s —hCLQSJ
D¢ = , , _ =1 —-hA®J, (5.25)
—has1J —haiaJ -1 — hagsJ
where

0
=_—f (k) 4(k)

Note that the simplified Newton’s method provides considerable computa-
tional saving because we need only evaluate the Jacobian approximation once
for all iterations ¢ = 0,1, --. (See Problem 14.) In the practical implemen-
tation of this simplified Newton’s method we must establish a criteria for
terminating the iterations, and we must also develop an efficient method for
solving the linear system (5.24). These issues are discussed next.
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Simplified Newton’s method termination criteria. If we assume that
the simplified Newton’s method converges linearly then there is a constant
0 < © < 1 such that

[EYARS RN CTPAVACH (a)

Moreover, if Z* is the solution to the system (5.22), then
Zlatl) _ zx — z(a+1) _ 7(a+2) 4 7(a+2) _ z(a+3) 4 ... (b)

Taking the norm of both sides of (b), using the triangle inequality, and em-
ploying (a) gives

129D — Z* | <01+ 60 + 6% +.-)|AZD)
e

<
—1-06

lAZ @,

where we have used the fact that Y ;0" = 1/(1 — ©). Thus, we terminate
the simplified Newton’s method if

O
T 5llAZ 7] < ctol, (5.26)
where ctol > 0 is some convergence tolerance, since this would indicate that
Z(@+1) is sufficiently close to the solution Z*. In practice we estimate the rate

of convergence, O, as

AZ(a+1)
o= m, q > 0.

For ¢ = 0 we use © = 1/2. If for some iteration ¢ > 0 we obtain & > 1,
then the simplified Newton’s iteration is terminated, and the method will be
considered to have failed.

It is also important to limit the number of Newton’s iterations performed.
Hence, we only carry out the iterations for ¢ = 0,1, ---,q-MAX, where q_-MAX
is the maximum number of simplified Newton’s iterations allowed. If (5.26)
does not hold when ¢ = q_MAX, the Newton’s method will be considered to
have failed.

Solution of the linear system. The g-th iteration of the simplified New-
ton’s method requires the solution of the linear system (5.24). Since the
Jacobian approximation remains unchanged for all iterations we can solve
this linear system with one LU factorization of the matrix D¢ = —hA® J.
A direct LU factorization of D¢ requires on the order of %(ns)3 operations.

The cost of solving the linear system (5.24) can be reduced by transforming
Ainto a Jordan canonical form. By doing so we can reduce (5.24) to a diagonal
or block diagonal system of equations of smaller dimension. For example,
suppose there is an invertible matrix T such that I" = T~ 'AT is in the
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Jordan canonical form. That is, I" is a matrix with one by one, or two by two
block diagonal entries. Moreover, all the elements of I" are real.
Using the transformation matrix 7" we can rewrite (5.24) as

(I-hI'®J)AZ = —¢,

where AZ = (T ® 1)AZ, and ¢ = (T~! ® I)¢. In which case the block
diagonal elements of I — hI"® J has dimension n by n or 2n by 2n. Hence, if

we use real arithmetic, the LU factorization of D¢ will require on the order
of %n?’ operations for the n by n blocks, and on the order of %713 operations

for the 2n by 2n blocks. For s > 2 the factorization described above will lead
to significant computational savings.

Ezample 5.5.

Consider the Radau ITA method with s = 3. For this method the matrix A is
nonsingular, and it has a real eigenvalue, 0.27489, and a complex conjugate
pair of eigenvalues, 0.16256 =+ i0.18495. Using the transformation matrix

0.09123 —0.12846 0.02731
T = 024172 0.18564 —0.34825 | ,
0.96605 0.90940 0.00000

it can be shown that

0.27489 0 0
I =T AT = 0 0.16256 —0.18495
0 0.18495 0.16256

Therefore, the matrix I — hl' ® J has the form

I—yhl 0 0
0 I —yhd ~3hd |,
0 —~yshJ I —yohJ

where y; = 0.27489, v, = 0.16256 and 3 = 0.18495. Hence, in this case we
will require on the order of 6n® operations to factor I — hI” ® J, whereas
the matrix I — hA ® J requires on the order of 18n? operations for an LU
factorization.

Additional computational savings can be realized by writing the lower 2n
by 2n partition of I — hI" ® J as the complex system

(I — (2 +iv3)hJ)(AZy +iAZ3) = —(¢2 + ih3).

Here, AZy € R™ contains elements n + 1 to 2n of AZ, AZs € R™ contains
elements 2n + 1 to 3n of AZ, etc. Using this approach the factorization of
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(I — hA® J) requires %ng’ operations on the real matrix (I —~,hJ) and %n?’
operations on the complex variable matrix (I — (v2 + iy3)hJ).

Local error estimate. As noted above, the efficient implementation of nu-
merical integration methods requires an estimate of the local error so that the
step size can be adjusted to satisfy the desired error tolerance. The implicit
Runge-Kutta methods given in Table 5.2.3 do not include embedded formulas
to estimate the local error. However, we can derive error estimation formulas
using the approach described by Hairer and Wanner (1993), and de Swart
and Soderlind (1997). We will illustrate this technique using the Radau IIA,
s = 3 method.

First we note that we can compute a numerical solution to the ODE at
time t(**+1) via (5.17). Doing so gives the approximate solution y*+1) Here
we compute a second approximate solution, §**1 | using

gD =y mbof(y™, 1) + b Y biki + BAF (D 1Y), (5.27)
i=1

Note that (5.27) is an implicit equation for the solution estimate §**1). In
this formula the stage derivatives k;, i = 1,2,-- -, s are defined in (5.17), and
are the same values used to compute y*+1). The coefficients in (5.27), i.e., 7,
and l;i, 1=20,1,---,s are selected so that the discretization error is of order
s+ 1. To meet this criteria the coeficients must satisfy the order conditions

An 1 1"
Cb=|1—-by,=,---,—| —A1, 5.28
L-bged] - (5.29)
where C' € R**¢, the 4, j-th element of the matrix C' is given by Ow =
i =1,2,0s, b= [by,bo,--,b]T, and 1 = [1,1,---,1]7 € R*. The
coefﬁc1ents ¢j, j = 1,2,---,s are associated with a spemﬁc implicit Runge-
Kutta method. In the case of the Radau ITA, s = 3 method we have ¢; =
16§6‘/g, co = 716;3\/6 and c3 = %.

In (5.27) the variables 4 and by are two free parameters. In which case it
is convenient to select 4 as a real eigenvalue of the matrix A. Thus, for the
Radau ITA, s = 3 method we use 4 = v; = 0.27489. In our implementation
of the implicit Runge-Kutta method we also use lA70 = 0.02. The remaining
coefficients, b, are determined by solving the linear system (5.28). (Note that
de Swart and Séderlind (1997) describe the method used to select by.)

To implement the formula (5.27) it is sufficient to perform one iteration
of a simplified Newton’s method on the system

g%(g(k‘l’l)) _ g(k+1) ( hbof( (k) t ))
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S
—hy " bik — by (D # R TD) = 0.
i=1

Taking y**1 as the estimate of the solution, the simplified Newton’s method
gives

S

GETD =y F D L [ - hag) { > (b = bk

i=1

+bof (y™, t®) + 4 f (¢, t(‘““))}

S

Ty gy { > eiZi+ hbo f(y™*) 1 ™)

i=1
+ RSy, t<’f+l>>}, (5:29)
where [e1, eg, -+, es] = [(b1 —b1), (ba—by), -+, (bs —bs)] AL, Also, we use

the approximation af(y(’”‘l) t;ED) oy ~ J = of (y*) ,t(k))/ay Thus, the
local error estimate is

A(k+1)

n(k+1) - y(k+1) -9

S

[IhﬁJ]_l{ZelZ + hbo f(y™), 1)y
1=1
+ h&f(y(’f“),t(’f“))}. (5.30)

In the case of the Radau ITA, s = 3 method n**1) = O(h**1) = O(h%).
Using (5.30) the step size can be adjusted as

1 -1/4
n k+1
o | |1 3 )
n = \ atol; + rtol; \y(k+1)|
h = hmin(facy, max(facg, 30)). (5.31)

where atol € R" is the absolute error tolerance, rtol € R™ is the relative
error tolerance, and the step size adjustment parameters 0 < § < 1, fac; >
facg > 0. As discussed in the previous section, if the local error estimate
satisfies the desired tolerance, the new step size at t*t1) is h > h. Otherwise,
the integration from t*) is repeated with a new step size h < h.

With these ingredients an implicit Runge-Kutta method for the solution
of the ODE (5.1)-(5.2) can be implemented as outlined in Algorithm 5.2.3.
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Starting at ¢ = ¢; the algorithm executes the loop defined by steps 2 through
20 until ¢ = ¢;. In step 3 the algorithm solves the equations (5.22) via the
simplified Newton’s method. For these Newton iterations we use Z(® = 0
however, other initial estimates are possible (see Section 5.3.5 below, and
Olsson and Séderlind, (1998)). If the simplified Newton’s iterations fail to
converge the step size is reduced by a factor 0.5 and the Newton’s iterations
are repeated. If the Newton’s iterations converge then the local error estimate
is computed along with a new step size h. If the local error is sufficiently
small, i.e., 0 < 1, then the solution advances to time t + h with y(t +h) = 3.
Otherwise, if o > 1 the equations (5.22) are solved again at time ¢, with a
new step size h < h.

Algorithm 5.2.3 Implicit Runge-Kutta Method

Input: An initial time #;, a final time tf, the initial condition y(t;), an initial step size
ho, absolute error tolerance atol € R", relative error tolerance rtol € R™, step size
adjustment parameters 0 < 8 < 1, fac; > facg > 0, the minimum allowable step size
Amin, and the maximum allowable number of iterations MAX_ITER > 0.

Output: y(ty)

1: y=y(t;), t =t;, and h = ho

2: for ITER=0, 1, ---,MAX_ITER do

3:  if the simplified Newton’s method, (5.24), converges then

4 Q=y+2f:1 d;Z;

5 = (1= 3T {325, eiZi + hbof(y,1) + hAf (5.t + h) }

5 —1/4

6: o= [\/ D m)

7 h = hmin(facy, max(faco, 30))

8: if 0 <1 then

9: ift =ts, then y(t;) =y, STOP end if
10: t=t+h

11: y=79

12: ift+h >ty then h=t; —t end if
13: else

14: h=nh

15: end if

16: else

17: h=h/2

18: end if

19: if h < hmin, then STOP end if
20: end for

21: STOP, too many iterations
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5.3 Numerical Solution of DAEs

We now consider the extension of the methods described above to systems of
differential-algebraic equations (DAESs) of the form

d(y,y,t) =0, (5.32)

where ¢ is the time, y(t) € R™ is the state vector, and y = dy/dt is the state
derivative. It is assumed that @(y,y,t) € R™ is continuously differentiable
with respect to all of its arguments. The system (5.32) is sometimes called
implicit differential equations (IDEs).

We note that the equation (5.32) includes ordinary differential equations
(5.1), since we can write

D(y,y,t) =9y — f(y,t) = 0.

The description (5.32) also includes the Lagrangian DAEs (4.8). To show
this we simply take y = [¢7, fT,sT,eT AT, uT]T. Thus, (5.32) can include a
combination of differential equations and algebraic equations.

An important structural property of the system (5.32) is the differentiation
index. To define this quantity consider the system of equations

Ly, 9,6) =0

791 =

d2

Z_d(y,9,t) =0

2290

@ 5 '0 5.33
=_d(y,y,t) = 0. :
290 (5.33)

Then the differentiation index is the smallest integer p > 0 for which the
system (5.33) can be used to determine an explicit system of ordinary differ-
ential equations of the form ¢ = f(y, ). In the following example we consider
the differentiation index for some typical dynamic systems described using

the Lagrangian DAEs.

Ezxample 5.4.

(i) Consider the mass-spring-damper system shown here.
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Y1
P
A S

Using y; as the generalized displacement, and y, as the generalized flow
(velocity), the differential equations of motion for this system can be writ-
ten as the implicit differential equations

P1=9y1—y2=0
Dy = g9 — (k/m)y1 — (b/m)ys — F/m = 0.

Therefore, ®(y,7,t) = [@1,Po]T, where y = [y1,72]T. We can see that
¥ = [91,92]T can be determined explicitly from the equations above. Hence,
no derivatives of @ are required, and system has differentiation index p = 0.
In fact it is easy to see that a system of ordinary differential equations has
differentiation index 0.

(ii) Consider the dynamic system described by a damper and an applied force,
as shown below.

e
ST

Using y; as the generalized displacement, and y, as the generalized flow,
the differential equations of motion for this system can be written as the
implicit differential equations

D1 =91 —y2 =0,
ngbyg—i—F:O

We note that yo does not appear explicitly in this system of equations.
Taking one time derivative of the system however, gives the equation

by + F =0,

which can be used to determine g2. Hence, this system has differentiation
index 1.

(iii)Consider the dynamic system described by a spring and an applied force,
as shown below.

3 F

et

Using y; as the generalized displacement, and y» as the generalized flow,
the differential equations of motion for this system can be written as the
implicit differential equations
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S1=11—-3=0,
Gy = ky, + F = 0.

We note that yo does not appear explicitly in this system of equations.
Taking two time derivatives of the system however, gives the equation

kys + F =0,

which can be used to determine 5. Hence, this system has differentiation
index 2.

(iv)Consider the simple pendulum shown below. In this model we will use y;
and y- as the displacements, and y3 = 31, and y4 = 92 as the corresponding
flows.

The Lagrangian DAEs for this system can be written as

@1 =131 —y3 =0,

Py = g2 —ys =0,

D3 = mys + 2y1y5 = 0,

Dy = mys + 2y2ys — mg =0,

D5 =yi +y; — 1 =0,
where y5 is the Lagrange multiplier associated with the displacement con-
straint y7 + y3 — 12 = 0.
In these differential-algebraic equations ¢5 does not appear explicitly. How-
ever, three time derivatives of the equation @5 = 0 produces

Us = ﬁ(2y3y3 + 2y494 — U29)-

Therefore, this system has differentiation index 3.

5.3.1 Hessenberg form for the DAFE

In many cases it is possible to separate the variables in y so that we can write
(5.32) explicitly as coupled differential equations and algebraic equations. For
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example, it can be seen the Lagrangian DAEs have such a structure. Some
important structural arrangements of the DAEs are known as the Hessenberg
forms, which are defined below. For the sake of simplicity we give the au-
tonomous form of these systems. The non-autonomous form can be deduced
by appending the differential equation 7 = 1, where 7 represents the time
variable.

e Hessenberg Index-1 Form.
The DAEs are said to be in Hessenberg index-1 form if they can be written
as

&= f(xv Z)a
0=g(x,2), (5.34)

where z(t) € R, z(t) € R™=, and the Jacobian, g. = dg/dz, is nonsin-
gular along the solution to the DAEs. In this formulation x is called the
differential variable and z is called the algebraic variable.
These index-1 DAEs can be reduced to a system of ordinary differential
equations by taking one time derivative of the algebraic equation g(z, z) =
0. In fact, %g(x,z) = g.& + g,2 = 0, where g, = 9g/0z. Since g, is
nonsingular we have 2 = —g;1lg,& = —g;'g.f. Hence, only one time
derivative of the algebraic equation is required to determine Z in terms of
z and z.
Clearly we can write (5.34) in the form of (5.32) by using y = |
Also note that the DAEs in Example 5.4-(ii) can be put in Hessenberg
index-1 form if we select x = y; and z = ys.

e Hessenberg Index-2 Form.
The DAESs are said to be in Hessenberg index-2 form if they can be written
as

a:T,zT]T.

= f(z,z),
0= g(x), (5.35)

where x(t) € R"=, 2(t) € R™=, and the matrix g, f, is nonsingular along
the solution to the DAEs, where f, = 9f/0z.
Two time derivatives of the algebraic equation g(z) = 0 gives Z =
—(92f2) Y guf)xf, where (gzf)z = 0(gof)/Ox. Note that we can write
(5.35) in the form of (5.32) by using y = [¢7, 27]7, and the DAEs in Ex-
ample 5.4-(iii) can be put in Hessenberg index-2 form if we select = y;
and z = ys.

e Hessenberg Index-3 Form.
The DAEs are said to be in Hessenberg index-3 form if they can be written
as

T = f({E,Z),

Z = h(zx, z,u),
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0= g(x), (5.36)

where z(t) € R™, z(t) € R™, u(t) € R™ and the matrix g, f.h, is
nonsingular along the solution to the DAEs, where h, = 0h/0u. Taking
three time derivatives of the algebraic equation g(z) will allow us to reduce
the DAEs to a system of ordinary differential equations (see Problem 15).
We can write (5.36) in the form of (5.32) by using y = [2T, 27, uT]T, and
the DAEs in Example 5.4-(iv) can be put in Hessenberg index-3 form if
we select = [y1,y2]T, 2 = [y3,v4]7 and u = ys.

5.3.2 Implicit Runge-Kutta methods for DAFEs

Implicit Runge-Kutta methods can be applied directly to the differential
equations (5.32), and the Hessenberg form DAEs (5.34), (5.35) and (5.36).
In the case of the differential equations (5.32) the k-th step of an s-stage
implicit Runge-Kutta method has the form

YD — (k) 4 hzbi}/ilv
i=1
0= Q(Y;ay;;/77i)7 1= 1727"'757
Y =y® + hzaijyj/a
j=1
T = t(k) + ¢;h, (537)
where Y/ € R™ is the stage derivative, and Y; € R" is the stage value.
Therefore, each step of the method requires that we solve the equations
&Y, Y/, 7)=0,i=1,2,---,s,for Y; € R" and Y/ € R".
In the case of the Hessenberg index-1 DAE (5.34) the k-th step of an
s-stage implicit Runge-Kutta method can be written as

gl — (k) 4 thiX{,

i=1

L) — (k) hz b Z!,
i=1

Xz/ f(XiaZi)ai:1a27"'asa
OZQ(XZ7ZZ)7 i:1727"'787

S
X; =2 + hzain]/'a

Jj=1
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Zi =29 40> a2, (5.38)
j=1

where X! € R" and X; € R"= are the stage derivative and stage value for
the x variables, respectively. Similarly, Z! € R"= and Z; € R"= are the stage
derivative and stage value for the z variables, respectively.

We can develop similar formulas for the Hessenberg index-2 form and the
Hessenberg index-3 form. (See Problem 16.)

Hairer, Lubich and Roche (1989), and Hairer and Wanner (1996) have
investigated the properties of implicit Runge-Kutta methods applied to DAEs
in the Hessenberg form. An important set of results they develop show the
relationship between the local error and the structure of the DAEs for a given
set of Runge-Kutta coefficients. Here, we summarize the results they obtain
for the local error behavior of the Radau ITA methods.

e Hessenberg Index-1 Form.
Suppose an s-stage Radau ITA Runge-Kutta method is applied to the
system (5.34) with consistent initial conditions (z(%), 2(?)), then the local
error in the x and z variables satisfy

2V = 5(tV) = o),
Z(l) _ Z(t(l)) — O<h2sfl)’

where t() = ¢(O £ b and z(t™M), 2(t™M) is the exact solution to the DAEs
at time t("). The initial conditions are consistent if g(2(?), 2(0) = 0. Tt is
interesting to note that the local error is the same as that obtained when
the s-stage Radau ITA method is applied to ordinary differential equations.
e Hessenberg Index-2 Form.

Suppose an s-stage Radau ITA Runge-Kutta method is applied to the
system (5.35) with consistent initial conditions ((°), 2(?)), then the local
error in the x and z variables satisfy

M — (W) = O(p% 1),
2 — 2Dy = O(h®),

where t() = ¢(O) 4, and z(tM), z(tM) is the exact solution to the DAEs
at time ¢(). In this case the initial conditions are consistent if g(z(?)) =
0 and g, (2(©)f(2®,2() = 0. Note here the reduction in the order of
the local error of the algebraic variable, z, when compared to Hessenberg
index-1 systems.
e Hessenberg Index-3 Form.

Suppose an s-stage Radau ITA Runge-Kutta method is applied to the
system (5.36) with consistent initial conditions (2(?), 2(0) 4(9)  then the
local error in the z, z and u variables satisfy

M — (M) = O(h**72),
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2 — 2Dy = O(h?),
u® — (M) = O(h*h),

where t() = (0 4 b, and z(tV), z(tM), w(t™M) is the exact solution to
the DAEs at time t(1). In this case the initial conditions are consistent
ifg=0,g.f =0and (¢.f)2f + gufouf + g fzh = 0, when evaluated at
the initial condition (9, 2(9) 4(®) Again we note that the order of the
local error, for the algebraic variables, is significantly reduced here, when
compared to the order attained for index-1 systems.

5.3.3 Index reduction

From the results in the previous section we observe that, for the algebraic
variables (z and u), the order of the local error decreases as the differentia-
tion index increases. Therefore, we can assert that the computational expense
for solving differential-algebraic equations increases with increasing differen-
tiation index. That is, the higher the differentiation index, the greater the
computational effort required to achieve a desired solution accuracy for the
algebraic variables since, smaller step sizes will be required.

Due to this order reduction in the local error it is desirable to reformulate
a system of differential-algebraic equations with high differentiation index
into a problem with lower differentiation index. One approach to reducing
the differentiation index of DAEs in Hessenberg form is to differentiate the
algebraic equations. Each such differentiation will reduce the index of the
original problem by one, as illustrated in the following example.

Ezample 5.5.

Consider the index-3 DAEs
i = f(z,2),
Z = h(z, z,u),
0 = g(z).

If we replace the algebraic equation g(x) = 0 with %g(x) = 0 we obtain the
system

T = f(a:,z),

Z = h(z, z,u),
0= gz(z)f(z,2),

which are index-2 DAEs.
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If we replace the equation g(x) = 0 with j%g(x) = 0, in the original index-3
DAEs, we obtain the system

z = f(z,z),

z2 = h(z, z,u),

0= (92(@) f(x,2))a f(z,2)

+ 9o (2) fa (@, 2) f (2, 2)
+ gz () fo(x, 2)h(x, 2, 1),
which are index-1 DAEs.

A third time derivative of the algebraic equation g(x) = 0 will lead to system
of first-order differential equations in z, z and wu.

Unfortunately, the index reduction technique described in Example 5.5
does not always lead to satisfactory numerical results. The main reason for the
poor performance of these reduced index DAEs is that they do not explicitly
satisfy the constraint g(x) = 0. As a result, the numerical solution tends to
drift away from this constraint as the time variable increases (see Problem
9).

Nevertheless, there is an index reduction technique for index-3 DAEs that
works well in practice. This method can be described as follows.

Consider the index-3 LDAEs

~
|

q'_
M(q,f)f + dg(@)" A+ (g, f
é(q

We assume that the displacement constraints are linearly independent, and
the inertia matrix, M, is nonsingular at all times. Taking two time derivatives
of the displacement constraint ¢ = 0 we can reduce this LDAEs to a system
of ordinary differential equations

S— ~—r
[
o oo

(5.39)

&= F(z),

where z = [¢T, fT]T and

F(z) =

f
~M6,(@)T [07167) 7 (60, £ — M| - MY

To ensure that the solution to this ODEs does not drift from the constraints
¢ =0 and ¢ = ¢,f = 0 we solve the system

i = F(x),
0= H(z), (5.40)
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where

Hw = [ 0]

This is consider to be an ODE, & = F(x), with an invariant H(x) = 0.
Next we note that the system (5.40) is equivalent to the index-2 DAEs

&= F(z) - V(x)y,

0= H(z), (5.41)
where V() is a bounded matrix such that H,V is nonsingular for all time.
Here,

¢ 0 }
H, = a .
|: (¢qf)q ¢q
In this case, if 2(t) is a solution to (5.40) then z(t) and v(t) = 0 is a solution
to (5.41).
If we select .
¢ 0]
V)=|"49
@=|%

then (5.41) can be written as

g—f+ojv=0,
Mf+¢IX+7 =0,
¢ =0,

bof = 0. (5.42)

Therefore, the index-3 DAEs (5.39) are reduced to index-2 DAEs by adding
the multipliers, v, and the constraint ¢,f = 0, to the original system. Note
that the Lagrange multiplier, A, in (5.39) is different from the multiplier A
in (5.42). The system (5.42) is known as the Gear, Gupta and Leimkuhler
(GGL) stabilized index-2 DAEs. (See Gear, Gupta and Leimkuhler, (1985)).

Ezxample 5.6.

The index-3 Lagrangian differential-algebraic
equations for the simple pendulum shown here are

@1 — f1 =0,

G2 — f2 =0,

mfi + 2\ = 0,

mfa +2g\ — mg = 0,
@i +¢ -1 =0,
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where (g1, ¢2) are the displacements, and (f1, f2) are the corresponding
flows. The displacement constraint is ¢ = ¢7 + ¢3 — [2 = 0.
This system can be written in GGL index-2 stabilized form as

@ — fi+2qav =0,
G2 — fa +2q2v = 0,
mf1 +2¢:2 =0,
mfs + 2g2X —mg = 0,
@i +a;—1* =0,
2q1f1 +2q2f2 = 0,
where v is an additional multiplier, and the last equation represent the ad-

joined flow constraint, ¢ = 0. We also emphasize that A\ and \ represent
different Lagrange multipliers.

5.3.4 Consistent initial conditions

Successful numerical integration of the differential algebraic equations re-
quires that we begin at consistent initial conditions as discussed in section
5.3.2. Here, we consider the problem of finding consistent initial conditions
for the Lagrangian DAEs that includes displacement constraints, flow con-
straints, effort constraints and dynamic constraints. As shown in Section 4.5
such differential-algebraic equations can be written as

qif:07
Mf+¢gA+vfu+T =0,
§—X =0,
¢ =0,
Y =0,
I =0, (5.43)
where
_ 0°T* ¢

A=A A2 A, )T,
aq7 [17 25 ) 1}

M= 6= (b1, 02, b |7y Pg =

0
w:[w17¢27"'7¢m2]Ta wf:aill‘?’ /’L:[/’L17M27"'7H’m2]Ta
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r_ [0 (OTN] L 2 (0T _or v oD
~aq o7 ot \ af ¢ " o9q ar

681[6‘19,€§7~~~,6?V]T, F:[FbFQa"'aFms]T, 2:[213227"'a2m4]T'

In these equations ¢(t) € RY denotes the displacement variables, f(t) €
RN denotes the corresponding flow variables, e € RY denotes the known
source efforts, A(t) € R™! denote the Lagrange multipliers associated with
the displacement constraints ¢(q) € R™, u(t) € R™2 denote the Lagrange
multipliers associated with the flow constraints ¥(q, f) € R™2, e(t) € R™s
denotes the regulated effort variables, and s(t) € R™* denotes the dynamic
variables. The kinetic coenergy is T*(gq, f,t), the potential energy is V(¢), and
the dissipation function is D(f). The displacement variables must satisfy the
constraints ¢(q) = 0. The flow variables must satisfy the constraints ¢ (g, f) =
0. The regulated efforts e must satisfy the constraints I'(q, f, s, e,t) = 0. The
dynamic constraints satisfy the differential equation $ = X(q, f, s, e, t).

This system consists of 2N + mq + mo + m3 + my differential-algebraic
equations in the variables ¢, f, A, i, e and s. It is assumed that the displace-
ment, flow and effort constraints are linearly independent. That is, ¢, has
rank m;, ¥y has rank my, and I, has rank mg3, along the solution to the
LDAEs.

The index-3 Lagrangian DAEs (5.43) can be put in the GGL index-2 form
by introducing the multipliers v € R™* and the constrains ¢4 f = 0 to get

q_f+¢§]/:07
Mf+¢IN+yTu+T =0,

§— X =0,
¢ =0,
¢qf =0,
¥ =0,
Ir=o. (5.44)

The system (5.44) can be viewed as the implicit differential equation &(Y, Y, t)
=0, with state Y = [¢7, fT,sT,eT, AT, uT vT]T. We are interested in finding
initial conditions Y (t), Y (to) such that @(Y (to),Y (o), to) = 0.

This dynamic system has n— (mj +msg) +my ‘degrees of freedom’. Among
the N = 2n + 2mgy + my + m3 + my state variables we can arbitrarily assign
n—(my +mg) displacements, n— (my +ms) flows, and m,4 dynamic variables
at the initial time. All the other state variables and the state derivatives must
be selected to satisfy (5.44).

A general procedure for finding consistent initial conditions of the La-
grangian DAEs is as follows. Let Z C {1,2,---,n} denote the indexes of
the independent displacement variables (and corresponding flow variables).
Hence, the cardinality of Z is n — (mq 4+ mg). Let Y(© = [(¢ONT (fONHT
(sONT ()T (XONT (1 ONT (L ONT]T " denote an estimate of the initial
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state. Also, let Y denote an estimate of the initial state derivative. Then
the consistent initial state and state derivative are determined by solving the
problem

miny, zij V)24 (v, =¥, (5.45)
subject to -

O(Y,Y , ty) =0, (5.46)

v, -v9 =0, ie1, (5.47)

Yign Y =0, i1, (5.48)

Yigon = Y0 =0, i=1,2,--,my. (5.49)

Yitontm, 4matmatms =0, i=1,2,-- mi.  (5.50)

The system equations (5.45)-(5.50) defines an equality constrained minimiza-
tion problem. Here, the cost function (5.45) penalizes the deviation between
the initial estimate (Y(O),Y(O)) and the actual consistent initial conditions
(Y,Y). The constraint (5.46) indicates that (Y,Y) must satisfy the implicit
differential equations at time t = ty. The constraint (5.47) indicates that
the independent displacement variables must satisfy the initial estimate, i.e.,
qi(to) = qgo), i € Z. The constraint (5.48) indicates that the independent

flow variables must satisfy the initial estimate, i.e., f;(tg) = fi(o), i € Z. The
constraint (5.49) indicates that the dynamic variables must satisfy the initial
estimate, i.e., s;(tg) = 31(-0), i = 1,2,---,my. Finally, the constraint (5.50)
indicates that multipliers v must be zero at the initial time.

If M is nonsingular we can also insist that the Lagrange multipliers A and
w1 vanish at the initial time. That is,

Yi+2n+m3+m4 =0,i=1,2,---,my, (551)

}/:i+2n+m1+m3+m4 =0,i=1,2,---,ma. 552)

In which case we adjoin (5.51)-(5.52) to (5.45)-(5.50).

Example 5.7.

Consider the problem of finding consistent initial conditions for the simple
pendulum given in Example 5.6. In this case we are required to find initial
conditions that satisfy the GGL index-2 formulation

@ — fi +2qv =0,

G2 — fa +2q2v = 0,
mfi + 21 = 0,

mfg +2¢2) —mg = 0,
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q% + qg - ZQ =0,
2q1 f1 +2q2f2 = 0.

This system has 1 degree of freedom, which implies that we can select
either q; or ¢o arbitrarily. That is there is only one independent displace-
ment variable for this system. We can also arbitrarily assign the flow variable
corresponding to the independent displacement variable.

Suppose m = 2,1 = 1, g = 9.8, and we assign ¢;(0) = q%o) = V?2/2,
f1(0) = 1(0) = 0. Then we can easily formulate the consistent initial condition
problem (5.45)-(5.52). However, we must be careful in selecting the estimate
for the dependent displacement variable, qéo). This is because for any given
q1 the displacement constraint ¢ = ¢7 +¢3 —[? = 0 has two possible solutions
for qo. Specifically, go = ++/1%2 — ¢3. The problem (5.45)-(5.52) will tend to
give a solution that is closest to the initial estimate qéo).

Using qéo) = 0.1 gives the consistent initial conditions ¢; = v/2/2, ¢o =
V2/2, fg = 9.8. The initial conditions for all the remaining variables are
zero. On the other hand, using qéo) = —0.1 gives the consistent initial con-
ditions ¢ = v/2/2, ¢2 = —v/2/2, fo = 9.8. The initial conditions for all the
remaining variables are zero.

5.3.5 An implicit Runge-Kutta method for IDEs

This section describes an implementation of an implicit Runge-Kutta method
for implicit differential equations (IDEs)

&(y,y,t) =0, (5.53)

where y(t) € R™, y(t) € R™, P € R™, and the initial conditions y(t), y(to)
at time t = t( are consistent. From the presentation given above it should be
clear that the formulation (5.53) includes ordinary differential equations as
well as the Lagrangian DAEs.

In the algorithm described below we will use the Radau ITIA; s = 3 co-
efficients. The development here follows that of Section 5.2.4 with specific
modifications to deal with implicit differential equations.

To describe this numerical integration technique let (y(k),y(k)) be the
solution to (5.53) at time t*). Given a step size, h, the solution at time
t(+1) = ¢()) 4 b can be obtained using an implicit Runge-Kutta method as
described by (5.37). That is

i=1
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0= é(n7nl77—i)7 1= 1727"'78
S
Yi=y®™ +h) ayY],
j=1
T, = t(k) + ¢;h,

where, Y/ € R™ is the stage derivative, and Y; € R™ is the stage value.
Moreover, A, b and ¢ are the coefficients associated with the Radau ITA
method.

If we define the stage increment as Z; = Y; — y(k), and use the fact that A
is nonsingular we get that the stage derivatives must satisfy

1 S
Yi=- > wi;Zj,
j=1

where w;; is the (i,7)-th element of W = A~!. Then, the increments, Z;,

1=1,2,---,s are determined by solving the equations
1 S
k .
o(y' >+Zi752wijzj77i) =0,i=1,2---,s. (5.54)
i=

As in section 5.2.3 we will employ the simplified Newton’s method to solve this
)

system of equations. Specifically, given an initial estimate ZZ-(0 we perform
the iterations
1: for g =0,1,--- do

2:  Solve the linear system
DO AZD = —p(ZD) (5.55)

to find the correction AZ(®.
3. Set Zatl) = z(a) L Az(@)
4. if [|[AZ@D|, or ||@(Z(@+D)]|| is sufficiently small then STOP end if
5: end for

Here,

z? Sy® + 2" 5 w2 m)

20 P + 29} 55,200 m)

7@ — , 5(2@)) - = ,

2 Py + 280, 150w 20, 7)
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AZD
Az _ 1

AZ@D = C | DP=T0 T+ (Wa M),
AZ

J = 0®(y®,y®) t*)) /9y, and M = 0(y*), 5 1)) /0y,

In practice we have found that the performance of the implicit Runge-
Kutta algorithm for IDEs depends on; (i) the initial estimate, Z(©), used in
the simplified Newton’s method, (ii) the efficient solution of the linear system
(5.55), (iii) the criteria used to terminate the Newton’s method, (iv) the ac-
curacy of the local error estimation, and (v) the step size control technique.
Each of these algorithm details will be discussed next.

The initial estimate Z(9.

At the first step of the integration, i.e., k = 0, we use Z(®) = 0. For steps
k > 0 we use a polynomial extrapolation technique to estimate the increments
Ziy i =1,2,---,s. This procedure is described as follows. At the end of the
k-th step we have available the following data; y(¥), the solution to IDEs at
time t*), and the stage values Y;, which are the solutions to the IDEs at
times 7; = t%) + ¢;h, i = 1,2,-- -, s. (Note that for the Radau ITA method
Y, = y(k+1).) Hence, we can approximate the solution to the IDEs using the
Lagrange polynomial

i =S Ly, L= ] =4, (5.56)
1=0

j=04#i '

where Yy =y tg =t®) t, =7,,i=1,2,---,s.

Now, given a step size h we would like to find the solution to the IDEs
at time ¢t(#+2) = ¢(k+1) 1} Using (5.56) we can get estimates for the stage
values at 7; = ttD 4 ¢;h, 4 = 1,2,---,s. That is, the stage values in the
interval t(*+1) < ¢ < ¢t(*+2) can be approximated by Y; = #(7;). Hence, to
advance the solution from t**1) to t(**2) we take the initial estimate of the
increments, to be used in the simplified Newton iteration, as

Zi(O) =Y, — y(k+1) = (7)) — y(k-&-l).

It should be noted that the polynomial (5.56) can also be used to approx-
imate the solution to the IDEs in the interval t(*) < ¢ < ¢(k+1),

Solution of the linear system (5.55).

The corrections, AZ(@ in the simplified Newton’s method are determined
by solving the linear system of equations (5.55). From Section 5.2.4 we know
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that there is a nonsingular matrix 7' such that TI" = AT, where A is the
coefficient matrix for the Radau ITA method, and I' is matrix in Jordan
canonical form. Therefore, we can obtain T"'A~'T = I'"!. If we define
AV(@ such that

(ToNHAVD = AZ@, (5.57)

then (5.55) can be written as
I®J+ %(W @ M)\ (T @ I)AVW = —¢(Z(D).
Multiplying both sides of this equation by (T~! @ I) gives
(I®J+ %(F‘l @ MNAVD = (T @ N$(Z2 D) = —U. (5.58)

But, in the case of the Radau IIA (s = 3) method, the matrix I"~! has the
form

pr 00
I'=10 p ps
0 —ps p2

Let us partition AV(@ as AV(@ = [vI 0T 0117 and U as U = [uf,ud,ut]7,
where v; € R™ and u; € R™, ¢ = 1,2,3. Then, the linear system (5.58) can
be written as

(J + %M)u1 = —u, (5.59)
(J + P22 00y (g + i) = —(us + ius), (5.60)

h

where i = \/—1. Therefore, the real linear system (5.58) with a coefficient
matrix of dimension 3n, x 3n,, is reduced to a real system (5.59) of dimension
3n, and complex system (5.60) of dimension 3n,,. Once AV(@ is known we
can find the correction AZ@ from (5.57). Solving the systems (5.59) and
(5.60) to find the correction AZ(@) requires fewer operations than solving the
system (5.55) directly.

Termination of the simplified Newton’s method.

In our implementation of the simplified Newton’s method the iterations
terminate successfully if

e
mHAZ(Q)Hw < ctoly, (5.61)

or ~
|@(Z9H )| < ctoly, (5.62)

where © = AZ(@D /AZ(4=1) | The weighted norm in (5.61) is computed as
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1 'y \AZ<4)|
1AZ@D |, = 5 > < o (5.63)
My 533121 \atol; +rtolyly; |
where atol; and rtol;, ¢ = 1,2,---,n, are specified absolute and relative

tolerances, respectively. Also, AZ; (q) is the i-th element of AZ; (@),
We select the termination tolerance to be

ctol; = max(10eys/rtol, min(0.01, V rtol))

where rtol = min(rtol;), i =1,2,---,n,, and €y is the machine precision.
We also select ctols = 100¢;,.

The iterations are terminated unsuccessfully if (i) the iterations diverge,
ie, ©® > 1, (i) q exceeds the maximum number of iterations allowed, i.e.,
q = q-MAX, or (iii) the rate of convergence is too slow, i.e.,

QqJ’IAX q

T |AZD|,, > ctol;.

Local error estimation.

To estimate the local error at time ¢(*t1) we consider the approximate
solution to the IDEs given by

o (k+1)
hAy .

gkt =4 ®) 1 p Z b;Y] + hboy®) + (5.64)

i=1

Note that the last two terms in (5.64) distinguishes §**1 from y*+1) given in

(5.37). Moreover, the coefficients 4 and l;i, 1=0,1,---,s are selected so that

§**1) has a local error of O(h**1), for the differential variables in the IDEs.

This implies that the coefficients in (5.64) must satisfy the order conditions
(5.28). That is,

T

Gh = [1_30,;,...,1] -

where C' € R**%, the i, j-th element of the matrix Cis given by C’ij = cé_l,

F= 1,25 b= [ be e BT, and 1= [1,1, -, 1]T € RS,

As in section 5.2.4 we will treat by and 4 as free parameters. In the case
of the Radau ITA (s = 3) method, it is convenient to select 4 = ~;, since
this eliminates the need for an additional matrix factorization. Also, com-
putational experience has shown that using 130 = (.02 yields reliable error
estimates for a wide range of problems. With lA70 and 4 known we can com-
pute the remaining coefficients from (5.28).
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From (5.64) we get

cor) 1 ~ -
Yy = hfﬁ/(y(lﬂ_l) - (y(k) + hz bl}// + hboy(k)))
i=1

Putting this in @(@(k+1),g§(k+1),t(k+l)) =0, and solving for §**+1) using the
simplified Newton’s method gives the iteration

DOAG = —d(g+D §ETY )y

g(k-’rl) (_g(k-‘rl) _‘_A:g,

where D® = (J + (u1/h)M). If we perform one iteration of this method with
a starting value g+ = ¢(*+1) we get an estimate of the local error as

(k+1) _ y(k+1) _ g(k-ﬁ-l)

n

= —Aj

= —(J + (1 /W) M) "L (y D Y pr0y (5 65)

where
s (k+1 . 5 ~ ~
i = (/W) ED = () + h b + hboy™))
=1
= (Z(bi — b)Y/ - 502)“”))
=1

From these equations it can be seen that using 4 = 1 = 1/ allows us to
reuse the factorization of the matrix (J + (u1/h)M) in the computation of
n*+1)_ (Recall that the factorization of this matrix is used to solve the linear
system (5.59)).

Step size control.

As with other numerical integration methods we attempt to adjust the
step size, h, so that the local error is within a desired tolerance. Assume that
the local error, with current step size h, behaves according to the formula
[n*+D|| = Ch**!, where C' > 0 is some constant. We would like the new
step size, h, to be such that the local error satisfies a desired tolerance, e.
That is, we would like ||[7**1)|| = Ch**! = e. Therefore, using ||n*+1)| and

[7*+D)|| we see that
7%+ R\ ¢
[n®+D] ~ (h) Gk
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Hence, -
h = hp1, (5.66)

where py = (|ln* 1| /e)=1/(*1) A practical step size adjustment technique
is to select h so that

h = hmin(facy, max(faco, 3p1)), (5.67)

where 0 < facy < facy, and 0 < § < 1. Typical values for these parameters
are 3 = 0.9, facy = 0.2 and fac; = 5, which ensures that 0.2 < h < 5h.

Another useful step size control method is given by Gustafsson, et al.
(1988). This technique is based on the assumption that at the k-th step the
local error satisfies

In® 0] = c®ReEL,
where hy) is the step size at the k-th step, and the non-negative coefficient
C®) is such that
C(k+1) k)
c® Y ot

If we desire that the new step size, h, satisfy the condition Ch+1ps+1 = ¢
then, using C*) = ||p(k+1) ||/h5+1 and C*=1 = ||p®) || /hstL | we get

(k—1)
ch+) o e (b IS (e )
CH ¢~ D] () ™) (h<k>> '
This gives ~
h = hk)p2, (5.68)
where

P ( ¢ )”“’*” ( heey )( 11®) )” s
o=\ T .
R By ) =]

Therefore, if we know the step sizes from the past two steps, (h(x), hx—1)),
and the corresponding local errors, (n(k+1), n(k)), we can compute a new step
size using (5.68).

In developing the step size control techniques described above we have
assumed that the local error due to the formula (5.64) is of order A5*1. Un-
fortunately, for variables in y(¢) that have differentiation index greater than
1, this assumption does not hold. In fact, for variables in y(t) with differen-
tiation index greater than 1, this formula suffers from order reduction. One
approach to dealing with this loss in accuracy is to scale ngkﬂ) by hl=indi if
ind; > 1, where ind; is the differentiation index of the i-th variable in y(t).
Alternatively, we can ignore variables with differentiation index greater than
1 when computing ||n*+1)||. In the latter case we compute the weighted norm
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(k+1)

2
|n; |
k)| , (5.69)

(k+1) 1
a0 = | - :
D icp \atol; + rtol;ly;

where D = {i | ind; < 1}, and np is the cardinality of D.
An implicit Runge-Kutta algorithm for IDEs.

Using the techniques described in the previous sections we can state an
algorithm for the integration of implicit differential equations that is based
on the implicit Runge-Kutta method. This scheme is similar to Algorithm
5.2.3 but with the following modifications. In step 3 we perform the simplified
Newton’s iteration (5.55). In step 5 we compute the local error using (5.65).
In step 6 we use o = min(p1, p2), where p; is computed in (5.67), and ps is
computed in (5.68). In both cases we use the scaled norm (5.69). A MATLAB
implementation of this algorithm is given in the Chapter 6. The function is
called ride, and is used to solve the system simulation problems in Chapter
6.

5.4 The Multistep BDF Method

Heretofore we have emphasized the single step Runge-Kutta methods for
the solution of ODEs and DAEs. In this section we will outline a multi-
step method based on the backward differentiation formula (BDF). Multistep
methods utilize one or more of the solutions at the previous time steps to
find the solution at the next time step. (Whereas, single step methods use
only the most recent solution to find the solution at the next time step.)
Implementations of the BDF method have been shown to be very effective at
solving stiff differential equations and differential-algebraic equations.

The multistep BDF method is described as follows. Given the differential
equation

y=1y1), (a)

where y(t) € R", f(y,t) € R™ and t is the (independent) time variable.
Suppose we know the exact solution to (a) at the times, (), tG=1 ...
tU=m) That is, we know y(t)), y(tU=1), - -, y(tU=™)). Now we would like
to find the solution to (a) at time tU+Y = tU) 4 h, where h is the step size.

To do so, let us construct a polynomial y.(¢) that (i) interpolates the exact
solution at times tU=9, i = 0,1,---,k — 1, and (ii) satisfies the differential
equation at time tU*Y) . Therefore, y.(t) must satisfy

yc(t(j_i)) - y(t(j_i)), i=0,1,---,k—1,
yc(t(j“)) — f(yc(t(jJrl)),t(jJrl)).
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Thus, yc(t(j“‘l)) represents an approximate solution to the differential equa-
tion at time tU+1),
We can define y.(t) as a Lagrange polynomial

k k
) ) t — tG+1-9)
_ , (j+1—4)
Ye(t) = ZOLZ(t)y(t ), 1—[?é G+1—1) _ $G+1—q)
= q=0, g#t
Using this equation we see that
Je(t9TD) = a(tV D)y (t0D) 4 4 (tUFY), (0)
where
. . . . k . . . .
(D) = Lo Hh), AU = 3 Ly (0.
i=1

Equation (b) is called the backward differentiation formula, and using this
in the differential equations (a) gives

g/(yc(t(j—&-l))) _ ayc(t(j“)) oy f(yc(t(j—'rl),t(j—&-l))) -0,

where we have used o = a(tU+1) and v = y(tUY). Now, ¥(y.(tV+1)) =0
is a system of algebraic equations that must be solved to determine the
approximate solution at time tU+1 ie., yc(t(j+1)). This system is solved
using a simplified Newton’s iteration.

It can be shown that the local error in these BDF methods is O(hF*1).
Moreover, the methods are stable for formulas with 1 < k < 6. Further
details on the properties and implementation on specific BDF algorithms
can be found in Brayton, Gustavson and Hachtel, (1972), Brenan, Campbell
and Petzold, (1996), Shampine and Reichelt, (1997), Ascher and Petzold,
(1998), and Shampine, (2002).
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Problems

1. Apply the explicit and implicit Euler methods to solve the differential

equations
n| (-1 1 Y1
g2 | | 0 —1000| |y2 |’

with initial conditions y(0) = [1, —2]7, in the interval 0 < t < 5. Use step
sizes (i) h = 0.1, (ii) h = 0.01 and (iii) » = 0.001. Compare the numerical
results with the analytical solution in each case.

2. Use the explicit and implicit Euler methods to solve the ODE

y = —50(y — cost), y(0) =0.

Use step sizes (i) h = 1.974/50 and (ii) h = 1.875/50 for ¢ = 0 to t = 1.5.
Plot y(t) in each case (4 plots).

3. Show that the stability function for the p-th order Taylor series formula,
and the p-th order explicit Runge-Kutta formula is

22 3 P
R(z):1+z+5+§+---+ﬁ.
In the case of the Runge-Kutta formula assume that p < 4.

4. Plot the stability region for the explicit Runge-Kutta methods of order
p=1,2,3 and 4. Hint: The boundary of the stability region is determined
by the roots of the complex variable equation, R(z) — e =0, for 0 <6 <
2m. Are these methods A-stable?

5. Derive the order conditions for the three stage explicit Runge-Kutta
method

yFD) = y(F) 4 py [bik1 + baka + bsks],
ky = fy™,t®),
ky = f(y™ + hagi k1, %) + exh),
ks = f(y(k) + hasi ki + hassks, t*) + csh).

Use the simplifying assumptions as; = co and a3y + aze = c3. Show that
by proper selection of the coefficients the local discretization error is of
the form §(**1) = Ch* for some constant C' that is independent of h.

6. Apply the explicit Euler method, the implicit Euler method and the clas-
sical 4-th order Runge-Kutta method to the following problems.

e i=-0lzr+12(0)=0,and 0 <t <1.

o iy = my, iy = —28w,Te — wixy, 11(0) = 1, 22(0) = 0,0 < t < 1,
¢ =0.1, and w, = 27.
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For each of the numerical methods use the following step sizes; h =
1071, 1072, 1073, 10~*. Compare the numerical solutions with the exact
solution in each case.

7. Use the classical 4-th order Runge-Kutta method to solve the differential
equation

Z)l = Y2,
g = p(l —yi)y2 — 1,

with initial conditions y(0) = [2, 4]7. Solve this problem for the cases (i)
@ =1, final time t = 20, and (ii) # = 1000, final time ¢ = 6000.
8. Apply the implicit Euler method to the following problems.
e i =f 0= —cf+F, 2z(00 =0, f(0) =0, ¢ = 0.1, F(t) = sin4nt,
0<t<1.
e i=f 0= —kx+F, z(0) =0, f(0) =0, k = 72, F(t) = sin4nt,
0<t<1.
Use the following step sizes; h = 107!, 1072, 1073, 10~4, and compare
the numerical solutions with the exact solution in each case.

9. Use the implicit Euler method to solve the following problems for 0 <
t <2.5.

(a)The ODEs
i'l = T2,
o = (g/l)sinxy,

where g =9, 1 =1, 21(0) = 7/2 and z2(0) = 0. Plot z; and x».
(b)The index-3 DAE

T = w3,

i'2 = T4,

T3 = —2x1T5,

T4 = —2T975 + ¢,

0=a?+a3—1.

(¢)The index-2 DAE

1 = w3,

T = T4,

i’3 = —2$1$5,

T4 = —2x2T5 + g,

0=z123 + 2274
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(d)The index-1 DAE

T = I3,

Ty = T4,

.fg = —2.’131.1’5,

&g = —2x225 + ¢,

0:x§+xi—2x5+x29.

For problems (b), (c) and (d) use x1(0) = 1, 22(0) = 23(0) = x4(0) =
25(0) = 0. Plot x; versus xo, and z? 4+ 22 — 1 in each case.

10. Plot the stability region of the implicit trapezoidal method. (See Example
5.2.)
11. Show that the implicit trapezoidal method and the implicit midpoint

method,
1/2[1/2
1 b

have the same stability function.
12. e Show that the implicit Euler method is L-stable.
o Use the implicit Euler method and the implicit trapezoidal method to
solve the problem

g = —2000(y —cost), y(0)=0, t;=0, ty=15.

Use the fixed step size h = 1.4/40.

e Can you draw any conclusions regarding the L-stable method. (From
Example 5.2 we know that the implicit trapezoidal method is not L-
stable.)

13. Consider the autonomous ODE g = f(y(t)), y(t;) = yi- A 2 stage Rosen-
brock Wanner method applied to this equation has the form

y* D = 5B bk + boks,
(I = hyD)ky = hf(y™),
(I — hy ks = hf(y"™ + agiky) + hyar Tk,
where J = df /dy. The coefficients of the methods are by, ba, 7,721 and

ag1. Show that this method is second order if the following order condi-
tions are satisfied.

by +by =1,

1
ba(aor +721) = 5*’%



5.4

14.

15.

16.

17.
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Derive an expression for the Jacobian of the nonlinear equations (5.22) in
the implicit Runge-Kutta method. Compare this exact Jacobian with the
Jacobian approximation (5.25). Where are the computational savings?
Reduce the index-3 DAE (5.36) to a system of ordinary differential equa-
tions by taking three time derivatives of g(x) = 0, and solving for .
Develop expressions for the s-stage implicit Runge-Kutta method applied
directly to Hessenberg index-2 and Hessenberg index-3 DAEs.

Apply the implicit Euler method to the GGL index-2 formulation for
a simple pendulum. Compare the simulation results with that obtained
from Problem 9.
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Chapter 6

Dynamic System Analysis and
Simulation

This chapter presents the analysis and numerical simulation of some of the
systems modeled in the previous chapters. Section 6.1 presents some basic
concepts associated with dynamic systems. In particular, the ideas of equilib-
rium, and stability, in the sense of Lyapunov, are discussed. In Section 6.2 the
numerical simulations of the dynamic systems are performed using the com-
puter code ride. The program ride is a MATLAB/Octave implementation of
an implicit Runge-Kutta method for the solution of implicit differential equa-
tions. Here, we simulate the behavior of several dynamic systems described
by Lagrangian differential-algebraic equations.

6.1 System Analysis

The equations of motion for many the dynamic systems modeled in this text
can be written as

y(t) = f(y(t)7es(t),t), t; <t < tf? (6'1)

where t is the time variable, y(t) € R™ is the state vector, e®(t) € R" is
the input to the system, ¢; is an initial time, and ¢; is a final time. From
the results in Chapter 3 and 4 it can be seen that the state is constructed
from the displacements and flows, whereas the input represents the efforts
applied to the system. For systems represented by Lagrangian differential-
algebraic equations, i.e., equation (4.7), we can find a representation like
(6.1) by reducing the system to the underlying ODEs (see Section 4.5.1).

Throughout this text it is assumed that the function f(y(t),e*(t),t¢) has
continuous derivatives with respect to y(t) and e®(t), in the time interval
t; <t < t;. This assumption ensures that, given an initial condition y(t;)
and an input e®(¢), a solution to (6.1) exists and is unique (See Boyce and
DiPrima, p. 70).

B. Fabien, Analytical System Dynamics: Modeling and Simulation, 257
DOI 10.1007/978-0-387-85605-6_6,
(© Springer Science+Business Media LLC 2009
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6.1.1 Equilibrium and stability

Suppose e*(t) is a known function of time, then (6.1) can be rewritten as

y(t) = fy(D),1). (6.2)

Moreover, if (6.2) does not depend explicitly on the time variable it can be
written as

y(t) = f(y(t)- (6.3)

Since the system (6.3) does not contain the time explicitly it is called an
autonomous system. While the systems (6.1) and (6.2) are called nonau-
tonomous. We note that any nonautonomous system can be written as an
autonomous system by replacing ¢ with 7, and appending the differential
equation 7 =1 to the system.

The point y* is called an equilibrium point of (6.3) if

fly*) =0.

This implies that if y(t*) = y*, then y(t) = y* for all t > ¢*. We will find
it convenient to rewrite the equation (6.3) so that the equilibrium point is
translated to the origin. This can be accomplished using the transformation
y(t) = x(t) + y* hence, y(t) = &(t), and (6.3) becomes

w(t) = f(x(t) +y7),

which has an equilibrium at the origin = = 0.

Ezample 6.1. The system

?Jl = Y2,
o=yl —ya+ 1,
has equilibrium points at (1,0) and (—1,0).

Using the transformation y; (t) = x1(t) + 1, y2(t) = 22(¢) these differential
equations become

:tl = X2,

.’J.L‘Q = 7113? — 23]1 — X9.
This system has an equilibrium at £ = 0 which corresponds to the equilibrium
point y; =1, yo = 0.

Similarly, the transformation y;(t) = x1(t) — 1, y2(t) = x2(t) yields the
system

xr1 = T2,
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s 2
Ty = —x] + 2x1 — 22.

This system has an equilibrium at £ = 0 which corresponds to the equilibrium
point y; = —1, y2 = 0.

The stability of the dynamic system is defined by how the system behaves
in the vicinity of the equilibrium point. In particular, for autonomous systems,
stability in the sense of Lyapunov is defined as follows.

e Suppose, y* = 0 is an equilibrium of the system (6.3). Then, y* is stable
in the sense of Lyapunov if, for each € > 0 there is a § > 0 such that, if
lly(t:)|| < 6 then |ly(t)|| < e, for all t > ¢;.

e The equilibrium y* is called unstable if it is not stable.

e The equilibrium y* is asymptotically stable if it is stable, and lim;_,, y(t) =
*

y*.
The definition of stability can be interpreted as follows. Let S, represent
an n,-dimensional spherical region, radius €, centered at y* = 0. Let Ss

represent an n,-dimensional spherical region, radius J, centered at y* = 0.
Then, y* = 0 is stable in the sense of Lyapunov if all trajectories starting in
Ss remain within S, for all ¢ > t;.

Instability is simply the absence of stability, whereas asymptotic stability
implies that any initial condition within Ss eventually returns to the equilib-
rium y*.

6.1.2 Lyapunov indirect method

A technique for evaluating the stability of an equilibrium point is called the
Lyapunov indirect method, or the linearization method. In this approach the
nonlinear equations of motion are linearized about the equilibrium point, and
the behavior of the resultant linear system is examined. For example, suppose
y* = 0 is an equilibrium of the system (6.3). Let y(t) = y* + x(t), where z(t)
represents a ‘small’ variation from the equilibrium. Then, writing f(y* +x(t))
in a Taylor series centered at y* gives

() = F(4(0) = 15" +2(0)
0 =1ty + 20
() = Ax(t). (6.4)

x + higher order terms

To get (6.4) we use y(t) = z(t), f(y*) =0,

af (y*)
A ox

c Rny XMy ,
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and we assume that ||z(t)] is so small that the higher-order terms in z can
been neglected. The linear system (6.4) is called time-invariant because A
does not depend of ¢. Now, the stability of the equilibrium y* depends on the
the solution of the linear time-invariant system (6.4). If the system is per-
turbed and the solution to (6.4) remains sufficiently close to the origin, then
we can conclude that the equilibrium, y*, is stable. Otherwise, the equilibrium
is unstable.

The definition of equilibrium can be extended to dynamic systems of the
form

y(t) = f(y(t), e (1)) (6.5)

(Note that this is the autonomous version of (6.1).) In this case the point
y(t) = y*, e*(t) = e* is said to be an equilibrium of (6.5) if,

fly",e") =0.

A linearization of the system (6.5) about the equilibrium y*, e* proceeds as
follows. Let y(t) = y*+x(t) and e(t) = e* +u(t) where z(t) and u(t) are small
variations in y(t) and e®(t), respectively. Then, by neglecting the higher-order
terms in a Taylor series expansion of f(y(t),e(t)) about the point y*, e* we
get

&(t) = Ax(t) + Bu(t), (6.6)

where Py B (u*. o*
A — f(y 76 ) c Rnyxny, B — f(y 76 ) c RnyXTLe.
Jy Oes

Example 6.2. Consider the nonlinear system
Y1 = Y2
o = —yi —ya + ¢,

where the nominal value of the input is e®(¢) = 0. Then, this system has an
equilibrium point at y = y* = [0, 0]7, e* = e* = 0. Therefore, the linearized
equations of motion about this equilibrium is

i = Ax + Bu,

where

_Of(y",e)
A= a9y

8fz/ayl 8f2/5y2

L0 [ 0f1/ 0" } _ [

{afl/ayl afl/ayQ]:{o 1}
0 k)
0

e’ Ofa/0e® 1
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Linear system analysis

In this section we examine the solution to the linear invariant systems (6.4)
and (6.6). In addition to being an important problems in their own right,
we see from the previous section that the solution to these problems have
important implications regarding the stability of the nonlinear system (6.3)
and (6.5).

-Homogeneous Equations

First, consider the linear, time-invariant, initial value problem
(t) = Ax(t), (6.7)

with initial condition x(0) = x;. Here, z(t) € R™ is the state, the coeflicient
matrix A € R™*" is constant, and the initial time ¢; = 0. Note that since
this system is time-invariant any problem with a nonzero initial time, i.e.,
t; # 0, can be recast in the form of (6.7) by defining a new time variable, say
T=1— tz

To develop a solution to this problem, assume that

x(t) = Zaktk, (a)
k=0

where ap € R™, k = 0,1,---. Hence, (a) presents the solution to (6.7) as a
power series in ¢, with vector coefficients ay. Using (a) it can be seen that

i(t) = i kagt® 1. (b)
k=1

Putting (a) and (b) into (6.7) gives

oo oo
Z k‘aktk_l = Z Aaktk.
k=1 k=0

Next, equating the like powers of ¢ gives
t9: a; = Aay,
tl : 2a2 = Aa1 = 142&()7

1 ..
t2: 3a3 = Aas = §A‘3ao,

1

k
7(]{ — 1)'A ag.

tk . kak = Aak,1 =



262 6 Dynamic System Analysis and Simulation

Hence,
Looo 1 s — 7k At
x(t) = I+At+5At +§At +)ag = EA ao = etag,
' ) k=0""
where
1 1 ¢k
eAt: I+At—|—fA2t2+fA3t3—|—--- _ 7Ak
2! 3! k*()k!

is called the matriz exponential. The vector ag is defined by the initial con-
dition. Specifically, using (a) it can be seen that at ¢ = 0, z(0) = x; = ao.
Therefore, the solution the initial value problem (6.7) is

x(t) = ey, (6.8)

-Some properties of et

It can be shown that the matrix exponential has the following properties;

ieAt = Aeft = M A.
dt

e If A is a diagonal matrix, i.e., A = diag(A1, Az, -+, \,), where \;, i =
1,2,---,n are scalar variables. Then,

eMt Q 0

0 et 0
Al —

0 0 ernt

e If A is block diagonal, i.e., A = diag(A;, Az, -+, A,), where A;, i =
1,2,---,n are square matrices. Then,

eAit o ... 0
M 0 ed2t... 0
et =

0 0 -..eAnt

e If A =0l + B, where o is a scalar, I is the identity matrix, and B is a

square matrix. Then,

pAt _ pot Bt



6.1 System Analysis 263

o If A e R™ ™ is of the form

01 0--0
00 1---0
_A =
0 0 0---1
00 O0--0
then,
t2 tn—l
tog (n—1)!
0 1 ¢ (;_2),
At —
0 0 O t
0 0 O 1
o If .
A— { 0 w } then, ¢4t — [ CQSwt sin wt ] .
—w 0 —sinwt coswt
o If .
A= [ o w ] then, QAL — ot { C?Swt sin wt } '
—w o —sinwt coswt
e If the matrix A € R™*" has distinct eigenvalues, A1, A2, ---, A,, and the

n by n matrix @ represents the corresponding eigenvectors then,

M O -0
0 Ag--- 0
QAQ™! = ) ;
0 0 -\,
and
et 0
0 et... 0
M =Q! e
0 0 ernt

e If the matrix A € R™*" has repeated eigenvalues then there is an n by n
matrix @ that transforms A into the Jordan form, i.e.,

J 0 -+ 0
0401 0 Jy--- 0

0 0 - Jy,
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where the n; by n; block diagonal matrices J;, i = 1,2,---,m are of the
form
A 1 0 -2 0
0 A 1 0
Ji =

In this case

elit 0 . 0
0 et... 0
A= Q! ' Q
0 0 .- efmt

(See Nobel and Daniel (1977) and Strang (1980).)

-Nonhomogeneous Equations

Next, consider the linear nonhomogeneous system of differential equations
z(t) = Az(t) + Bu(t), (6.9)

where x(t) € R™ is the state, and u(t) € R™ is the input to the system.
Here, u(t) is a known function of time. In (6.9) the matrices A € R™*™,
and B € R™ "™ are constant. Moreover, the system has an initial condition
z(0) = z;.

To develop a solution to (6.9) we can use the property that

d

7 (eiAta:(t)) = e Ai(t) — e At Ax(t)

= e A (i(t) — Ax(t)).

Hence,
e A (&(t) — Az(t)) = e A Bu(t).

Integrating both sides of this expression gives
t
e ATax(r)]} :/ e AT Bu(r) dr
0
t
e Ma(t) — z(0) = / e AT Bu(r) dr
0

t
z(t) = eta; + eAt/ e AT Bu(r) dr. (6.10)
0

Ezample 6.5.
(a) Consider the homogeneous scalar linear differential equation
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T = Ax(t),

with initial condition x(0) = ;. Note that * = 0 is the equilibrium point
for the system. From (6.8) it can be seen that the solution to this differential
equation is

x(t) = eMay.
Clearly, the system response depends on the initial condition z;, and the
parameter .

If ; # 0 and A < 0 then, lim; o, 2(t) = 0. Thus, if A < 0 the equilibrium
point x* = 0 is asymptotically stable. Since, the system eventually returns
to the equilibrium z* starting from any initial condition.

On the other hand if A > 0, then as ¢ — oo the response z(t) becomes
unbounded. This behavior occurs for any nonzero initial condition, no matter
how small. Thus, if A > 0 the equilibrium «* = 0 is unstable.

(b) The solution to the nonhomogeneous scalar linear differential equation
& = Ax(t) + bu(t),

with initial condition z(0) = x;, is given by (6.10) as
t
z(t) = eMay —|—/ AN bu(r) dr.
0
If A< 0andu(t) =1, t >0 then, the system response is

b
z(t) = eMa; + X(e” —1).
The first term in this expression is called the initial condition response and
it is the solution to the homogeneous differential equation, i.e., the system
with u(t) = 0. The second term is called the forced response and is due to
the input u(t) = 1. Since A < 0 it can be seen that

. b
tlg(r)lox(t) N

which is called the steady-state solution.

Ezample 6.4.
Consider the second-order homogeneous differential equation

i(t) = Az(t),

where z(t) € R?, A € R?*? and initial condition z(0) = z;.
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Depending on the eigenvalues of A there is a nonsingular matrix Q € R?*?
that can transform A into one of the following forms.

1. A diagonal matrix

_ A O
QAQ 1=A:[ ) Az},

where A1 and Ay are the real eigenvalues of A.
2. A Jordan block

QAQ—le:[g H (b)

where X is the repeated real eigenvalue of A.
3. A matrix

QAQIA[ o w], (0)

—Ww o

where \; = 0 +iw and A2 = 0 — iw are the complex conjugate eigenvalues
of A.

If we define a new vector z(t) = Qxz(t) then, the linear system becomes
£(t) = A=(1),

with initial condition z(0) = Qz(0) = 2.
In the case where @ diagonalizes A, i.e., (a) holds, the transformed differ-
ential equations are

Zl(t) = )\121(f)7
Zg(t) = )\QZQ(t).

The solution to this system is

z1(t) = Mz,

V) (t) = 6>\th20,

where z1(0) = 210 and 22(0) = 299. If Ay < 0 and A3 < 0 then the equilibrium
point z* = z* = 0 is asymptotically stable, since lim;_ o, z(t) = 0.

If on the other hand A\; > 0 and/or A2 > 0 then the equilibrium point
z* = 0 is unstable because z;(t) and/or z2(t) become unbounded as t — oo,
for any nonzero initial condition.

In the case where @ transforms A to the Jordan form, i.e., (b) holds, the
differential equations become

21 (t) = A\z (t) + 22<t),
S(t) = Az (t).

The solution to this system is
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21 (t) = 6/\t21() + te’\tzm,

z92 (t) = 6/\t Z20-

Again, the stability of the equilibrium depends on the sign of A. If A < 0 then
the equilibrium point z* = 0 is asymptotically stable, since lim;_, o, z(t) = 0.
If A > 0 the equilibrium is unstable.

If the eigenvalues are A are the complex conjugate pair A = o + iw, i.e.,
(c) holds, then the system response is

2(t) = €7t coswt sinwt 210
o —sinwt coswt 200 |

If 0 < 0 then the equilibrium is asymptotically stable, since z(t) — 0 as
t — o0. If 0 > 0 then z(t) becomes unbounded as ¢ — oo, and the equilibrium
is therefore unstable. If ¢ = 0 then z(t) is a response that oscillates about the
equilibrium. In fact the trajectory (z1(t), z2(¢)) forms a closed path around
the equilibrium. In this case the equilibrium is said to be marginally stable.

The stability results obtained in last two examples can be extended to
linear systems in general. In particular, we can state the following. Let A;,
j=1,2,--- n be the eigenvalues of the matrix A in the linear system (6.7).
Let Re();) denote the real part of the j-th eigenvalue of A. Then, sufficient
conditions for the stability of the linear system are as follows.

(i) The equilibrium is asymptotically stable if Re(\;) < 0, j = 1,2,---,n.
That is, all the eigenvalues of A are strictly in the left-hand complex
plane.

(ii) The equilibrium is unstable if Re()A;) > 0 for any j. That is, at least one
eigenvalue of A is in the right-hand complex plane.

(iii) The equilibrium is marginally stable if Re(\;) <0, j = 1,2,---,n, and
there are no repeated eigenvalues on the imaginary axis. That is, at least
one eigenvalue of A is on the imaginary axis, while the others are in the
left-hand complex plane.

In the case where (6.7) is obtained by the linearization of a nonlinear
system then, Re(\;) <0, 7 = 1,2,---,n implies that the equilibrium of the
nonlinear system is asymptotically stable. Whereas, if Re();) > 0 for any j
then, the equilibrium of the nonlinear system is unstable. No conclusion can
be made regarding the stability of the equilibrium of the nonlinear system if
some of the eigenvalues of A lie on the imaginary axis and the rest are in the
left-hand complex plane.
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6.1.3 Lyapunov direct method

In the linearization method described above the stability of the dynamic sys-
tem is determined by examining the eigenvalues of the linearized equations of
motion. In this section the stability of the equilibrium is determined by exam-
ining a positive definite scalar ‘energy function’ for the system. To motivate
why such an analysis may be fruitful, consider an unforced dynamic system
consisting of ideal inductors, capacitors and resistors. In such a system any
initial energy (due to perturbation of the system) will be dissipated by the
resistors, and the system will eventually return to an equilibrium point. The
Lyapunov direct method involves the construction and analysis of suitable
scalar energy-like function for the system.

Before stating the Lyapunov stability theorems we need some definitions.
Let x € R™ be some vector, and {2 be region in R"™ that contains the origin.
Then;

e The scalar function V(z) is said to be locally positive definite if V(0) =0
and V(x) > 0 for all x # 0 in (2.

e The scalar function V(x) is said to be locally negative definite if V(0) =0
and V(x) <0 for all © # 0 in (2.

e The scalar function V(z) is said to be locally positive semi-definite if
V(0) =0 and V(x) > 0 for all x # 0 in 2.

e The scalar function V(z) is said to be locally negative semi-definite if
V(0) =0 and V(z) <0 for all z # in (2.

o If V(x) > 0 for some values of z € 2, and V(z) < 0 for other values of
x € {2 then, V(z) is said to be indefinite.

If 2 is the entire space R™ then these definitions apply globally instead of
locally.
Lyapunov Stability Theorems

Consider the autonomous dynamic system

w(t) = f(z(t)), (6.11)

where the state z(t) € R™, and z* = 0 is an equilibrium. Let {2 be region in
R™ that contains the origin, * = 0. Then, the following theorems give suffi-
cient conditions for * = 0 to be stable, or asymptotically stable equilibrium.

I Lyapunov stability theorem.
If for x € 2 there is a continuous, scalar, positive-definite function V(x)
such that

d);(tx) = V(x) <0.

Then, the equilibrium x* = 0 is stable in the sense of Lyapunov.
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IT Lyapunov asymptotic stability theorem.
If for © € 2 there is a continuous, scalar, positive-definite function V(x)
such that )
V(z) < 0.

Then, the equilibrium x* = 0 is asymptotically stable in the sense of Lya-
pUNOL.

IIT Krasovsky asymptotic stability theorem.
If for x € 2 there is a continuous, scalar, positive-definite function V(x)
such that

V(.’IT) <0, z ¢ 0,
V(z) =0, z € £,

where 2y C {2, (excluding the origin) is defined by the scalar function
F(xz) = 0. Then, the equilibrium z* = 0 is asymptotically stable in the
sense of Lyapunov if

T

U(x) = (dF(I)) f(z) #£0, x € .
dx

If the conditions in Theorem I or Theorem II or Theorem III are satisfied

then, V() is called a Lyapunov function.

Theorem I indicates that if we can find a scalar function V(z) that is
positive definite and V(x) is negative semi-definite then, x* = 0 is a stable
equilibrium point.

Theorem IT indicates that if we can find a scalar function V(x) that is pos-
itive definite and V(x) is negative definite then, z* = 0 is an asymptotically
stable equilibrium point.

Theorem III indicates that * = 0 is an asymptotically stable equilibrium
point if the following conditions hold;

e The scalar function V() is positive definite.
V(z) = 0 in some subset of {2, say {2y which is defined by the surface
Flz) =
V(z) is negatlve definite outside of (2.

U(z) # 0, = € £2y. This condition implies that the system trajectory does
not stay in 2y forever. Note that {2y excludes the origin.

Since the system does not remain in {2y for all time, and V(x) is negative
definite outside of {2y, it can be inferred that the systems ‘energy’, V(x), will
decrease until it reaches the equilibrium.

In Theorem II asymptotic stability requires a monotonic decrease in the
function V(x), while Theorem III allows V(z) to decrease piecewise fashion.
See Merkin (1997) for the proofs of these theorems.

Note that these stability theorems are all local and apply only for = € (2.
However, similar statements hold globally if in addition to the conditions
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stated above, we have V() — 00 as ||z|| — co. The utility of these theorems
will be demonstrated via the examples below.

Example 6.5.
The equations of motion for the unforced linear .
mass-spring system shown here are 5
k
) k
Tro = ——XT1,
m

where x; is the position, zo the velocity, m is the mass, and k is the spring
stiffness. The equilibrium for this system is 7 = 0, 5 = 0.
Now, select

1
V(w) = (ke +mad)

as a Lyapunov function candidate. (The function V() is called a Lyapunov
function only if its satisfies one of the stability theorems given above.)
First, note that V(z) is a scalar positive definite function, and it is the
sum of the kinetic coenergy and the potential energy of the system.
Next,

V(J?) = kx1&1 + maods
k
= kxyxo + mao(——x1)
m

=0.
Since, V(z) is positive definite and V(m) = 0, the Lyapunov stability Theorem

I, indicates that the equilibrium is stable. The same result can be obtained
using the linearization method.

Ezample 6.6.
For the dynamic system
T = A\x,

where A < 0, the point * = 0 is the equilibrium.
Let the scalar positive definite function

V(z) = —2?

be a Lyapunov function candidate. Then,

V(z) = zi
= \z? <0,
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for all z # 0. Therefore, according to the stability Theorem II we can conclude
that the equilibrium, z* = 0, is asymptotically stable.

Ezxample 6.7.
The equations of motion for the unforced linear Y
mass-spring-damper system shown here are k —
. Al
T1 = X2, ]
. k b b
To = ——T1 — —T2,
m m

where x1 is the position, x5 the velocity, m is the mass, k is the spring
stiffness, and b is the damping coefficient. The equilibrium for this system is
27 =0,25=0.
Let 1
V() = 5 (ka? + maf)

be the Lyapunov function candidate. Then,
V(x) = kx1%1 + mrado
(=)
=kxixo + may | ——x1 — — X2
m m
= —bxl.

Since, V is negative semi-definite we can conclude from the stability Theorem
I that the equilibrium is stable. However, using the stability Theorem III it
can be shown that, in fact, the equilibrium is asymptotically stable. To do
so let 29 = {z € R? | x5 = 0}, excluding the origin. That is, {2y is all points
in R? where x5 = 0, except the origin. Noting this exception, it can be seen
that V(z) = 0, for = € 2y, and we can define §2; using the function

F(z) =z, =0.

Therefore,

dz
T2
=[0 1]| & b
——Z1 = —I2
m

k b
=1 = —2

m
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That is, U(x) is not identically zero for all points in 2y. Thus, the system
trajectory is such that x does not remain in {2y for all time, and since V(a:)
is negative definite outside of {2 the system eventually approaches the equi-
librium. Hence, from the stability Theorem III we can conclude that the
equilibrium is asymptotically stable.

6.1.4 Lagrange’s stability theorem

Let ¢(t) € R™ denote the generalized displacements of a dynamic system, and
let ¢(t) be the corresponding flows. The system is called a natural dynamic
system if the kinetic coenergy is of the form T*(q,q) = $4(t)" M (q(t))d(t),
where M(q(t)) € R™*™ is a symmetric positive definite matrix.

If the natural dynamic system is conservative then, the equilibrium and
stability of the system can be determined by evaluating the potential energy
function. In this case all the applied efforts, including gravity forces, must be
included in the potential energy function.

Equilibrium

Let
C aV(Q)

e = — B4 ,1=1,2,---.n

be the efforts due to the capacitors and gravity. Here, V' (g(t)) is the potential
energy function. Let

)

be the efforts due to ideal resistors, where D(q) is the dissipation function. Let
e, 1=1,2,---,n be the efforts due to sources. If the system is conservative
then the efforts due to the resistors and sources are zero, i.e., elR = 0, and
ef=0,9=1,2,---,n.

In the equilibrium position the the virtual work done by all the efforts
applied to the system must sum to zero, i.e.,

n

W(q) =D (e +eft +€)dg;
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Since, the displacements are independent this expression will hold if and only
if

oV/oq; =0, i=1,2,---,n.
Thus, a necessary condition for ¢* to be an equilibrium of a conservative
natural system is that the potential energy function must be stationary at

*

q .

Stability

Writing the potential energy function as a Taylor series centered at ¢* gives

Vig) =VI(g") + ava(qq*) (¢—q")+ %(q —¢")"H(q")(q— q")

+ higher order terms,

where o2 V()
B q

is the Hessian of the potential energy function. At the equilibrium, ¢*, we have
OV (q*)/dq = 0. Also, we can assume that V(¢*) = 0, since a constant can be
added to the potential energy function without affecting the efforts applied to
the system. Then, in a neighborhood of the equilibrium, the potential energy
function can be approximated by

1 *
V(e) = 5(a—¢") " H(g")(a - ¢
Now, suppose that the the Hessian matrix H(g*) is positive definite at the
equilibrium ¢ = ¢* then, the potential energy function is a minimum at ¢*.
Moreover, V(q) is positive definite in a neighborhood of the equilibrium.
To evaluate the stability of the equilibrium, consider the Lyapunov func-
tion candidate
n
. or~
Vg d) =3 S =T 4V
o 9

S0 M(@)i +V(q).

Since, M(q) is positive definite, and V(¢*) is a minimum then, there is a
neighborhood of the point ¢ = ¢*, ¢ = 0 where V(q,¢) is positive definite.
Also,

*

d | =0T
V= [z_; 9 v
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d oT* oT* oT* oT*
z(dtaq) zaiqz zaqqz zaiqz za i

i=1 i=1
n

72 01" o1 OV
T

n
Thus, according to the Lyapunov stability Theorem I, the equilibrium ¢ = ¢*,

q = 0 is stable. Note that to obtain the result Y = 0, we have used the fact
that

dore ort ov _ oD ..o
dt 0q; dqi ' dq  d¢ 1 T T

The result developed above can be summarized as follows.
Stability Theorem of Lagrange

If the potential energy function of a conservative, natural system, has a min-
imum at an equilibrium, then the equilibrium is stable in the sense of Lya-
punov.

The stability theorem of Lagrange provides sufficient conditions for the
equilibrium to be stable. The inverse of this result is given by two theorems
attributed to Lyapunov (Meirovitch (1970)). Specifically, for a conservative,
natural system, sufficient conditions for the equilibrium to be unstable are
given by the following results.

e Lyapunov’s theorem.
The equilibrium q* is unstable if the potential energy function is a maxi-
mum at q*.

e FExtended Lyapunov’s theorem.
If the potential energy function has no minimum at the equilibrium point,
the equilibrium is unstable.




6.1 System Analysis 275

Ezxample 6.8.

In the system shown on the right the mass m;

is attached to a spring with stiffness k > 0. The
displacement of the spring, as measured from its

free length is x. The mass my is attached to my

via a inertialess rod with length [. The angular
displacement of the rod is given by the angle 0,
and ¢ is the acceleration due to gravity. 1\
Using x and 6 as the generalized coordinates the
potential energy for the system is

1
V= iksz + magl cos 6.

The first term is the potential energy due to the
spring force, and the second term is the potential

energy due to the force of gravity on ms.
At the equilibrium the potential energy function is stationary, hence we
require

ov

oz = =0

ov .

50 = —moglsing = 0.

These equations are satisfied at the points

x* 0
2] =2 ] nmvr

We will examine the two unique equilibrium positions, i.e., (a) z* = 0,
6* =0, and (b) z* = 0, 8* = 7. In either case the Hessian of the potential
energy function is

oV v
0x? dx00 k 0
H(z,0) = 2V 9V a |: 0 mgglCOSG:| '
900z 002

Therefore, at the first equilibrium point the Hessian is

H(0,0) = { : _WSZQJ .

Since k > 0, my > 0, g > 0 and [ > 0, the Hessian matrix, H(0,0), is
indefinite, i.e., z* = 0, §* = 0 is a saddle point of the potential energy
function. By the extended Lyapunov theorem it can be concluded that this
equilibrium is unstable. Intuitively this can be shown to be true since, at
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f# = 0 any small perturbation in the angle # will cause the rod to tip over,
and thus move ‘far’ away from the equilibrium.
At the second equilibrium point the Hessian is

H(Om)z[’“ 0 }

0 mogl

which is a positive definite matrix. In this case we can use the Lagrange
stability theorem to argue that the equilibrium point z* = 0, 6* = 7 is
stable.

6.2 System Simulation

One of the attractive features of the modeling technique described in this
book is that the process can be readily automated on computer systems, so as
to obtain the equations of motion and simulate the behavior of the model. In
this section we describe two computer programs that facilitate the numerical
solution of the Lagrangian DAEs. We also present several simulation examples
using these programs.

The program ldaetrans, which is described in section 6.2.1, takes a system
described by q, f, e, e, s, T*,V, D, ¢, 1, I', and X, and generates the LDAEs
(4.8) via symbolic differentiation of the appropriate terms. This program also
produces a file that can be used to simulate the equations of motion using
MATLAB or Octave.

The function ride, which is described in section 6.2.2, is an implementa-
tion of an implicit Runge-Kutta method for the solution of implicit differen-
tial equations (IDEs). The solution technique is based on the 3-stage Radau
ITA implicit Runge-Kutta method as presented in Chapter 5. The function
is written in the MATLAB/Octave programming language.

Both computer codes can be found on the web site:

http://abs-5.me.washington.edu/pub/fabien/asd

6.2.1 The translator ldaetrans

The program ldaetrans translates an ASCII input file description of the
model into the LDAESs (4.8), and it also produces files suitable for the numer-
ical integration of the model using MATLAB or Octave. (Here, we used the
function ride to integrate the LDAEs.) The program ldaetrans is written
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in ANSI C, and has been compiled and executed on several UNIX based op-
erating systems including Linux, Solaris, Mac OSX, OpenBSD and FreeBSD.
The input to this translator takes advantage of the fact that the modeling
approach developed in this book leads to a set of highly structured equations.
The ASCII input file uses keywords to enter the system variables, scalar
energy functions, constraints, etc. A list of the keywords recognized by the
program are shown in Table 6.1. These keywords are used as follows.

DisplacementVariables FlowVariables EffortVariables
DynamicVariables KineticCoEnergy PotentialEnergy
DissipationFunction GeneralizedEfforts DisplacementConstraints
FlowConstraints EffortConstraints DynamicConstraints
InitialDisplacements InitialFlows InitialEfforts
InitialDynamic InitialTime FinalTime

OutputPoints

Table 6.1 ldaetrans keywords

e DisplacementVariables: This keyword is used to input the displace-
ment variables in the model. For example, the displacement variables
q=[q1, g2, q3]* are entered using the statement

DisplacementVariables = [ql,92,q3];

Note that, all vector inputs to the program are enclosed in square brackets,
and the elements of the vector are separated by commas. In addition, all
input lines to the program end with a semicolon.
Similar input statements are used to enter the flow variables f, the effort
variables e, and the dynamic variables s, via the keywords FlowVariables,
EffortVariables and DynamicVariables, respectively.

e KineticCoEnergy: This keyword is used to enter the kinetic coenergy for
the system. For example, T = %m f? can be entered using the statement

KineticCoEnergy = (m*xf1%f1)/2;

Similar statements are used to enter the potential energy V', and the dis-
sipation function D via the keywords PotentialEnergy and
DissipationFunction, respectively.

e GeneralizedEfforts: The efforts e® = [e5, €5, ---, e5]T are entered
using this keyword. For example, consider a system with displacements
q=[q1, g2, q3]*, and the virtual work due to the applied efforts is W =
78q1 + F §gs. In this case e® = [1, 0, F]T, and can be described using the
statement

GeneralizedEfforts = [tau,0,F];

Note that the efforts e® are distinct from the efforts associated with the
effort constraints I, i.e., the effort variables e. Also, in a strict sense these
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are not ‘generalized efforts’ since, the model may have more displace-
ment variables than degrees of freedom. Here, we simply use the term
GeneralizedEfforts to distinguish e’ from e.

e DisplacementConstraints: The displacement constraints ¢ are entered
using this keyword. For example, the constraints ¢ = ¢1% + ¢5 — L?, and
b2 = (q1 — q3)% + (g2 — q4)® — L3 can be entered using the statement

DisplacementConstraints = [ql*ql + g2%q2 - L1*L1,
(q1-93)*(q1-g3)+(q2-q4) *(q1-q3) -L2*L2] ;

The flow constraints 1, the effort constraints I', and the dynamic con-
straints X' can be entered using the keywords FlowConstraints,
EffortConstraints, and DynamicConstraints, respectively.

e InitialDisplacements: This keyword is used to specify the initial displace-
ment to be used in the integration of the equations of motion. For example,
the initial conditions q(to) = [0, 1,3]” can be entered using the statement

InitialDisplacements = [0,1,3];

The initial flows f(to), the initial effort variables e(to), and the initial
dynamic variables s(tg), are entered using the keywords InitialFlows,
InitialEfforts, and InitialDynamic, respectively.

e InitialTime: This keyword is used to specify the initial time to be used
in the numerical integration of the equations of motion. For example an
initial time ty = 1.2 is entered using the statement

InitialTime = 1.2;

Similarly, the final time for the numerical integration is entered using the
keyword FinalTime.

e OutputPoints: This keyword is used to specify the number of points
that are output form the numerical solver in the interval InitialTime<
t <FinalTime.

To illustrate an input file for the program ldaetrans let us reconsider
Example 4.10.

Ezxample 6.9.

This example models a DC motor with proportional plus integral feedback
control. The 1daetrans input file for the model is shown in Listing 1 below.

1 Kt = 1;

2 Kb = 1;

s L =0.001;
+ I =20.1;

5 R = 100;

6 b = 3;
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7 theta_d = 1;

s Kp = -100;

o Ki = -10;

10

11 DisplacementVariables = [q,thetal;

12 FlowVariables = [qdot,thetadot];

13 EffortVariables = [v,vb,taul;

14 DynamicVariables = [s];

15

16 KineticCoEnergy = (L*qdot*qdot + I*thetadot*thetadot)/2;
17

15 DissipationFunction = (R*qdot*qdot + b*thetadot*thetadot)/2;
19

20 EffortConstraints = [vb-Kb*thetadot,

21 tau-Kt*qdot,

22 v-Kp* (theta-theta_d)-Kix*s];

23

2« DynamicConstraints = [theta-theta_d];

26 GeneralizedEfforts = [(v-vb),taul;
27

»s  InitialDisplacements = [0,0];

20 InitialFlows = [0,0];

30 InitialEfforts = [0,0,0];

31 InitialDynamic = [0];

32

33 InitialTime = O;

34 FinalTime = 50;

35 OutputPoints = 1000;

Listing 1. The DC motor 1daetrans input file.

Lines 1 through 9 specify the various model parameters. The other lines in
this input file have obvious meaning when compared with Example 4.10.
Using this file as the input, the program ldaetrans generates three ASCII
files. One file gives a description of the LDAEs, and the other two files are
inputs by the program ride, which is used to obtain a numerical solution to
the problem.
The LDAESs description generated by ldaetrans is shown in Listing 2.

LDAEs
Kt =1
Kb =1
L =

o O

I =
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R = 100

b=23

theta_d = 1

Kp = -100

Ki = -10

0 = q_ddt-qdot

0 = theta_ddt-thetadot

0 = 0.5%(L+L)*qdot_ddt+0.5x(R*qdot+R*qdot) - ((v-vb))
0 = 0.5%(I+I)*thetadot_ddt+0.5*(b*thetadot+b*thetadot)-(tau)
0 = s_ddt-(theta-theta_d)

0 = vb-Kb*thetadot

0 = tau-Kt*qdot

0 = v-Kp*(theta-theta_d)-Ki*s

Listing 2. Output from ldaetrans for Example 6.9.

In this listing, the postscript _ddt is used to indicate differentiation with re-
spect to time. Therefore, the term q_ddt is equivalent to %. This result should
be compared with that obtained in Example 4.10. (Notice that 1daetrans
computes derivatives accurately, but does not simplify expressions.)

The other two files generated by ldaetrans are of the form IDEFUN and
IDEJAC for this system model. The structure of these files is discussed in the
next section.

6.2.2 The solver ride

The function ride is used to simulate the behavior of the dynamic systems
described in the remainder of this chapter. In this section we will explain the
basic usage of the function.

The function ride is a MATLAB/Octave function which can be called
using one of the following statements;

[TOUT, YOUT, INFO]
[ToUT,YOUT, INFO]

ride (’ IDEFUN’, > IDEJAC’ ,TSPAN,Y0,YPO) or

ride(’ IDEFUN’,’ IDEJAC’ ,TSPAN,YO,YPO, . ..
OPTIONS) or

ride (’ IDEFUN’,’’ ,TSPAN,Y0,YPO) or

ride (’ IDEFUN’,’’,TSPAN,YO,YPO,OPTIONS)

[TOUT, YOUT, INFO]
[TOUT, YOUT, INFO]

Here,

TOUT isis a (N x 1) vector of output times at which the solution is com-
puted.



6.2 System Simulation 281

YOUT isa (IVxn) matrix of solutions to the IDEs, where n is the dimension
of the IDEs.

INFO is a structure that provides some statistics related to the solution
algorithm. In particular,

INFO.nfun is the number of function evaluations.
INFO.njac is the number of Jacobian evaluations.
INFO.naccept is the number of successful steps.
INFO.nreject is the number of failed steps.

IDEFUN is a function that returns the (n x 1) vector res = Phi(y,yp,t),
where y is the (n x 1) state vector of the IDEs, yp = dy/dt is the (n x 1)
state derivative, t is the time, and Phi is the (n x 1) system of IDEs. This
function has the form

function res = IDEFUN(y,yp,t)

In this description Phi(y,yp,t) = ®(y,¥,t) are the IDEs, y = y(¢) and
yp =Y.

IDEJAC is a function that computes the (n x n) derivatives (i.e., the Jaco-
bians) J = Phi/dy = d®/dy, and (n X n) matrix M = dPhi/dyp = d®/y.
This function has the form

function [J,M] = IDEJAC(y,yp,t)

where
d®y/dyy d®y/dys --- dPy/dy,
d®s/dyy dPs/dys --- dDs/dy,
and

d®y/dyy dPy/dys --- dPy/dyy
dPs /din dPo/dys - dPo/dyn,

If IDEJAC is not included in the argument list for ride then J and M are
computed via a finite difference approximation.

TSPAN  This vector defines the interval of integration, and time points where
the solutions to the DAEs are computed. The TSPAN is an (S x 1) vector
of the form,

TSPAN = [t_1;t_2;...;t_S]

where the times t_1, t_2, ..., t_Sis a monotone increasing or decreas-
ing) sequence of time points. The solver integrates from t_1 to t_S, and
computes the solution to the IDEs at all points t_-1, t-2, ..., t_S.

YO  This (n x 1) vector gives the initial state for the IDEs, i.e., YO = y(¢;).
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YPO  This (n X 1) vector gives the initial state derivative for the IDEs,
i.e., YPO = g(¢1). Moreover, it is assumed that these initial conditions are
consistent, i.e., res = Phi(Y0,YPO, TSPAN(1)) = 0. Note that the initial
time ¢; = t_1 in the TSPAN vector.

OPTIONS  This is a structure that provides various options for the numerical
solution algorithm. The default values for the members of this structure
can be ascertained using the function

OPTIONS = ride_options()
The function options can be assigned using the function
OPTIONS = ride_set_option(OPTIONS, ’0OPTION’,value)
The options for the function ride and the default values are as follows;

OPTIONS.ATOL is the absolute error tolerance. (Default 107°).

OPTIONS.RTOL is the relative error tolerance. (Default 10~¢). Note that
ATOL and RTOL can also be (n x 1) vectors.

OPTIONS.INITIAL STEP_SIZE is the initial step size. (Default 1078).

OPTIONS.MAX_STEPS is maximum number of steps that is performed by
the function. (Default 1000).

OPTIONS.DIFF_INDEX isa (nx1) vector that indicates the differentiation
index of the i-th state variable, y;. (Default [1, i.e., all state variables
are assumed to be index 0).

OPTIONS.T_EVENT is a (P x 1) vector of time points of the form

OPTIONS.T_EVENT = [te_l;te_1;te_2;...;te_P]

where the times te_1, te2, ..., te_P is a monotone increasing (or
decreasing) sequence. In the algorithm the step sizes are selected such
that the event times, T_EVENT (k), are at the end (or start) of the inte-
gration interval. This is useful for modeling discontinuous time varying
inputs or, discontinuous implicit differential equations.

Ezample 6.10.

The program ldaetrans produced m-files of the form IDEFUN and IDEJAC
for the DC motor model described in Example 4.10 and Example 6.10. These
files are shown below. The IDEFUN file has the name lex14 ride_ldae.m, and
the IDEJAC file has the name lex14 ride_jacobian.m.

function [res_] = lex14_ride_ldae(x_,xdot_,t)

q=x_(1);

q_ddt = xdot_(1);
theta = x_(2);
theta_ddt = xdot_(2);
gqdot = x_(3);
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qdot_ddt = xdot_(3);
thetadot = x_(4);
thetadot_ddt = xdot_(4);

s = x_(5);

s_ddt = xdot_(5);
v =x_(6);

vb = x_(7);

tau = x_(8);

Kt = 1;

Kb = 1;

L = 0.001;

I =0.1;

R = 100;

b = 3;

theta_d = 1;

Kp = -100;

Ki = -10;

res_ = zeros(size(x_));
res_ = [
q_ddt-qdot;

theta_ddt-thetadot;

0.5% (L+L) *qdot_ddt+0.5% (R*qdot+R*qdot) - ((v-vb));
0.5%(I+I)*thetadot_ddt+0.5*(b*xthetadot+b*thetadot)-(tau);
s_ddt-(theta-theta_d);

vb-Kb*xthetadot;

tau-Kt*qdot;

v-Kp* (theta-theta_d)-Ki*s;

1;

The IDEFUN file generated by ldaetrans for Example 6.9.

function [dfdx_,dfdxdot_] = lex14_ride_jacobian(x_,xdot_,t)

q=x_(1);

q_ddt = xdot_(1);

theta = x_(2);

theta_ddt = xdot_(2);
gqdot = x_(3);

qdot_ddt = xdot_(3);
thetadot = x_(4);
thetadot_ddt = xdot_(4);

s = x_(5);
s_ddt = xdot_(5);
v = x_(6);

vb = x_(7);
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tau = x_(8);

Kt = 1;

Kb = 1;
001;

1

100;

= 3;

theta_d = 1;

Kp = -100;

Ki = -10;

0.
0.

o o H -
1]

dfdx_ = zeros(8,8);
dfdxdot_ = zeros(8,8);

dfdxdot_(1,1)
dfdxdot_(3,3)
dfdxdot_(2,2)

dfdxdot_(4,4) =

dfdxdot_(5,5)
dfdx_(1,3) =
dfdx_(2,4) =
dfdx_(3,3) =
dfdx_(3,6) =
dfdx_(3,7) =
dfdx_(4,4) =
dfdx_(4,8) =
dfdx_(5,2) =
dfdx_(6,4) =
dfdx_(6,7) =
dfdx_(7,3) =
dfdx_(7,8) =
dfdx_(8,2) =
dfdx_(8,5) =
dfdx_(8,6) =

=1.0;
0.5%(L+L);
.0;
L5k (I+1)
.0

>

|
= O -

_1,
0.5%(R+R);
_1,

1;
0.5%(b+b) ;
_1’

_1,

-Kb;

1;

-Kt;

1

~Kp;

-Ki;

1;
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The IDEJAC file generated by ldaetrans for Example 6.9.

Note that one can use ride independent of the program ldaetrans. In
fact in the first two examples in the next section we show how to construct
the files IDEFUN and IDEJAC without using ldaetrans.
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6.2.3 System simulation examples

Ezample 6.11.
The system shown here is simple RC circuit, with re-
sistance R = 5 x 10% ohms, and capacitance C = 106
+ farads. Also, in this example we will take the applied
q ¢ voltage to be a constant, v(t) = 3 volts, i.e., a step
input. Using the charge, g, as the generalized displace-
ment we get that Lagrange’s equation of motion for
the system is

. q
R+ = =w. a
i+ (a)
If we assume that the initial charge is ¢(0) = qo, then the analytical solution
to this linear first-order differential equation is

q(t) = Cv(1 — e ") + goe /7, (b)

where 7 = RC is called the time constant.
To solve the differential equation (a) using the function ride we use the
following procedure.

e Construct an ‘m-file’ that describes the differential equation (a) as an
implicit differential equation (IDE). Here, m-files are MATLAB/Octave
script files. The m-file ex1_ide.m, shown in Listing 1, provides the IDEs
for this problem. Line 1 in this listing declares the function, its output
and input variables. Lines 3, 4, 5 initializes the model parameters. Line
7 computes the ‘residual’ of the IDEs at time ¢, i.e., Phi = &(y, y,t). For
this problem y(1) =y = ¢, and yp(1) = ¢ = q.

e Construct an m-file that computes the Jacobian of the IDEs. This m-file is
called ex1_jacobian.m, and its content is shown in Listing 2. Line 1 of this
listing gives the declaration of the function. The Jacobian J = d®/dy =
1/C is on line 7, and the term M = d®/dy = R is on line 8.

e Construct an m-file that establishes the initial conditions, interval of in-
tegration, and options required by the function ride. Listing 3 shows the
commands used to solve the IDEs using ride. The command on line 1 of
this listing clears all variables and functions from the MATLAB/Octave
interpreter.

The model parameters are initialized on lines 2, 3, and 4.

The integration interval is defined in the vector tspan on line 5. Here,
tspan is defined as a vector of 100 equally spaced points from 0 to 0.05.
Thus, we seek the solution to the IDE in the interval 0 <t < 0.05 seconds.
The initial charge is given by y0 = ¢(0) = 0 on line 6.

The initial current is given by yp0 = ¢(0) = v/R on line 7. It is easy to
verify that these initial conditions are consistent, i.e., @(y(0), 4(0),0) = 0.
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The command on line 8 calls the solver, and the commands on line 9, 10
and 11 are used to plot the result.

The results of this simulation is shown in Fig. 6.1. The plot (i) shows the
system response for the charge ¢(t) that is computed by the function ride.
The plot (ii) shows the absolute value of the error between the numerical
solution and the analytical solution given by equation (b). As can be seen
the error is much less than the default error tolerance, (107°), used by the
solver.

1 function Phi = exl_ide(y,yp,t)

3 R = 5.0e3;

s C = 1.0e-6;

5 v =3.0;

6

7 Phi = Rxyp(1) + y(1)/C - v;

9 return;
Listing 1. The file ex1_ide.m.

1 function [J,M] = exl_jacobian(y,yp,t)

3 R = 5.0e3;
4+ C = 1.0e-6;
5 v =23.0;

6

» J = [1.0/C];
s M= [R];

10 return;
Listing 2. The file ex1_jacobian.m.

1 clear all

2 R = 5.0e3;

3 C = 1.0e-6;

4 v = 3.0;

5 tspan = linspace(0;0.05,100)7;
¢ yoO = [0];

7 ypO = [v/R];

s [T,Y] = ride(’ex1_ide’,’exl_jacobian’,tspan,y0,yp0);
o plot(T,Y(:,1));

10 xlabel(‘time’);

11 ylabel(’charge, q’);

Listing 3. The main script.
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Ezxample 6.12.
In this example we will consider the initial condi-

}—ﬁ tion response of the linear mass-spring-damper system

k shown here. If we use ¢ as the generalized displacement

‘Iu for the system then, Lagrange’s equation of motion can
b be written as

mg + b§ + kg = 0. (a)

If we define the state variables y; = ¢ and yo = ¢, equation (a) can be
rewritten as the implicit differential equations

O:yl_y27 (b)
0 = mys + bya + ky1.

The parameters for this model are m = 0.3 kg, k =45 N/m, and b = 0.75
N-s/m. We will use the function ride to compute the response of this system
with the initial condition y1 (0) = 1072 m, and y» = 0 m/s. The m-files for this
model are shown in the listing below. Here, the function ex2_ide computes
the implicit differential equations (b), and the file ex2_jacobian computes
the Jacobian of the IDEs. The file ex2.m sets the initial conditions, the solver
options, and calls the function ride. This problem is solved in the interval
0 <t < 3 seconds.

%

% file: ex2_ide.m

%

function Phi = ex2_ide(y,yp,t)

m=0.3;
k=45.0;



288 6 Dynamic System Analysis and Simulation
b=0.75;

Phi = zeros(2,1);
Phi(1,1) = yp(1)-y(2);
Phi(2,1) = m*yp(2) + b*xy(2) + kxy(1);

return;
% end file: ex2_ide.m

A

% file: ex2_jacobian.m

h

function [J,M] = ex2_jacobian(y,yp,t)

m=0.3;
k=45.0;
b=0.75;

M = zeros(2,2);

J = zeros(2,2);
M(1,1) = 1;
M(2,2) = m;
J(1,2) = -1;
J(2,1) = k;
J(2,2) = b;
return;

% end file: ex2_jacobian.m

pA

% file: ex2.m

%

clear all

m=0.3;

k=45.0;

b=0.75;

tspan = linspace(0,3,100)’;
yO = [1.0e-2;0];

yp0 = [y0(2);-k*y0(1)/m];
[T,Y] = ride(’ex2_ide’,’ex2_jacobian’,tspan,y0,yp0);
% end file: ex2.m

The differential equation (b) can be written as

1 + 2¢wyr + w2y1 =0,
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where w? = k/m, ¢ = (b/m)/(2w), w3 = w2(1 — ¢?). If ¢ < 1 then, it can be
shown that the analytical solution to this differential equation is

e sinwgt | + LI\ ©) e vt
V1-¢? wd

Recall that the condition ¢ < 1 implies that the system response is ‘under-
damped’. If { = 1 then the system response is said to be ‘critically damped’.
If ¢ > 1 the system response is said to be ‘overdamped’.

For the model parameters used here it can be seen that the system is
underdamped. The plots (i) and (ii) in Fig. 6.2 show the numerically com-
puted displacement and velocity of the system. The plots (iii) and (iv) in Fig.
6.2 show the absolute value of the error between the analytical solution and
the computed results. These figures indicate that the error in the numerical
solution is well below the specified error tolerance.

y1(t) = y1(0)e? (cos wat + sin wqt.
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Ezxample 6.13.

This example simulates the behavior of the simple pendu-
lum shown here using two different models of the system.
In the first model the angle 6 is taken as the generalized
displacement. In the second model the variables ¢; and ¢
are used as the displacement coordinates for the system.
Using 6 as the generalized displacement we can show that
Lagrange’s equation of motion is

mi*0 + mglsinf = 0. (a)
If we define the state variables y; = 6 and yo = 6 then, (a) can be rewritten
as the implicit differential equations

Ozyl_yQa

0=y + %sinyl.

(b)

The parameters for this model are m = 0.25 kg, [ = 0.3 m, and g = 9.8 m/s%.
The initial conditions are § = y; = 7/2 and 6 = yo = 0.

The m-files required to simulate this version model are shown below.

yA

% file: ex3a_ide.m

h

function Phi = ex3a_ide(y,yp,t)

m = 0.25;
L =0.3;
g = 9.8;

Phi = zeros(2,1);

Phi(1,1) = yp(1) - y(2);

Phi(2,1) = yp(2) + (g/L)*sin(y(1));
return;

h

% file: ex3a_jacobian.m

h

function [J,M] = ex3a_jacobian(y,yp,t)

m = 0.25;

L =0.3;

g = 9.8;

M = zeros(2,2);

J = zeros(2,2);

M(1,1) = 1;

M(2,2) = 1;

J(1,2) = -1;

J(2,1) = (g/L)*cos(y(1));

return;
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% file ex3a.m

m = 0.25;
L =20.3;
g = 9.8;
tspan = linspace(0,3,100)’;

yo = [pi/2.0;0];
yp0 = [y0(1);-(g/L)*sin(y0(1))]1;
[T,Y] = ride(’ex3a_ide’,’ex3a_jacobian’,tspan,y0,yp0);

If we use g1 and ¢o as the displacements, the Lagrange’s equations of
motion are
mgy + 2Aq1 = 0,
mgs + 2Aqgo — mg = 0, (b)
¢ +a3—1?=0.

The system (b) can be rewritten in state variable form using y1 = ¢1, Y2 = ¢o,
Y3 = q1, Ya = g2 and ys = A. This yields the index-3 DAEs

0=191—ys,
0= y2 — Y4,
0 = mys + 2ysy1, (c)

0 = mys + 2ysy2 — myg,
0=y?+ys—1°

Finally, we can put (c¢) in the GGL stabilized index-2 form (see Section 5.3.3).
This is accomplished by adding the multiplier ys and adjoining the the deriva-
tive of the displacement constraint to get

0 =11 —ys + 2v19s,

0 =192 — ys + 2y2ys,

0 = mys + 2y1ys, (d)
0 = mys + 2y2y5 — mg,

0=yi+ys 17

0 = 2y1y3 + 2y2y4.

The m-files used to solve the system (d) are shown below. Note that in the
file ex3b.m we use the optional input DIFF_INDEX to specify the differentiation
index of the variables in the system. In particular we assign differentiation
index 2 to the multipliers y5 and yg. All the other variables are assigned dif-
ferentiation index 0. Also, the initial step size is set to 1076 in this case, since
this adjustment leads to fewer errors in the simplified Newton’s iteration.

%
% file ex3b_ide.m
yA
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function Phi = ex3b_ide(y,yp,t)

m = 0.25;
L =0.3;
g = 9.8;

Phi = zeros(6,1);
Phi(1) = yp(1)-y(3)+2xy(1)*y(6);

Phi(2) = yp(2)-y(4)+2xy(2)*y(6);
Phi(3) = mxyp(3)+2*y(1)*y(5);
Phi(4) = mxyp(4)+2*y(2)*y(5)-m*g;
Phi(5) = y(1)"2+y(2)"2-L"2;
Phi(6) = y(1)*y(3)+y(2)*y(4);
return;

h

% file ex3b_jacobian.m

A

function [J,M] = ex3b_jacobian(y,yp,t)

m = 0.25;
L =0.3;
g = 9.8;
M = zeros(6,6);

J = zeros(6,6);

M(1,1) = 1; M(2,2) =1; M(3,3) = m; M(4,4) = m;
J(1,2) = 2xy(6); J(1,3) = -1; J(1,6) = 2*xy(1);
J(2,2) = 2xy(6); J(2,4) = -1; J(2,6) = 2xy(2);
J(3,1) = 2xy(5); J(3,5) = 2*xy(1);
J(4,2) = 2xy(5); J(4,5) = 2xy(2);
J(5,1) = 2xy(1); J(5,2) = 2xy(2);
J(6,1) = y(3); J(6,2) = y(4); J(6,3)
return;

y(1); J(6,4) = y(2);

% file ex3b.m

m = 0.25;
L 0.3;
g = 9.8;
yb0 = [L;0;0;0;0;0];

ypb0 = [yb0(3);yb0(4);0;g;0;0];

options = ride_options();

options.DIFF_INDEX = [0;0;0;0;2;2];

options.INITIAL_STEP_SIZE = 1.0e-6;

[T,Yb] = ride(’ex3b_ide’,’ex3b_jacobian’,...
tspan, yb0,ypb0,options) ;
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Some of the results from these simulations are shown in Fig. 6.3 and Fig.
6.4. Plots (i) and (i) in Fig.6.3 show 6(t) and 6(t), which are are computed
using the model ex3a_ide. Plots (iii) through (vi) in Fig 6.3 show ¢ (¢), ¢2(t),
G1(t), ¢2(t), ys(t) = A(t) and ye(t), which are are computed using the model
ex3b_ide. Recall that yg is the multiplier associated with the GGL stabilized
index-2 formulation, and this variable should be zero along the solution to
the equations of motion.

The plots shown in Fig. 6.4 compare the solutions obtained using the
models ex3a_ide and ex3b_ide. Here, we plot the errors:

er(t) = |lsin6(t) — i (1),
ea(t) = |lcosO(t) — go(t)|, and
es(t) = lan(t)* + @2()* = 17,

where 0(t) is the result from the model ex3a_ide, and ¢;(t), ¢2(t) are the
results from the model ex3b_ide. The small values obtained for e;(t) and
e2(t) indicate that both models give essentially the same result. The small
values obtained for ez shows that the displacement constraint is satisfied, to
within the desired error tolerance (107°).

Ezample 6.14.

R, Va The power supply filter shown here has
the following model parameters; Ry = 8
v{t)+ q, cx R ¢, 0hm, Ry = 48 ohm, C’ = 3900 x 1076
- farad, and v(t) = 12 sin 1207¢. Also, the
current through the diode satisfies ¢; =
I;(e®¥4 — 1), where the reverse saturation
current is I, = 1072 amp.
The thermal voltage is (1/a) = 25 x 1072 volt, and v, is the voltage across
the diode. Using the charges q1, g2 as generalized displacements, and f; =
q1, f2 = ¢ as the corresponding flows, Lagrange’s equations of motion for
this system can be written as

0=gq — fi,

0 =gz — fo,

0=~Rifi +7(q1;q2) — v+ Vg, (a)
O:R2f2— (qlqu)’

0= f1 - Is(e"“’d - 1)

We solve these equations of motion using the function ride with zero
initial conditions for all the variables, in the time interval 0 < ¢ < 1. The
results of this simulation are shown in Fig. 6.5.
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Fig. 6.4 Example 6.13, continued.

The plot (i) in Fig. 6.5 shows the voltage across the resistor Rs, i.e.,
VR, = Rafo. This plot covers the entire solution interval, and shows that the
system quickly approaches its steady-state response around ¢ = 0.3 seconds.
The plot (ii) in Fig. 6.5 shows the voltage vg, and the positive portion of
the input voltage v in the interval 0.9 < ¢ < 1. This plot clearly shows the
variation (or ‘ripple’) in the voltage vg,. The plot (iii) in Fig. 6.5 shows the
input voltage, v(t), and the voltage across the resistor Ry, i.e., vgr, = R1f1.
Finally, the plot (iv) in Fig. 6.5 shows the input voltage, v(t), and the voltage
across the diode, i.e., vg(t).

These results clearly show the switching characteristics of the diode. In
particular, it can be seen that when the diode voltage vy attains a positive
value the current ¢; > 0, which yields a positive voltage vg,. On the other
hand, when vy < 0 we get ¢; = 0, and hence, vg, = 0. The net effect is that
the diode allows positive current flow when the voltage source v(t) is positive,
and no current flow when v(t) is negative.

Ezample 6.15.
In this example we consider the modeling and simulation of the transistor
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amplifier shown below. Here, the voltage source vy is constant, and provides
power to the system. The voltage source wvy(t) is an input signal that is
amplified. The amplified signal drives the load resistor Rs.

ViQ

V2

R Rc
G
¢
{1 C: R
R
Rg

Kinematic analysis:

Amplifier circuit
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The kinematic analysis of this circuit is performed using the node and flow
assignment shown in the diagram below. Here, the variables f1, fa, ---,
denote the flows (i.e., the currents) in the branches of the network. The dis-
placements (i.e., the charges) corresponding to these flows are ¢1, ¢o, etc.
This figure also shows an equivalent network model of the transistor. In this
model the current at the collector, f., and emitter, f., are determined by the
voltages vpe and wvp. as described by the Ebbers-Moll equations

fe Igs —Is | [eowe—1] [0
PREES F==i N A"

where Igs, Is and Iog are constants for the transistor. (See Section 1.2.5.)

Node and flow assignment

This network has B = 10 branches, and N = 5 nodes (A, B,C, E and the
ground). Hence, there are 6 = B — N + 1 independent loops in the network.
Since only 6 of the branch flows are independent we must construct 4 con-
straint equations to account for the ‘extra’ variables in the model. Applying
Kirchhoff’s current law at nodes A, B, C' and E gives the following flow
constraints;

h=fH—-fa—Js =0,
VYo=fo—fatfatfo—fe=0, )
Y3 = f5s — fo — fe =0,
Ya=foe—fr—fs =0.

These constraints can be used to eliminate 4 of the flows from the model.
Here however, we will retain all flow/displacement variables in the model.

Applied effort analysis:

The virtual work done by the applied efforts v; and vs, and the implicit
efforts vy and vp, is
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OW = v10q1 + v20q2 + Vbc0qc — Vbedge.

Lagrange’s equations:

The kinetic coenergy for this model is T* = 0 because there are no inductors.
The potential energy stored in the capacitors is

3 i @
2C  Cs3 Oy

The dissipation function is
1
D = 3 (Rofi + Rifi + Rafs + Rof3 + Refs + Rsfg) .

Therefore, the Lagrangian DAEs (4.8) for this system are

G — f1 =0, . p1 —v1 =0, fi—fa—f5=0,
G2 — f2 =0, 621+Rof2+u2—112=07 fo—fa+ fat+ fo—fe =0,
g3 — f3 =0, Rofs —p2 =0, fs—fe— fe=0,
Gas — fa2 =0, Ryfy—p1 4 p2 =0, fe—Jfr— fs =0,
Gs — f5 = 0, Jq%cfs—/h +p3 =0, fe—1Ipslp + I,Ig =0,
g — f6 = 0, C%,+R3f6_u3:07 fe—Idp +Icsipg =0,
g7 — fr =0, %—;u:m Tg — (e*% — 1) = 0,
gs — fs = 0, Rpfs —ps =0, Ip — (e —1) = 0.
c]e—fezo, _,u2+,u4+vbe:07

qc—fczoa /’1/2_“3_1)176:07

In these equations p1, po, s and py are the Lagrange multipliers associated
with the flow constraints (b). Also, the variables Ir and Ig are introduced
solely to simplify the presentation of the equations.

System simulation:

The DAEs given above are solved using the code ride with the following

model parameters; Ry = 10% ohm, R; = 30 x 10% ohm, Ry = 5.5 x 103

ohm, Rz = 10 x 10% ohm, Rc = 2 x 10® ohm, Rg = 0.5 x 10% ohm,

C1 =10 x 1079 farad, Cy = 100 x 10~ farad, C3 = 10 x 1076 farad, v; = 12

volt, vy = 0.001sin(20007t) volt, (1/a) = 0.025 volt, Ips = 14.34 x 10715
170

amp, Is = 75 Ips amp, ag = 0.05, Ics = I;/agr amp.

The initial conditions used for this simulation are; p;(0) = vy, f4(0) =

11(0)/ Ry, f5(0) = p1(0)/Re, f1(0) = f4(0) + £5(0), f2(0) = —fa(0), f6(0) =



6.2 System Simulation 299

15(0), ¢2(0) = —C1 R f2(0), and ¢¢(0) = —C3R3f6(0). All other variables are
initialized to zero.

The solution to the DAEs in the interval 0 < ¢t < 1.5 seconds is shown
Fig. 6.6. Here, the plot (i) shows vg,(t), the voltage across the resistor Rs.
As can be seen the system response approaches a steady-state after about 1
second. The plot (ii) shows vg,(t) in the interval 1.49 < ¢ < 1 second. This
plot clearly shows the input signal is amplified with gain of approximately
80. The plot (iii) shows the voltage at node C, i.e., vo = v1 — R fs, and
the plot (iv) shows the voltage at node B, i.e., vg = Rafs3, in the interval
1.49 < t < 1.5. The results shown here are in good agreement with the
solution presented in Lamey (pp. 101).
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Ezxample 6.16.

In the mechanism shown here an input
torque 7 is applied to the crank BC'. This
causes the slider at D to translate along
the link AFE, while the link AE simulta-
neously rotates about A. Also, the motion
of the link E'F causes the slider at G to
translate in the horizontal direction. The
motion of this device is such that the point
C' has a circular path, while the point F
traverses a circular arc, and point F' trans-
lates horizontally. In this device the links
BC, AE and EF are treated as uniform
bars. The sliders at D and G are treated
as lumped masses.

Kinematic analysis:

It is easy to verify that this mechanism has one degree of freedom. How-
ever, it will be convenient to use the following displacements to model the
system.
x1,y1: the location of the center of mass for link BC.
0,: the angle link BC' makes with the z-axis.
X2, ys2: the location of the center of mass for link AF.
f5: the angle link AF makes with the z-axis.
x3,ys: the location of the center of mass for link FF'.
03: the angle link FF makes with the z-axis.
ro: the position of D along the link AFE.
r4: the position of G along the z-axis.
The angles 61, 65, 03, and the linear displacements ry and r4 are shown in
the figure below.

/
y Ty

lan
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These 11 displacements are used to describe the 1 degree of freedom sys-
tem. Hence, we must establish 10 independent constraint equations to ac-
count for the ‘excess’ variables. We can obtain 6 of these equations by simply
stating the location of the mass centers for the links, i.e.,

¢1::1:17[B7Ccosc91 =0,
¢)2=y1—lBTCSin91—lAB ZO,
(bg:xg—l“TEcong =0,
b1 = yo — 42 sin b, =0,

¢5 = x3 — lap cosfy — lETFcosﬁg =0,

¢6 = y3 — lapsinfdy — IETFsinag =0.

Here, l4p is the length of link AB, Ig¢ is the length of link BC, [4g is the
length of link AF, and lgp is the length of link EF.

The other 4 constraint equations are obtained by considering the closed-
loops AB + BC — AC = 0, and AE + EF — AH — HF = 0. These vector
equations give

¢7 = lpccosly —rycosby =0,
¢s =lap +1lpcsinf; —rosinfy =0,
¢9 =lagcosby +lgpcosfs —ry =0,

¢10 = lapsinby + lppsinfs — lag = 0,

where [gp is the length of link FF and [ g is the distance from A to H.
Applied effort analysis:

The virtual work done by the applied torque is

OW = 146;.

Lagrange’s equations:
The kinetic coenergy for this device is

T = i(ch(ﬂ?% +91) + Ipcb: + map (i3 + 93) + Lapbs

+mpr (@2 4+ 92) + Igrb2 + mpl% 02 + mar?).

In this equation mpgc denotes the mass of link BC', and Ig¢ is the moment

of inertia of link BC about its center of mass. The other parameters in the

equation are similarly defined. Also, in this expression, the term %(m o (42 +

93) + Ipcb?) is the kinetic coenergy of the link BC, the term (magp(i3 +
93) + Iapb3) is the kinetic coenergy of the link AE, the term impl%.607 is



302

6 Dynamic System Analysis and Simulation

the kinetic coenergy of the slider at D, and the term %mgiﬁ is the kinetic
coenergy of the slider at G.
The potential energy and dissipation function are V= 0 and D = 0,
respectively.
Using these definitions the Lagrange’s equations of motion of the system
can be stated as

mpc¥1 + A1 =0,
mpciji+Az =0,
(Ipc + le2BC)91 +Ilgc(A1/2 — A7) sin b,y
—l—ch(—)\Q/Q—f—)\g)COSHl =T,
mapis + A3 =0,
mAE"yQ + A\ =0,
IAE02+IAE(>\3/2+>\5—)\9+7"2)\7/ZAE)SiH92 (Cl)
+ZAE(—>\4/2—>\6+)\10—TzAg/lAE)COSGQ =0,
Mmerts + As =0,
merys + e =0,
Igpls + ZEF(A5/2 — )\g) sin 03 + ZEF(—AE;/Q + )\10) cosf3 =0,
— A7 cosfly — Agsinfy =0,
mG’F4 — )\9 = 0,
where A1, A9, -+, Ajp are the Lagrange multipliers associated with the dis-

placement constraints, ¢1, ¢2, -+, ¢10.

System simulation:

The equations (a), along with the displacement constraints, define an index-3
differential-algebraic system. To obtain numerical solution to this problem we
will restate these equations in the GGL stabilized index-2 form. To do so let
us define the state displacement vector ¢ = [z1, y1, 61, T2, Y2, b2, x3, Y3, O,
9, 4)T, and let f = dq/dt be the corresponding flow vector. Then, (5.42)

gives
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G —fituwr =0,
G2 — fo+ 12 =0,
Gs — f3+1lpc(v1/2 — vy7)sings + lpo(—ve/2 4+ vg) cosqs =0,
qa — fa+vs =0,
Gs — f5+ 14 =0,
g6 — fo +1ap(v3/2 +vs —vg + quovr/lag)sings
+1lap(—v4/2 — v6 + V10 — quovs/laE) cos gs =0,
g7 — fr +vs =0,
ds — fs + V6 =0,

do — fo+1lpr(vs/2 — vy)singy + lpr(—v6/2 + v10) cos g9 = 0,
G10 — f1o — v7cosqe — Vg singg =0,
gi1 — f11 — Uy =Y

mpcfi+ M =0,
mpc fa + A2 ) =0,
(Ic +mplhe)fz + Ipc(A/2 — A7) sings

+l13.0(—)\2/2+)\8)COS(]3 =T,
mApfi+ As =0,
magfs + M =0,
Isefe +1ae(X3/2+ A5 — Ao + quoA7/lag) singg

Hap(—A1/2 = A6 + Ao — qioAs/lag) cos gs =0,
mprf7+ As =0,
mer fs + Ao =0,
Igrfo +1pr(Xs/2 — Ag)singg +lpr(—As/2 4+ A1o) cosqg = 0,
—M\7 €08 @g — AgSin gg =0,
mafi1 — Ay =0,

Ipc B

Q1 — —5 Cosqs =0,
q2 — BTC sings — lap =0,
s — 2 cos g =0,

2
—— singg =0,
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ler
g7 —lag cosgs — 5 €08 g9 =0,

) EF .

g8 —lapsings — —5 Singe =0,

IBc cos g3 — q10 cos gp =0,

lap +Ipcsings — qiosingg =0,

lag cosge + lpF cosqy — qi1 =0,

lagsings + lgpsingg — lapg =0,
lpc , .

f1+7f3SIHQ3 =0,
lpc

fa — 7f3 €OS g3 =0,
lag , .

f4+7f65m% =0,
laE

f5 — Tfﬁ Cos g6 =0,

. lgr , . B
f7+lAEf651nCI6+Tf951n(Z9 =0,
leF

fa —lag fecosqs — 7]"9005(]9 =0,

—lpc fasings — fio cosgs + qiofesin fo = 0,

Ipc fzcosqs — fiosings — qiofecosgs =0,

—lagfesings — lgpr fosingg — f11 =0,

laefscosgs + lgr focosqg =0.

-,v109 are the multiplies associated with adjoining the flow

constraints %(bj =0,7=1,2,---,10, to the system.

These 42 differential-algebraic equations are solved to determine the be-
havior of the system. In this simulation we use the following model pa-
rameters; AH = 8 cm, AB = 4 cm, BC = 2 cm, AE = 8 cm, and
EF =3 c¢cm, mpc = 0.049 kg, Ipc = 2.881 x 1076 kg-m?, mar = 0.198
kg, Iap = 1.103 x 10~* kg-m*, mpp = 0.074 kg, Ipp = 7.409 x 10~ kg-m?
mp = 0.015 kg, and mg = 0.15 kg. The input torque is 7 = 10(2 — 6;) N-m

The nonzero initial conditions are

02(0) = tan"*(lap/lBc),

(0)

(0)
03(0) = sin™*((lag — lapsin62(0))/Igr),
21(0) = (Ipc/2) cos 01(0),
y1(0) = (Ipc/2) sin61(0) + lap,
22(0) = (lag/2) cos 62(0),
1>(0) = (Lag/2) sin 65(0),
23(0) = lap cos02(0) + (IgF/2)/ cos 03(0),
y3(0) = lap sin2(0) + (Igr/2)/ sin 03(0),
r2(0) = (lap + lpc sin1(0))/ sin 05(0),
74(0) = lag cos02(0) + lgF cos 05(0),
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01(0) = 20/(Ipc + mplye).

In addition, we use ATOL=RTOL= 1.0 x 10™%, and INITIAL_STEP_SIZE= 1.0 x
104

The results of this simulation are shown in Fig. 6.7 and Fig. 6.8. The plots
(i) and (i) in Fig. 6.7 show the crank angle ; and the angular velocity 6;.
Note that the torque input 7 = 10(2 — 6;) keeps 67 close to 2 radians/second.

The plots (iii) through (x) show the displacements and flows 65, 6, 05,
93, ro, T2, T4, T4, respectively. Notice that the device takes about 2 seconds
for the slider at G to travel from r4 = 0.068 m to r4 = —0.012 m. However,
it only takes about 1 second for the slider to travel from r, = —0.012 m to
r4 = 0.068 m. For this reason this device is sometimes called a ‘quick return’
mechanism.

Finally, the plots (xi) and (xii) show the values of the constraints ¢7, ¢g,
@9, and ¢19. As can be seen these constraints are small relative to the desired
convergence tolerance (1074

Ezample 6.17.

This example simulates the response of a pla-
nar R-R robot that is controlled to track a
desired trajectory. A schematic of the robot
is shown on the right. The angles ¢; and ¢
are the generalized displacements for the sys-
tem. The input torque to the link AB is 7y,
and the input torque to link BC is 7. The
dynamic equations of motion for this system
are derived in Example 3.14. These equations
can be written as

My Mo | | Ga | _ |
[M21 Moy | | Go * Lol ]’ )
where
12 m l l 12
M, = Il+mlzl+mgl%, My = Mz = =2 cos(q1—q2), Maz = 12+m222’
= 221 2Q§ sin(g1 — q2), fo=— 221 2@% sin(q1 — q2),

and the model parameters; my, ms, I, Io, l; and [y are defined in Example
3.14.

Our goal here is to have the robot angles follow a desired path specified
by angles q14(t), and go4(t). That is, we would like ¢1(t) = ¢14(t) and g2(t) =
@24(t). One way to accomplish this is to specify the input torques such that
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1| _ | M Mz | | Gia | G—qud| 2|0 —qa
[7’2} N [Mm M22:| L}éd} [fJ 26w {CE_QQd] v LIQ_(Dd]’ (b)

where ¢ > 0 and w > 0 are constants. Then, using (b) in (a) gives
€+ 2Cwé + w?e = 0, (c)
where e = [(q1 — q14), (g2 — g2a)]T is the tracking error. We see that this

error satisfies a linear second-order differential equation, (c), with constant
coefficients. Moreover, the coefficients of this error differential equation can
be selected arbitrarily. If we set ¢ > 1 then the solution to (c) is called
‘overdamped’ and is of the form

ez(t) = azle + a2zeA ta 1= 1a27 (d)

where A\ = —w((+ /(2 —1), Ay = —w(¢ — /€% — 1). The coefficients ay;,

and ag;, i = 1,2 depend on the initial conditions e(0), and €(0). Since, Ay < 0
and Ay < 0 we see from (d) that

lim e(t) = 0.

t—o0o
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Therefore, the torque input (b) is such that the tracking error vanishes asymp-
totically.

The system simulation uses the following model parameters; [y = 0.65 m,
Iy =0.5m, m; = 1.6 kg, my = 1.2 kg, I = 0.06 kg-m?, I, = 0.05 kg-m?.
The desired trajectory of the robot is,

/4 if t<2
i) = {0 155 w0 =2

The parameters for the controller are selected as ( = 1.1 and w = 5/,/¢2 — 1.

Figure 6.9 shows the result of the numerical simulation. The plot (i) shows
the response for the angle ¢1, and the desired angle g14. The plot (ii) shows
the response for the angle go, and the desired angle ¢24. In both cases we can
see that the input torque allows the robot to follow the desired trajectory.
The angular velocities ¢; and ¢o are shown in plots (iii) and (iv), respectively.
Finally, plots (v) and (vi) show the torques 71 and 75 required to execute this
maneuver.

It should be noted that the actual implementation of the control (b) is
a nontrivial task. Since, it requires the measurements ¢ (t), g2(t), ¢1(t) and
G2(t), as well as the model parameters. Other control techniques must be used
if any of this information is unknown, or is imprecise. For examples of such
control system designs see Craig (1986), and Slotine and Li (1991).

Ezample 6.18.

sion is shown in the figure on the left. This de-
vice consists of a coil with inductance, L, and
. . I resistance, R, that is actuated by the voltage

q source v(t). The mass, m, is made of a highly
permeable magnetic material. For devices of
i x  this type it can be shown that the coil induc-

R l The schematic of an electromagnetic suspen-
g

- tance satisfies an equation of the form
L(.’L‘) — Yo ’
Mtz

where vy > 0 and 7; > 0 are parameters that depend on the material prop-
erties and the geometry of the system. In the system simulation given below
uses the following model parameters, m = 0.1 kg, R = 10 ohm, g = 9.8 m/s?,
70 = 0.03 volt-m-s/amp, and v; = 1 x 107° m.

Kinematic analysis:

The network current ¢ and the displacement of the mass x are taken as
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Fig. 6.9 Example 6.17

the generalized coordinates for the system. The variable x is also called the
air gap in electromagnetic suspensions.

Applied effort analysis:

The virtual work done by the applied voltage, v(t), and the weight, mg,

is
W =vdq+ mgizx.

Lagrange’s equations:
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The kinetic coenergy for the system is T* = L(x)§?/2 + mi?/2. The poten-
tial energy and dissipation function are V = 0 and D = R4?/2, respectively.
Hence, Lagrange’s equations of motion for the system are

mx + 770(12 =1mg
2(y1 + )2 ’
Vo5 04 g

q
7+ (1 + )2

System simulation:

By defining the state variables ¢; = x, g2 = © and ¢3 = ¢, the equations
of motion for the system can be rewritten as the implicit differential equa-
tions

0=4q¢1 —qo,
2
. Y043
0=+ 51— —y,
? 2m(y +q1)? g
OZQ3+%+q1(Rq3—v)— 4293
M1+ Q1

Suppose the mass is suspended in an equilibrium position ¢; = g9 =
1 x 1072 m and g2 = 0 m/s. Then the corresponding current and input
voltage can be obtained from the equations of motion by setting ¢o = g3 =0
to get q3 = q30 = \/2mg(71 + q10)% /0 amp, and v = vg = Rgsp volt. In this
equilibrium position the force developed by the coil is

Fooil = ’YO‘J?Z,O
g=—100
0 2(y1 + q10)?

This coil force just balances the weight mg.

To examine the response of the system, if it is perturbed from the equilib-
rium position, consider the initial conditions ¢;(0) = gi1o+1x10"%* m, g2 = 0
m/s, and g3(0) = gso amp. In addition, the input voltage is set as v(t) = vy
volt.

Figure 6.10 shows the response of the system to this initial condition. Here,
plot (i) shows the air gap, plot(ii) shows the velocity of the mass, and plot
(iii) shows the current in the coil. As can be seen the air gap, ¢, deviates
quite far from the equilibrium position ¢190 =1 x 1073 m.

This type of motion illustrates an equilibrium position that is ‘unstable’.
In particular, an unstable equilibrium position is one for which a ‘small’
perturbation in the equilibrium position results in a trajectory that move
‘far’ away from the equilibrium position.

As described above the electromagnetic suspension is not very useful since,
any small disturbance will cause the system to move far away from its equi-
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Fig. 6.10 Example 6.18 unstable response

librium. However, a number of techniques can be used to stabilize the equi-
librium of the device. These techniques involve adjusting the voltage input,
v, so that the air gap, q1, remains close to q1¢ if the system is subject to small
disturbances. One such method can be described as follows.

Let 21 = ¢1 — g0 = x* — qio represent the change in the air gap, let
2zo = @2 = & represent the velomty of the suspended mass, and let z3 = ¢, = &
represent the acceleration of the suspended mass. Then, the equations of
motion can be written as

022:’1—22,
0 =29 — 23,

0:23—7.14,

where
q3(Rgq3 —v)

m(y1 + 21 + quo)

Hence, by using the coordinate transformation from q1, g2, g3 to z1, 22, 23,
and the input u we have made the dynamic equations of motion appear to
be linear.

Next, using the input u = —k121 — kozo — kszs, where k1, ko and k3 are
constants to be determined, the equations of motion become
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d321 d221 le

— t+k3—5 +ko— + k121 =0.

atd gz T g A
This third-order, linear ordinary differential equation determines the varia-
tion in the air gap z1(t). The general solution to this equation is

ALt Aot Ast
z1(t) = a1e™’ + age™?" 4+ age™’,

where a1, az and ag depend on the initial conditions z1(0), 22(0) and 23(0),
and A1, A2 and A3 are the roots of the characteristic equation

A3 4 ks A? + ko \ + by = 0.

In the system simulation below, the roots of the characteristic equation
are placed at Ay = —30, Ay = —20 + 107 and A3 = —20 — 10, by selecting
k1 = 15000, ko = 1700, and k3 = 70. Using these coefficients it can be seen
that lim;_, 21(¢) = 0, for any nonzero initial condition. That is, the air gap
will eventually return to x = ¢1¢ after some perturbation from the equilibrium
position.

To implement this control technique the voltage input to the system is
determined by

v = Rqz —m(y1 + 21 + quo)u/q3
= Rgs + (m/qs3) (71 + 21 + quo) (k121 + kozo + k3z3).

Thus, in an actual device this controller requires the knowledge of the states
z1, 22, z3 and g3, as well as the model parameters m, R and ~;.

The simulation of the system with this nonlinear feedback controller is
shown in Fig. 6.11. These plots show the response of the system with initial
conditions ¢ (0) = g10+1x107% m, g2 = 0 m/s, and ¢3(0) = ¢3¢ amp. As can
be seen the system is well behaved in this case, and the initial perturbation in
the air gap eventually vanishes. In this case the equilibrium position ¢; = q10,
q2 = 0, g3 = q30 is made asymptotically stable using the voltage control input.
This result should be compared to the unstable system shown in Fig. 6.10.
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Ezample 6.19.
This example investigates the behavior of the A my
inverted pendulum system shown on the right. Y : ig
The dynamic equations of motion for this :
system are derived in Example 3.10. Here, i /
the system response is computed in following X Y
cases; (i) The initial condition response about — 0
the equilibrium position § = 7. (ii) The ini-
tial condition response about the equilibrium m; — F
position 8 = w, with F' = —c1& — cof, where
¢1 and ¢ are positive constants. (iii) The ini- ==

tial condition response about the equilibrium
position 6 = 0. (iv) The initial condition re-
sponse about the equilibrium position 6 = 0,
and F' determined using linear state feedback
control.

Lagrange’s equations:

From Example 3.10 Lagrange’s equations of motion for the system are

(m1 +mg)i& + mal(f cosd — 6%sinf) = F,

313
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ma (120 + 13 cos 0) = magl sin 6.

These equations can be written as a system of first-order ordinary differential
equations using the state variables q1 = x, g2 = 0, g3 = & and g4 = 0. With
this definition the equations of motion become

1 0 0 0 (jl qs

0 1 0 0 42 _ q4 =0 (a)
0 0 mi+mg molcosqs qs mglqi sings + F ’

0 0  malcosqs mal? 44 magl sin qo

System simulation:

The following model parameters are used in the simulations described be-
low; m; = 0.5 kg, ma = 0.1 kg, | = 0.25 m, and g = 9.8 m/s?.

Case 1: 0(0) =7 and F = 0.
This simulation examines the motion of the system perturbed from the equi-
lebrium point,

¢ =lai. 4,45, ]" = [0, =, 0, 0],

The point ¢* is called an equilibrium point because the equations of motion
are satisfied identically with ¢(t) = ¢*, ¢(t) = 0, and F = 0. (Here, q(t) =
[Q1(t), qQ(t)7 Q3(t)v q4(t)]T')

Now consider the response of the system with initial condition ¢(0) =
[0,7,0,0.1]. That is, the equilibrium position ¢* is perturbed by an angular
velocity 8 = g4 = 0.1. Figure 6.12 shows plots of the system trajectory. Here,
the plot (i) shows that ¢; moves to the left, while the plot (ii) shows that
q2 = 0 oscillates about the equilibrium ¢, = 7. The velocities ¢; = g3 and
G2 = q4 are shown in plots (iii) and (iv), respectively.

Another view of the system response is illustrated in the state portraits
shown in plots (v) and (vi) of Fig. 6.12. Plot (v) shows ¢; versus g¢3, and
plot (ii) shows ¢y versus ¢4. Notice that gs-g4 form a closed orbit around the
equilibrium position ¢*.

Case 2: #(0) =7 and F = —¢1& — cof).

Here the force applied to the massis F' = —cm’c—czé, where ¢; and cs are pos-
itive constants. This is equivalent to adding a linear damper, with damping
coefficient ¢; to the mass my, and a torsional damper with damping coeffi-
cient co to the link [. As a result this force input can also be represented by
the dissipation function D = ¢;42/2+ 262 /2 = ¢142 /2+ caq3. The simulation
shown below uses ¢; = 2 N-s/m and ¢3 = 0.5 N-m-s.

Using F' = —c1q3 —c2qq in the equations of motion it can be seen that ¢* is
still an equilibrium point for the system. The response of this model starting
from the initial condition ¢(0) = [0,,0,0.1]7 is shown in Fig. 6.13. From
these plots it is observed that the system oscillates about the equilibrium
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with decreasing amplitude. In fact lim;—, o ¢(t) = ¢*. That is, the perturbed

system eventually returns to the equilibrium g¢*.
The state portraits of this response are shown in plots (v) and (vi), which

clearly shows that trajectory of the system is from the initial condition, ¢(0),
to the equilibrium ¢* along a spiral path. Since the motion is such that
q(t) — ¢*, the point ¢* is called an asymptotically stable equilibrium. Thus,
when compared to Case 1, adding damping to the system has made the

equilibrium ¢* asymptotically stable.

Case 3: 0(0) =0 and F = 0.
The point ¢ = [0,0,0,0]7 is also an equilibrium of the system, since the
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Fig. 6.13 Example 6.19: Case 2

equations of motion are satisfied identically with ¢(¢) = ¢, ¢(t) = 0 and
F = 0. Now, consider the initial condition ¢(0) = [0,0,0,0.1]7 which is a
perturbation from the equilibrium §. The results of the system simulation, in
this case, are shown in Fig. 6.14. These plots show that the system trajectory
is such that the state ¢(¢) moves 'far’ away from the equilibrium §. As a
result, the point ¢ is called an unstable equilibrium in this case.

Case 4: 9(0) =0and F = —qul — k‘QQQ — k‘3(]3 — k‘4(]4.
This simulation shows that the unstable equilibrium ¢ can be made stable by
using a force input

F = —kiq1 — kago — k3qs — kaqu,
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Fig. 6.14 Example 6.19: Case 3

where k1, ko, k3 and k4 are constants. In control system terminology this is
called linear state feedback control.

To develop this result, first linearize the equations of motion about the
equilibrium point q. Let ¢ = ¢+ w, ¢ = § + W, and F = F + u, where z, &
and u are small variations in the state, state derivative and force input from
the equilibrium, respectively. Note that, for this system, at the equilibrium
point ¢ = 0 and F' = 0. Now, the equations of motion, (a), can be written
as @(q,q, F) = (7 +w,q+ 1w, F +u) = 0. Writing this equation as a Taylor
series centered at q, ¢, F gives

D(G+w, g+, F+u) =D(q,q,F) + Pji + Pyw + Pru
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+ higher order terms.
= @qu.) -+ @qw + dpu =0.

To obtain the last expression, the higher order terms in w, w and u are
neglected from the Taylor series expansion, and we use the fact that at the
equilibrium &(q, ¢, F') = 0. In addition,

1 0 0 0
o, . | 0o 1 0 0
@q—%(q,q,F) 0 0 mi1 + Mo mgl
0 0 m2l m212
0 0 1 0
6, .- o 0 01
@q_%(q7Q7F) - 0 0 0 0
0 megl 0 O
0
oP ,_ . - 0
@F 87F(Q7QaF) - 1
0

Since @4 has an inverse the equation @41 + P,w + Pru = 0 can be written
as

W = —&, 1 (Dgw + Pru)

= Aw + Bu,
where
0 0 10
. 0 0 0 1
A==, P¢=10 —(mgg)/mi 0 0 |>and
0 (1 +m2/m1)% 0 0
0
- 0
— _op ! —
B=-dlop=|
—1/(mql)
Using the input (feedback control)
F=u= —k1w1 — k‘gIUQ — ]4}311)3 — k4w4 = —K’LU,

where K = [k ko k3 k4], the closed-loop system becomes

w=Aw+ Bu=Aw — BKw = (A - BK)w
ZAcl’LU
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0 0 1 0

w1
0 0 0 1 o
= —kl/ml —(kg—l—mgg)/ml —kg/m1 —k4/m1 w3

R /Omal) (o +my +52) kg (mal) R/ (mad) | | g
1
The control system design problem becomes one of finding the gains, K, so
that the eigenvalues of A = A— BK are all, strictly, in the left-hand complex
plane. The eigenvalues of the matrix A are the roots of the characteristic
equation

0 = det(Aq — AI)
0= A"+ p3A® + p22% + p1 A + po,

where

ks Ry ks ko g _ gks kg

p3=———=, p2=——(Mi+ma+ )=, p1=—"—, pp=——"7.

mi;  mql mi g 'mql mql ml

To place the roots of the characteristic equation at A = —10 + ¢, —10 — 1,
—10 + 24, —10 — 24, requires the gains

K =1]-133.980 —115.000 —52.296 — 18.074].

Figure 6.15 shows the simulation results obtained using the force input F' =
—Kq. These plots show that the system returns quickly to the equilibrium
position g. Thus, by using the feedback control F' = —Kq we have been able
to stability the equilibrium point ¢§. Note however that this control scheme is
only valid for small perturbations from the equilibrium g. (See Problem 13.)
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Problems
1. Writing the matrix exponential, e, as a power series, verify the prop-
erties given in section 6.1.2.
2. Use the Lyapunov direct and indirect methods to determine the stability
of the equilibrium points for the systems shown below.
/
my
ny lg
d
3. Repeat the simulation in Example 6.11 assuming the voltage input is of
the form
3, fo<t<?2
v(t)=40, if2<t<4
3, if4<¢
Hint: Use the option T_EVENT to ensure that the solver does not integrate
past the critical time points, t =2 and t = 4.
4. For the linear system shown here; (i) De-

}_ﬂ rive Lagrange’s equations of motion. (ii) As-
k sume that the force input is a constant, and
F  obtain an analytical solution to the equa-
m [ tions of motion. (iii) Using the parameters,
m = 0.3 kg, k = 45 N/m, b = 0.75 N-s/m,
b and F' = 0.5 N. Solve the equations of mo-
tion using the function ride in the interval

0 <t <5 seconds,

with initial conditions ¢(0) = 0 and ¢(0) = 0. (iv) Compare the numerical
and analytical solutions for this problem.

7
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Derive Lagrange’s equation of motion for the the system shown below.
Using the parameters, m = 0.3 kg, k¥ = 45 N/m, b = 0.75 N-s/m, and
F = 0.5 N. Solve the equations of motion using the function ride in the
interval 0 < ¢ < 5 seconds. Assume that the system is initially at rest.
Compare the results obtained for this problem with the results obtained
for the previous problem.

W m -

The double pendulum shown here has the fol-
lowing parameters; my = 2, mo = 1, I; = 1,
lo = 2, and g = 9.81. (i) Derive Lagrange’s
equation of motion for the system using 6;
and 6, as the generalized coordinates. (ii) De-  y
termine the equilibrium points for the sys-
tem. (iii) Use the Lyapunov direct and indi-
rect methods to evaluate the stability of the
equilibrium points. (iv) Solve the equations of
motion using the function ride. (v) Plot the
trajectory of mq, i.e., x1, y1, and the trajec-
tory of mo, i.e., o, yo. Apply the following
initial conditions;

(a) 91 :7'1'/87 92 :7'(/8, 91 :07 and ég =0. (b) 91.: 0, 92 :7'('/2, 91 :0,
and 92 = 0. (C) 01 = 7T'/2, 02 = 0, 91 = 0, and 92 =0. (d) 01 = 37T/4,
92 :7T/2, él :0, and 92 =0.

For the double pendulum shown in Problem 6; (i) Derive Lagrange’s
equation of motion using 1, y1, T2 and y- as the displacement variables
for the system. (ii) Solve these equations of motion using the function
ride, with the parameters and initial conditions given in Problem 6. (iii)
Compare the results obtained here with those obtained in Problem 6. In
particular, compute the errors in the trajectories of x1, y1, 2, and ys.
Also, evaluate the errors in the displacement constraints.

Derive Lagrange’s equation of motion for the full-wave bridge rectifier
shown below.

(x2.2)

R
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10.

11.

12.

Using Ry = 8 ohm, Ry = 48 ohm, C' = 3900 x 10~° farad, v(t) =
12 sin 1207t, and a = 40 for the diode, simulate the behavior of the
system. Compare the steady-state voltage across Ry obtained here, with
that obtained in Example 6.14

. Simulate the behavior of the voltage clipping circuit shown here by deriv-

ing Lagrange’s equation of motion for the system, and using the function
ride.

The model parameters are; vi(t) = 24 sin 2xt volt, va = 6 volt, vg = 12,
volt, Ry = 10 ohm, and R = 1000 ohm. Also, the current through the
diodes satisfy ¢q = I;(e*¥? — 1), where the reverse saturation current is
I, = 1072 amp, the thermal voltage is (1/a) = 25 x 1073 volt, and vy
is the voltage across the diode. Compare the input voltage v; and the
voltage across the resistor Rs. Find the numerical solution in the interval
0 <t <4 second.

Repeat the simulation in Example 6.15 using the inputs; (i) va(t) =
0.002sin(27t), (ii) v2(t) = 0.001sin(207t), (iii) v2(¢) = 0.001 sin(2007t),
(iv) v2(t) = 0.001 sin(20007t), and (v) vz(t) = 0.001 sin(200007t). Com-
pare the peak to peak steady state result obtained for vg, in each case.
Simulate the behavior of the fourbar mechanism given in Example 2.16.
Use the following proportions for the model; QA = 3 cm, AB = 1.5 cm,
BC =5cm, BE =25 cm, QD = 4.5 cm, DC = 3 cm. Assume that all
links are uniform bars with the following mass properties; map = 0.037
kg, Iap = 1.621 x 107% kg-m?, mpc = 0.123 kg, Igc = 2.881 x 1077
kg-m?, mpc = 0.074 kg, Ipc = 7.409 x 107 kg-m?. In each case, the
moment of inertia is about the center of mass. Take the torque input to
be 7 = 10(91 — 27) N-m. Here, 7 is the torque applied to the crank AB,
and 6, is the angle the crank makes with the horizontal axis. Derive the
Lagrangian differential-algebraic equations of motion for the mechanism
(see Example 4.3), and put these equations in GGL stabilized index-2
form, Note you must also find consistent initial conditions for this model.
Derive Lagrange’s equation of motion for the slider-crank mechanism
shown in Example 2.17. (see also Example 4.2.) Assume that the mech-
anism has the following proportions; QA = 0.25 cm, AB = 1.5 cm,
BE = 2.5 cm, BC' = 5 cm. The mass properties of the uniform links
are; mag = 0.037 kg, Iap = 1.621 x 107% kg-m?, mpc = 0.123 kg,
Igc = 2.881 x 107° kg-m?, The slider D has mass mp = 0.2 kg. The
crank AB has a torque input 7 = 10(91 —27m) N-m, where 6 is the crank
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13.

14.

15.
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angle with respect to the horizontal. Simulate the behavior of this system
by writing the LDAEs in GGL stabilized index-2 form.

Repeat Example 6.15, Case 4 with initial condition ¢ = [r/4,0,0,0]%.
Discuss the result obtained.

Derive Lagrange’s equations of motion for the system shown below.

k b =
F—»{ m; FAN/ m; 3

Simulate the behavior of the system using the parameters; m; = 1 kg,
ms = 0.1 kg, k =25 N/m, b = 0.1 N-s/m, and F = 0.1sinwt. Solve the
problem for w = 0.5, 5 and 50 radians/s.

Derive the Lagrangian differential-algebraic equations for the 2-stage am-
plifier shown below. Simulate the behavior of the system using the func-
tion ride. The model parameters are defined in Example 6.15.

R, Rc R; Rc
C3 C3
e C, C; Ry

Ry R, R
+ RE RE
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ldaetrans, 269
ride, 269

angular momentum, 7, 128

BDF method, 243

Bipolar Junction Transistor, 27, 182
bond graph, 31

branches, 94

capacitor, 11
center of mass, 127
chords, 95
cocontent, 18
coenergy
kinetic, 9
potential, 14
configuration coordinate, 109
consistent initial conditions, 234
constraints
displacement, 19, 116, 159
dynamic, 162, 180
effort, 26, 163, 180
flow, 19, 159
holonomic, 162, 171
nonholonomic, 162, 171
Pfaffian form, 161
rheonomic, 162
scleronomic, 162
content, 18
control
linear, 183, 308
nonlinear, 300, 307
coordinate system
cylindrical, 39
rectangular, 37
spherical, 39

D’Alembert’s principle, 121
degrees of freedom, 67, 110
differential displacement, 112
differential equation, 251
autonomous, 187, 252
linear, 254
nonautonomous, 252
differential equations, 193
differential-algebraic equations, 225
Hessenberg form, 227
Lagrangian, 185, 234
differentiation index, 225
diode, 26, 180
displacement
differential, 112
virtual, 112
dissipation function, 18

electromagnetic suspension, 153, 303
energy, 5
kinetic, 9
potential, 14
equilibrium, 251, 266
Euler angles, 57
explicit Euler method, 194

Faraday’s law, 5
filter

lead, 140

power supply, 290, 318
fundamental system variables, 1

generalized variable, 109
displacement, 110
effort, 115
flow, 110
momentum, 118

generator, 29
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implicit Euler method, 198
index reduction, 231

GGL stabilization, 233
inductor, 7

joints, 63
cam, 66
cylindrical, 65
prismatic, 66
revolute, 65
spherical, 64
universal, 64

kinematic variables, 1

kinetic coenergy, 9

kinetic energy, 9

kinetic variables, 1

Kirchhoff’s current law, 94, 110

Lagrange multipliers, 164, 173

Lagrange’s equation, 117
unconstrained system, 120

Lagrangian DAEs, 186, 232, 234

linear graph, 31

linearization, 253, 313

links, 63

Lyapunov function, 263

MATLAB, 269
mechanism
fourbar, 70, 81, 169
geared fourbar, 70
slider crank, 70, 84, 167
spatial fourbar, 71
spatial slider crank, 88
moment of inertia, 7, 128
motor, 29

network systems, 93
Newton’s method, 198
Newton’s second law, 4
nodes, 94

Octave, 269
operational amplifier (op-amp), 29, 143,
154

Paynter’s diagram, 30
pendulum
double, 150, 160, 189, 318
inverted, 124, 308
simple, 111, 113, 122, 150, 188, 227, 233,
236, 249, 283

Index

spherical, 150
potential coenergy, 14
potential energy, 14
power, 5
Principle of Conservation of Energy, 16
product of inertia, 128

reference frame
fixed, 37
rotating, 48
translating, 41
resistor, 17
rigid body, 126
robot
R-C, 106
R-P, 105
R-R, 69, 72, 300
S-R, 105
spatial R-R, 75
Runge-Kutta method
embedded, 212
explicit, 206
implicit, 215, 229, 237

simulation, 269
source, 24
effort, 24
flow, 24
regulated, 25
stability, 251, 266
Lyapunov direct method, 261
Lyapunov indirect method, 253
step size control, 212, 242
stiff differential equations, 197

Taylor series method, 205
transducer, 19

fluid, 24

mechanical, 23
transformer, 19

electrical, 21

fluid, 22

mechanical, 20
transistor amplifier, 290, 320
trees, 95

virtual displacement, 112

work, 5
principle of virtual, 121
virtual, 115
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